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Abstract

Density-functional theory (DFT) has become the workhorse of modern compu-
tational chemistry, enabling first-principles modelling of large-scale systems with re-
markable accuracy and efficiency. Its success is partly due to the development of
numerous corrections to model London dispersion, which is the weakest of the inter-
molecular van der Waals forces. One such dispersion correction is the exchange-hole
dipole moment (XDM) model. XDM calculates the dispersion energy by summing
the contributions from all atom pairs, prompting recent questions about its treatment
of many-body effects. To investigate this, variational model systems of interacting
Drude oscillators were studied from first principles. XDM’s dispersion coefficients
were then compared to those computed by the many-body dispersion (MBD) model,
which is known to capture these many-body effects. Explicit three-body contributions
were calculated using the Axilrod–Teller–Muto (ATM) and random-phase approxima-
tion (RPA) methods, but neither contributed meaningfully to the dispersion energy.
We further showed that the dominant many-body effect is electronic, reflected in the
dynamic response of the dispersion coefficients to changes in the surrounding chem-
ical environment. A subsequent study compared XDM to other leading post-SCF
dispersion corrections, where it showed best-in-class performance on the DES15K
benchmark, which spans almost 15,000 noncovalent interactions across compressed to
expanded geometries.

Building on this solid foundation of both physical rigour and numerical accuracy,
we pursue physics-guided improvements to further refine dispersion modelling and
reduce empiricism. Here, we introduce two new XDM variants. The first, XCDM,
supplements the exchange hole with same- and opposite-spin dynamical correlation
holes when calculating multipole moments. The second, XDM(Z), implements Z-
damping, a novel one-parameter damping function based on atomic numbers. This
reduces the number of fitted empirical parameters in XDM from two to one. These
variants were tested comprehensively across both molecular systems and the solid
state. XCDM proves to be exceptionally accurate for molecular systems, and the
data suggests a possible use case for crystal structure prediction. Z-damping displays
impressive performance considering the reduction in empirical parameters. XDM(Z)
may represent a Pauling point for the XDM methods, rarely the best but consistently
reliable across the widest range of systems.

xiv
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Used atomic orbitals
s 1s, 2s
p 2px, 2py , 2pz , 3px, 3py , 3pz
d 3dz2 , 3dxz , 3dyz , 3dxy , 3dx2−y2

f 4fz3 , 4fxz2 , 4fyz2 , 4fxyz , 4fz(x2−y2),
4fx(x2−3y2), 4fy(3x2−y2)

Used indices & their typical groupings
· A, B, C
· a, b, c
· i1, i2, i3, i4
· i, j, k
· k, ℓ, m
· m, n
· p, q
· α, β, γ
· σ, σ′

· µ, ν
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Abbrev. Description

AmHn Hydride with stoichiometric
coefficients m and n

ACFD(T) Adiabatic connection fluctuation-
dissipation theorem

ADF Amsterdam Density Functional
AMS Amsterdam Modelling Suite
AE All-electron
APW Augmented planewave method
ATM Axilrod–Teller–Muto triple-dipole

dispersion energy term
Abs Absolute (e.g., Ice13(Abs) absolute

energy
aNZ Augmented N -zeta Dunning basis set
a.u. (Hartree) atomic unit
B3LYP Becke, 3-parameter, Lee–Yang–Parr hybrid

density functional
B86a Becke’s B86a GGA density functional
B86b Becke’s B86b GGA density functional
B86bPBE Becke’s B86b exchange with PBE

correlation GGA density functional
B86bPBE0 Becke’s B86b exchange with PBE

correlation hybrid density functional
B88 Becke’s B88 GGA density functional
BHLYP Becke and Lee–Yang–Parr “half and

half” hybrid density functional
BJ Becke–Johnson damping function

(e.g. XDM(BJ))
BO Born–Oppenheimer approximation
BR Becke–Roussel exchange hole
BSC Basis set corrected
C Correlation
CBS Complete basis set
CC Coupled-cluster theory (e.g. CCSD)
CCSD(T) CC theory with singles, doubles

and perturbative triple excitations
CFDM Coupled fluctuating dipole model
CI Configuration interaction method
CHG Chai and Head–Gordon damping function
CN Coordination number
CP Counterpoise
CPU Central processing unit
CSP Crystal structure prediction
ca. circa (=about)
cc-p Correlation-consistent and polarized

(e.g. aug-cc-pVTZ)
D/DC Dispersion corrected (e.g. DFT-D

or DC-DFT)
DC Dynamical correlation
DFA Density-functional approximation
DFT Density-functional theory
Dn Grimme’s series of dispersion corrections

(e.g., DFT-Dn, n= 1, 2, 3, 4)

Abbrev. Description

DMC Diffusion Monte Carlo method
DOS Dipole oscillator strength
DOSD Dipole oscillator strength distribution
dDsC Steinmann and Corminboeuf’s density-

dependent dispersion correction
d Damping
Eq. · Equilateral triangle

· Equation
Eqs. Equations
Eh One hartree of energy
eV Electron volt
F12 Explicit correlation method (a.k.a. R12)
FCI Full configuration interaction
FFT Fast (discrete) Fourier transform
FHI-aims Fritz Haber Institute ab initio materials

simulations
FI Fractionally ionic (e.g., MBD/FI)
FN Fixed-node approximation
GGA Generalized-gradient approximation
GMTKN55 General main-group thermochemistry,

kinetics, and non-covalent interactions
GTO Gaussian-type orbitals
HF Hartree–Fock theory
HF-D Scoles’ dispersion-corrected Hartree–Fock

method
HI Iterative Hirshfeld partitioning scheme

(e.g. MBD/HI)
HSE06 Heyd–Scuseria–Ernzerhof variable exchange

hybrid functional
Ha. Hartree (unit)
HalCrys4 Halogen crystal benchmark
Ice13 The Ice13 ice polymorph lattice

energy benchmark
IBZ Irreducible Brillouin zone
Iso. Isomerizations
KB49 Kannemann–Becke benchmark set of

49 molecular dimers
KB65 Kannemann–Becke benchmark set of

65 molecular dimers
kcal Kilocalorie
KS Kohn–Sham (e.g., KS-DFT)
LAPW Linearized augmented planewave methods
LDA Local-density approximation
LJ Lennard-Jones potential
LSDA Local spin-density approximation
Lin. Linear
M Mooij (e.g., fM damping)
MAD Mean absolute deviation
MAE Mean absolute error
MAPD Mean absolute percent deviation
MAPE Mean absolute percent error
MAX Maximum absolute error

xvi



Abbrev. Description

MBD Many-body dispersion model
MBDQ Many-body dispersion model with

quadrupole interactions
MD Mean deviation
ME Mean error
mGGA Meta-generalized gradient approximation
MolC6 Molecular C6 dispersion coefficient

benchmark by Johnson and Becke
MP Monkhorst–Pack k-point grid sampling

scheme
MP2 Møller–Plesset second-order perturbation

theory
MP2C MP2 coupled method
NAO Numerical atom-centred orbitals
NC Norm-conserving (e.g., pseudopotential)
NCI Non-covalent interactions
NDC Non-dynamical correlation
NI Non-interacting
NL Non-local (e.g. MBD-NL)
NLDF Non-local density functional
Opt. Optimization
PAW Projector-augmented wave
PBE Perdew–Burke–Ernzerhof GGA density

functional
PBE0 Perdew–Burke–Ernzerhof hybrid density

functional
PES Potential energy surface
PP Pseudopotential
PRO Percent radial overlap
PT(2) Perturbation theory, (second-order)
PVO Percent volume overlap
PW86 Perdew-Wang PW86 GGA density

functional
p. Page
QE Quantum ESPRESSO
QHO Quantum harmonic oscillator
QMC Quantum Monte Carlo
RFA Response-function approximation
RMSD Root mean squared deviation
RMSPD Root mean squared percent deviation
RMSE Root mean squared error
RMSPE Root mean squared percent error
RPA Random-phase approximation
RPA-3 RPA’s three-body-only energy
RS Range separation
Rel Relative (e.g. Ice13(Rel) relative energies)
Ri. Right-angle triangle
Ry Rydberg
rsSCS Range-separated self-consistent screening
rVV10 Revised Vydrov and van Voorhis non-local

density functional
S12L Grimme’s large complexes benchmark

Abbrev. Description

S22 Benchmark set of non-covalent complexes
S66 Benchmark set of 66 gas-phase dimers
S66×7 Benchmark set of 66 gas-phase dimers

with 7 inter-fragment distances
S66×8 Benchmark set of 66 gas-phase dimers

with 8 inter-fragment distances
SCF Self-consistent field
SCS Self-consistent screening
SIE Self-interaction error
STO Slater-type orbital
TMDC Transition-metal dichalcogenides
TPSS Tao–Perdew–Staroverov–Scuseria

mGGA functional
TS Tkatchenko–Scheffler dispersion model
TSsurf Tkatchenko–Scheffler dispersion model

for surfaces
UEG Uniform electron gas
US Ultra-soft (e.g., pseudopotential)
uMBD Universal many-body dispersion model
V Valence (e.g., pVTZ)
VSXC Voorhis and Scuseria’s τ -dependent

mGGA functional
VV Vydrov and van Voorhis
VV10 Vydrov and van Voorhis non-local density

functional
vdW van der Waals
vdW-DF Dion’s van der Waals density functional
vdW-DF2 Lundqvist & Langreth’s van der Waals

density functional
Wn Weizmann-n methods n = 1, 2, 3, ...

WTMAD Weighted mean absolute deviation
(e.g., WTMAD-n, n = 1, 2, 3, 4)

WY Wu–Yang Fermi-type damping function
X Exchange
X23 Benchmark set of molecular organic solids
XC Exchange correlation
XCDM Exchange-correlation dipole moment

dispersion model
XDM Exchange-hole dipole moment

dispersion model
Z Z-damping function (e.g. XDM(Z))
ZORA Zero-order regular approximation

xvii



Symbol Description

Mathematical Symbols (Latin)
A Normalization constant for BR hole
A MBD@rsSCS RFA polarizability tensor
A SCS interaction tensor
A, B, C Nuclear index values
a SCAN τ -dependent term
a r2SCAN τ -dependent term
aσ Exponent of BR-hole orbital for spin σ
alatt Lattice constant
amin
latt Minimum-energy lattice constant
arel
latt Relaxed lattice constant
a1, a2 Becke–Johnson damping parameters
a, b, c · PW86 parameters

· Lattice constants
aX Hybrid exchange mixing parameter
aC Double hybrid correlation mixing parameter
ai Primitive/Bravais/real-space lattice vectors
bσ BR exchange hole displacement for spin σ
bi Reciprocal lattice vectors
bn, µ SCAN x-function parameters
C Vydrov and van Voorhis polarizability

functional tunable parameter
C, d, µ r2SCAN x-function parameters
C6 Dipole-dipole dispersion coefficient
C8 Dipole-quadrupole dispersion coefficient
C9 ATM 3-body nonadditive dispersion

coefficient
C10 Dipole-octupole or quadrupole-quadrupole

dispersion coefficient
C12 Dipole-hexadecapole or quadrupole-octupole

dispersion coefficient
C14 Octupole-octupole dispersion coefficient
Cn General dispersion coefficient
Cn,ii Homoatomic dispersion coefficient
Cfree

n,ii Free-atom homoatomic dispersion coefficient
Cn,ij Heteroatomic dispersion coefficient

between atoms i and j
CDFT-D

n,ij Grimme’s DFT-D heteroatomic dispersion
coefficient

CDn
n,ij DFT-Dn heteroatomic dispersion coefficient

CTS
n,ij TS heteroatomic dispersion coefficient

CSCS
n,ij SCS heteroatomic dispersion coefficient

CXDM
n,ij XDM heteroatomic dispersion coefficient

CMBD Second-rank MBD dipolar coupling matrix
CN D3/D4 fractional coordination number
c Mooij damping parameter
cn,r,k Fourier coefficient
cn,G,k Inverse-Fourier coefficient
ci Expansion coefficient
cx Functional-dependent parameter
Dσ Difference between σ-spin Kohn–Sham and

Weizsäcker kinetic energy densities

Symbol Description

d Dipole vector
dC,σσ Same-spin dynamical correlation hole

dipole moment
dC,σσ′ Opposite-spin dynamical correlation

hole dipole moment
dXσ Exchange-hole dipole moment for spin σ
dXCσ Exchange-correlation-hole dipole moment for

spin σ
d, β MBD@rsSCS Wu–Yang damping parameters
d PAW sphere separation
di Expansion coefficient
E Energy (generally)
E Electric field vector
E(0) Zeroth-order PT energy
E(1) First-order PT energy
E(2) Second-order PT energy
E1e One-electron energy
E2e Two-electron energy
EX Exchange energy (generally)
EC Correlation energy (generally)
Ecut Planewave energy cutoff
Ebase Base SCF contribution to the energy
Edisp Dispersion contribution to the energy
E

(2)
disp 2-body contribution to the dispersion energy

E
(3)
disp 3-body contribution to the dispersion energy

EDFT-D Grimme’s DFT-D dispersion energy
EDn DFT-Dn dispersion energy
EMBD MBD dispersion energy
ESCS

MBD Many-body dispersion energy, using
self consistent screening

ErsSCS
MBD Many-body dispersion energy, using

range-separated self consistent screening
ETS Tkatchenko–Scheffler dispersion energy
EXDM Exchange-hole dipole moment dispersion

energy
EXCDM Exchange-correlation dipole moment

dispersion energy
EACFD Adiabatic connection fluctuation-

dissipation energy
EDFT Density-functional theory energy
EHF Hartree–Fock energy
EMP2 Second-order Møller–Plesset energy
EPT2 Second-order perturbation theory energy
EPT2 Random-phase approximation energy
EvdW Wu and Yang’s DFT-D vdW energy
E

H2
1,1 Ground-state energy for H2

E
H2
m,n Zeroth-order energy for H2

E[ρ] Total energy functional (of electron density)
EC[ρ] Correlation energy functional
EH[ρ] Hartree energy functional
EX[ρ] Exchange energy functional
EXC[ρ] Exchange-correlation energy functional
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Symbol Description

ELDA
X [ρ] LDA exchange energy functional

ELSDA
X [ρ] LSDA exchange energy functional

EGGA
X [ρ] GGA exchange energy functional

E′ First-order perturbative energy correction
E′′ Second-order perturbative energy correction
E External field magnitude
|∆E| Average reference energy
F Deformation gradient tensor
Fαβ Deformation gradient tensor components
Fr Hellmann–Feynman force
Fk,α αth component of the atomic forces on

atom k

Fi(x) Normalization functions for BR dynamical
correlation hole

F (χσ) General enhancement factor
FB86b B86b enhancement factor
FB88 B88 enhancement factor
FPBE PBE enhancement factor
FPW86 PBE enhancement factor
F̂ Fock operator
FXDM
i XDM dispersion force vector on atom i

f(x) · Function (generally)
· Step function of x

fd General damping function
fd
ATM General damping function parametrized

for the ATM term
fBJ Becke–Johnson damping function
fCHG Chai and Head–Gordon damping function
fF Fermi damping function
fHF-D Scoles’ damping function
fWY Wu–Yang damping function
G Periodic wave vector
g(I, χ) Cutoff function for MBD-NL
gσσ Fixed parameter for same-spin dynamical

correlation hole
gσσ′ Fixed parameter for opposite-spin

dynamical correlation hole
ĥ Single-particle Hamiltonian
Ĥ Hamiltonian
ĤI Interaction Hamiltonian
Ĥ(0) Zeroth-order PT Hamiltonian
Ĥ(1) First-order PT Hamiltonian
Ĥ(2) Second-order PT Hamiltonian
H Hilbert space
hXσ Exchange hole for spin σ
hCσσ Same-spin dynamical correlation hole
hCσσ′ Opposite-spin dynamical correlation hole
hXCσ Exchange-correlation hole for spin σ
IA Ionization energy of atom A

I[ρ] Local ionization potential
J [ρ] Coulomb energy density functional
Jee Alternate notation for J [ρ]

Symbol Description

Ĵ Coulomb operator
K̂ Exchange operator
ks QHO spring constant
k Wave vector
k, ℓ, m Quantum numbers for the QHO
ki DFT-D fixed scale factors
L Lattice vector
L Lagrangian operator
L
(ℓ+1/2)
k Generalized Laguerre polynomials

MADi Mean absolute deviation on benchmark i〈
M2

ℓ

〉
Multi-pole (ℓ-pole) moment integral

m Mass (generally)
m Induced dipole moment
mi Reciprocal lattice coefficients
N · Number (e.g., of particles)

· Normalization constant (generally)
Nb Number of basis functions
Nbench Number of benchmarks
n Energy state of the QHO
ni Bravais lattice coefficients
n(r) Alternate notation for electron density
n, ℓ, m Quantum numbers
O · System origin

· Big-O notation describing limiting
behaviour

|p̃i⟩ PAW projector function
Qσ Exact exchange hole curvature for spin σ
qA Charge on A
R Displacement or separation (generally)
R Bravais lattice vector
Rp Vector pointing toward nucleus p
Rp Vector from origin to oscillator p’s electron
Rc Radius of critical separation
Rm Scoles’ HF-D position of potential minimum
Rsep Separation between adjacent atoms
Rsmall PAW smaller sphere
Rbig PAW larger sphere
RvdW van der Wall’s radius
RSCS SCS vdW radius
Rfree Free-atom vdW radius
r, θ, ϕ Spherical radius, and polar and azimuthal

angles
r̂, θ̂, ϕ̂ Spherical unit vectors
rcut Cutoff radius
rij Distance between i and j
r12 Distance between electrons 1 and 2

r1A Distance between electron 1 and nucleus A
rAB Distance between nuclei A and B
ri · Radius of sphere i

· Distance from nucleus to a BR hole
reference electron i

ronset Onset radius
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Symbol Description

r′ · Radial integration variable
· Radial reference point

rp Vector from oscillator p’s nucleus to its
electron

s · BR hole reference point
· Functional-dependent parameter
· Empirical Cn scaling coefficient

s, w FHI-aims cutoff potential parameters
s, d Wu–Yang empirical parameters
s, γ Chai and Head–Gordon damping empirical

parameters
sn Grimme-D functional-dependent scale factor
T̂ · Kinetic energy operator

· Cluster operator
TKS[ρ] Kohn–Sham kinetic energy functional
Tij Second-rank dipole-dipole interaction tensor
T′

ij General CFDM second-rank dipole-dipole
interaction tensor

TLR,ij Second-rank dipole-dipole long-range
interaction tensor

TSR,ij Second-rank dipole-dipole short-range
interaction tensor

T ab
ij Dipole-dipole interaction tensor elements

T ab
LR,ij Dipole-dipole long-range interaction tensor

elements
T ab
SR,ij Dipole-dipole short-range interaction tensor

elements
Ûen Electron-nuclear energy operator
Ûee Electron-electron energy operator
Ûnn Nuclear-nuclear energy operator
UXσ Spin-indexed exchange potential
ui FHI-aims radial orbitals
unk Periodic function for Bloch’s theorem
V · Potential (generally)

· Volume (generally)
v Alternate notation for potential
VAE All-electron pseudopotential
VPP General pseudopotential
VUS Ultrasoft pseudopotential
V Periodic potential
vext External potential
veff Effective potential
vH Hartree potential
vXC Exchange-correlation potential
vi Effective volume integral for atom i

vij Dipole-dipole interaction potential
vfreei Free-atom effective volume integral for

atom i

vFHI
cut FHI-aims cutoff potential
wi · Hirshfeld atomic-partitioning weight

· WTMAD weight
wint Integration weight

Symbol Description

x · Transcendental variable for BR hole
· SCAN functional x function

x, y, z Cartesian directions
xk,α αth component of the atomic position

of atom k

x̂, ŷ, ẑ Cartesian unit vectors
Ym
ℓ Spherical harmonic functions
Z Nuclear charge
z FHI-aims effective nuclear charge
zdamp Z-damping parameter
zσσ Same-spin correlation length
zσσ′ Opposite-spin correlation length

xx



Symbol Description

Mathematical Symbols (Greek)
α · Polarizability (Generally)

· Gaussian decay exponent
αi XDM static polarizability for atom i

α0
i TS static polarizability for atom i

αfree Free atomic polarizability
αTS TS frequency-dependent polarizability
αSCS SCS polarizability
αrsSCS rsSCS polarizability
αRFA Response function approximation

polarizability
αVV Vydrov and van Voorhis polarizability
αrVV Ratio-scaled VV polarizability
αVV′

Cutoff-applied VV polarizability
αrVV′

Cutoff-applied rVV polarizability
αH2 Dihydrogen polarizability for D3
αAmHn Hydride polarizability for D3
αSCS SCS polarizability tensor
β · Functional-dependent parameter

· Range-separation parameter
β1, γA D4 charge scaling function parameters
Γ · Gamma point

· Gamma function
γσσ Normalization coefficient for same-spin

dynamical correlation hole
γσσ′ Normalization coefficient for opposite-spin

dynamical correlation hole
∆EA Mean excitation energy of particle A
∆ri Atomic displacement from equilibrium for

atom i

δ Correction term (e.g., δCCSDT(Q))
δij Kronecker delta
ϵ · Average atomic excitation energy

· Fock eigenvalue
ε Green–Lagrangian strain tensor
εαβ Green–Lagrangian strain component
εi Eigenenergy for state i
εSCF SCF convergence threshold
εF Force convergence threshold
εσ Stress convergence threshold
εX Exchange energy density
εLDA
X Exchange energy density from the local

density approximation
η SCAN functional fixed parameter
λ · Eigenvalue

· Lagrange multiplier
· Coupling strength
· Hellmann–Feynman continuously-varying

parameter
µ Reduced mass
µX First scalar moment of exchange hole
ν Grouped QHO constant

Symbol Description

ν0 Natural frequency of two interacting QHO
ξ MBD mass-weighted displacement
ξ, η Cartesian components of the Cauchy stress

tensor
ρ Electron density
ρσ Spin-indexed electron density
ρfree Free electron density
σ Cauchy stress tensor
σ Spin index
σαβ Cauchy stress component
σij Effective width of the Gaussian charge

distribution
σi Gaussian charge distribution width of atom i

τ Kinetic energy density (general)
τKS Kohn–Sham kinetic energy density
τW Weizsäcker approximation to the kinetic

energy density
τunif Uniform electron gas kinetic energy density
φi FHI-aims NAO
⟨ϕn| PAW all-electron partial wavefunction
⟨ϕ̃n| PAW pseudo partial wavefunction
χj(ri) Electron at ri in orbital j
χσ Reduced density gradient
χ0 Non-interacting response function
χλ Interacting response function at strength λ
χ[ρ] Iso-orbital locator
Ψvir Virtual Kohn–Sham orbitals
Ψocc Occupied Kohn–Sham orbitals
Ψ Total wavefunction (typically N -electron)
Ψ(n)(z) Polygamma function
Ψ(0) Zeroth-order PT wavefunction
Ψ(1) First-order PT wavefunction
Ψ(2) Second-order PT wavefunction
ψUS Ultrasoft wavefunction
ψAE All-electron wavefunction
ψNC Norm-conserving wavefunction
ψPP Pseudowavefunction
ψi Wavefunction for orbital index i
ψKS Occupied Kohn–Sham orbitals
⟨ψn| PAW orbital
⟨ψ̃n| PAW pseudo orbital
Ω Unit-cell volume
ω · Angular frequency

· Hybrid range-separation parameter
ωi Characteristic excitation frequency

for atom i

ωSCS
i SCS characteristic excitation frequency

for atom i

ωrsSCS
i rsSCS characteristic excitation frequency

for atom i

ζ Minimal basis effective nuclear charge
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

“Thirty-one years ago Dick Feynman told me about his ‘sum over histories’
version of quantum mechanics. ‘The electron does anything it likes,’ he
said. ‘It just goes in any direction, at any speed, forward and backward
in time, however it likes, and then you add up the amplitudes and it gives
you the wave function.’ I said to him ‘You’re crazy.’ But he isn’t.” [1]
∼ Prof. Freeman Dyson (1923–2020)

1.1 Dispersion in Density-Functional Theory

When researching new chemical systems, it is important to understand the inter-
actions present within a molecule or material, and also how the system will interact
with its surrounding environment. The groundwork for this problem was set back in
the 1920s with both correlated-wavefunction methods [2–5], and Hartree–Fock theory
[6–11]. Unfortunately, a correlated-wavefunction approach can only work for small
molecules, while Hartree–Fock modelling is not accurate enough for use in determin-
ing the chemical or physical properties of large systems.

In the 1960s, Hohenberg, Kohn, and Sham greatly simplified the N -electron prob-
lem by writing the total energy as a functional of the electron density [12, 13]. This
formulation permitted the construction of an effective potential through an initial
guess of the electron density, which may be solved for iteratively and self-consistently.
This iterative process is known as the self-consistent field (SCF) procedure, and will
be discussed further in Section 2.1.
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This groundwork has become the foundation for modern-day density-functional
theory (DFT), which allows first-principles computational modelling of the electronic
structure of large-scale quantum systems by considering only the averaged electron
distribution [14, 15]. DFT is widely used across chemistry, physics, and materials
science [16], and we owe many advancements in drug-synthesis [17, 18], catalysts [19,
20], and new technologies [21] to improvements in this area of science.

Van der Waals interactions [22], named after Dutch physicist Johannes Diderik
van der Waals (1837–1923), describe all intermolecular interactions in quantum sys-
tems. Prominent examples of van der Waals interactions include London disper-
sion interactions [23, 24], Debye induced-dipole interactions [25, 26], and Keesom
dipole-dipole interactions [27–30]. London dispersion interactions, named after Ger-
man physicist Fritz London (1900–1954), are weak, attractive, intermolecular forces
that arise between temporary dipoles of neighbouring atoms. These (typically) weak
intermolecular forces occur in most quantum systems and become stronger due to
factors such as increased intermolecular contact area or polarizability. While weaker
than ionic, covalent, or hydrogen bonds, dispersion interactions determine impor-
tant system properties such as adhesion [31], friction [32], surface adsorption [33],
phase-change conditions [34], stability of supramolecular complexes [35], packing in
molecular crystals [36], and the shapes of biomolecules [37].

Standard DFT methods [12–15] do not account for London dispersion forces, so a
correction must be added. Unfortunately, modelling these forces elegantly has proved
to be quite challenging [38]. While there are many choices of dispersion correction,
they can generally be divided into two classes. The first class are characterized
by a post-SCF additive correction to the base DFT energy, EDFT = Ebase + Edisp.
These corrections are typically based on the second-order perturbation theory of
dispersion and examples include the Grimme-D series [39–43], TS [44, 45], MBD
(and its variants) [45–52], and the XDM [53–57] dispersion corrections. The second
class are nonlocal density functionals (NLDFs), which contain explicit non-local terms
in the exchange-correlation functional, requiring additional computation throughout
the SCF procedure [58]. Popular NLDFs include the vDW-DF [59–61], vDW-DF2
[62], VV10 [63], and rVV10 [64] functionals. This thesis will focus exclusively on the
first type.
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1.2 The Second-Order Perturbation Theory
of Dispersion

Using second-order perturbation theory, it is possible to derive the interaction
energy of London dispersion forces for two atoms with internuclear separation R, and
show this energy is proportional to R−6 + O(R−8). The multipole expansion of this
dispersion energy has the form

Edisp = −C6

R6
− C8

R8
− C10

R10
− · · · , (1.2.1)

where the C6 term accounts for dipole-dipole interactions, the C8 coefficient accounts
for dipole-quadrupole interactions, and the C10 coefficient accounts for quadrupole-
quadrupole and dipole-octupole interactions.1 This section will briefly derive the
dispersion energy contribution for an interacting hydrogen dimer system [66–69]; for
the full derivation of Eqs. (1.2.2) to (1.2.5), see Appendix A.1.

Consider two interacting hydrogen atoms with internuclear separation R >> a0,
where a0 is the Bohr radius. Let (x1, y1, z1) and (x2, y2, z2) represent the coordinates
of electrons 1 and 2 with respect to nuclei A and B respectively. The interaction
Hamiltonian for the H2 dimer is

ĤI =
e2

4πϵ0

[
− 1

r1B
− 1

r2A
+

1

r12
+

1

R

]
. (1.2.2)

It is straightforward to expand the 1/r terms via their position vectors, and then
apply a binomial expansion to Eq. (1.2.2) to arrive at the following approximate
interaction Hamiltonian

ĤI ≈
e2

4πϵ0R3
[(x1x2 + y1y2 − 2z1z2)] , (1.2.3)

where the O(R−4) and lower terms have been neglected. This approximate Hamil-
tonian no longer involves the 1/r12 term, greatly reducing the complexity of the
problem.

To calculate the interaction energy, we need to consider the ground-state wave-
function, where ψ = 1sA(1) · 1sB(2) = |1, 1⟩ is written in terms of the hydrogen 1s

1We note that there is no consensus in the literature on the sign of the Cn dispersion coefficients
[65]. Throughout this work we will write the Cn dispersion coefficients as positive quantities and
state the sign explicitly.
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orbitals using Dirac notation [70]. Upon applying first-order perturbation theory to
the interaction Hamiltonian from Eq. (1.2.3), it is shown that the first-order energy
is E ′ = 0 due to the system symmetry. Thus, this problem requires second-order
perturbation theory where the ground-state’s second-order energy becomes

E ′′ =
∑
m ̸=1

∑
n̸=1

∣∣∣〈1, 1∣∣∣ĤI

∣∣∣m,n〉∣∣∣2
E

H2
1,1 − E

H2
m,n

. (1.2.4)

The zeroth-order energy for the hydrogen dimer is EH2
m,n = − (1/m2 + 1/n2) /2 in

Hartree atomic units (a.u.), so the second-order energy may be written as

E ′′ = −
∑
m ̸=1

∑
n̸=1

2m2n2

2m2n2 −m2 − n2

∣∣∣∣〈1, 1∣∣∣∣ e2

4πϵ0R3
(x1x2 + y1y2 − 2z1z2)

∣∣∣∣m,n〉∣∣∣∣2 .
(1.2.5)

Appendix A.2 shows how to use Eq. (1.2.5) to arrive at a highly accurate ap-
proximation of the interaction energy. The first numerical evaluation of Eq. (1.2.5)
was performed in 1930 by Eisenschitz and London [71], who obtained a value of
E ′′ = −C6/R

6 = −6.47/R6, where C6 is the dispersion coefficient for dipole-dipole
interactions from Eq. (1.2.1). This was later refined by Slater and Kirkwood in 1931
[72], and again by Pauling and Beach in 1935 [73], both of whom obtained a value
of ca. E ′′ = −6.499/R6 Hartree. The accepted value of the hydrogen C6 dispersion
coefficient in the current scientific era is −6.49± 0.02 a.u. [44, 74–76].

The closure (or Unsöld) approximation [77] applied to Eq. (1.2.4) gives an ap-
proximate second-order energy of the form

E ′′ ≈ − 1

∆EA +∆EB

〈
1, 1
∣∣∣Ĥ2

I

∣∣∣1, 1〉 , (1.2.6)

where ∆E is the mean excitation energy for either particle. It is desirable to write
Eq. (1.2.6) in terms of the hydrogen ionization energy and polarizability. Consider a
perturbation in the form of a field oriented along the z-direction such that Ĥ ′ = Eeẑ.
The first-order correction will be zero, but the second-order correction will have the
form

E ′′ ≈ 1

∆E

〈
1
∣∣∣Ĥ2

I

∣∣∣1〉 =
E2e2

3∆E

〈
1
∣∣r2∣∣1〉 . (1.2.7)
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As first shown in Ref. [78], we may take the second derivative of Eq. (1.2.7) with
respect to the field to obtain the polarizability

α =
d2E ′′

dE2
≈ 2

3

e2

∆E

〈
1
∣∣r2∣∣1〉 , (1.2.8)

where ⟨1|r2|1⟩ = 3a20 for the hydrogen 1s orbital. Finally, substituting Eq. (1.2.3) and
Eq. (1.2.8) into Eq. (1.2.6) for both atoms A and B results in the desired form of the
second-order energy,

E ′′ = − 1

R6

αAαB ⟨r2⟩A ⟨r2⟩B
αA ⟨r2⟩B + αB ⟨r2⟩A

, (1.2.9)

which agrees with the literature [57]. If we instead write our expression in terms of
the hydrogen ionization energy I (assuming ∆E ≈ I ≈ 0.5 a.u.), we arrive at the
London formula for dispersion between two non-polar atoms,

E ′′ ≈ −3

2

IAIB
IA + IB

αAαB
(4πϵ0)2R6

. (1.2.10)

We note that, for the hydrogen dimer, αA = αB ≈ 4.5 a.u. Thus, this method predicts
a second-order energy of E ′′ ≈ −7.6/R6, which is about 17% off of the numerically
determined result from Eq. (1.2.5). Eqs. (1.2.9) and (1.2.10) give insight into how
highly polarizable atoms will exhibit strong dispersion interactions.

The London formula for dispersion, Eq. (1.2.10), only includes the first non-zero
term in the expansion of the interaction Hamiltonian in Eq. (1.2.3). Continuing
the expansion to higher powers of 1/R would permit the derivation of the C8 and
C10 dispersion coefficients as mentioned in Eq. (1.2.1). Using an elaborate variational
method, Pauling and Beach [73] derived the first three non-zero terms of the hydrogen
multipolar dispersion energy to be

E ′′ ≈ −6.49903

R6
− 124.399

R8
− 1135.21

R10
. (1.2.11)

Later, using a similar methodology used to arrive at Eq. (1.2.6), Margenau [79] derived
an approximate dispersion energy between two hydrogen of the form

E ′′ ≈ − 6

R6
− 135

R8
− 1416

R10
. (1.2.12)

More recent accepted values with error bounds are given by Tang, Norbeck, and
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Certain [76] as

E ′′ ≈ −6.49± 0.02

R6
− 124.2± 0.4

R8
− 3293± 11

R10
. (1.2.13)

Higher-order dispersion coefficients can be derived by including additional terms in the
binomial series expansion used to derive Eq. (1.2.3); see Appendix A.1. These higher-
order terms account for additional van der Waals contributions, such as quadrupole-
octupole (C12) or octupole-octupole (C14) interactions, although, these are not typi-
cally relevant for most systems of interest [80, 81].

1.3 Early Empirical Dispersion Corrections

Using dispersion corrections in electronic-structure theory is not novel by any
means. These corrections have a long history in the community, dating back to the
early work of Cohen and Pack in the mid 1970s [82]. The HF-D method introduced
by Scoles et al. in 1975 [83, 84] was probably the first empirically-corrected dispersion
correction. Building on the Hartree–Fock model, the authors used C6, C8, and C10

homoatomic values (or mixed dispersion coefficients using Stwalley’s method [85]
when appropriate) alongside Smith’s combination rule [86] to create an empirical
dispersion correction to the Hartree–Fock energy of the form:

V (R) = ∆EHF −
[
C6

R6
+
C8

R8
+
C10

R10

]
fHF-D(R) . (1.3.1)

Here, ∆EHF is the HF repulsion, and fHF-D(R) is an empirically-determined expo-
nential damping function given by

fHF-D(R) =

{
e−(1.28

Rm
R

−1)
2

for R < 1.28Rm

1 for R ≥ 1.28Rm

, (1.3.2)

where Rm is the position of the potential minimum. This dispersion correction was
then matched to available SCF data and experimental results for lighter noble gases
and their mixtures. For corrections derived from 2nd-order perturbation theory, it is
clear that the dispersion energy will diverge at small internuclear separations due to
the Rn in the denominator. Clearly, this is unphysical, and thus damping functions
such as those in Eq. (1.3.2) are included. Damping functions will be discussed in
more detail in Section 2.5
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Another empirical dispersion correction came in the form of Wu and Yang’s DFT-
D [87], where they added an additional attractive energy,

EvdW = −C6f
d(R)

R6
, (1.3.3)

to the SCF energy. fd(R) is a damping function has one of two forms. The first is a
modified form of Eq. (1.3.2) as proposed by Mooij et al. [88],

fM(R) =
(
1− e−c(

R
Rm

)
3)2

, (1.3.4)

which makes the second derivative of fd(R) continuous. Rather than setting c = 7.19

as used by [88], a value of 3.54 was used to closer emulate the model used in Ref. [84].
The second damping function is a Fermi-type damping function [89, 90]. The expo-
nential constant’s value was chosen to be 23.0 so that limR→1.2Rm f

d(R) = 0.99.

1.4 Modern Dispersion Corrections

Dispersion-corrected density-functional theory has become a very active research
topic, generating tens of thousands of citations over the last two decades [65]. Many
dispersion models compute the dispersion energy as a sum of pairwise interactions
between atoms. In Section 1.2, we derived this interaction using second-order pertur-
bation theory as

E
(2)
disp = −

∑
i

∑
j<i

∑
n=6,8,10...

Cn,ijf
d
n(Rij)

Rn
ij

, (1.4.1)

which is summed over all pairs of atoms i and j, and fd
n(Rij) is a damping function,

such as those used by Scoles and Mooij in Section 1.3, to prevent the divergence
of the dispersion energy as R → 0. Modern damping functions, such as those of
Wu–Yang, Chai and Head-Gordon, and Becke–Johnson are discussed in Section 2.5.
It has been shown that the inclusion of C12 (and higher) terms yields only modest
improvements in the interaction energy and may introduce numerical instabilities [91].
As such, these higher-order terms are universally omitted in practice. The dispersion
contribution is then added to the energy determined by the SCF calculation of the
base DFT functional.

In 2004, Grimme introduced the DFT-D method [39] to model dispersion in small
molecular systems. An updated version was released in 2006 that computed dispersion
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coefficients based on geometric means rather than harmonic means, improving its
accuracy. At the same time, the number of atomic species supported was increased,
broadening its use. This model is known today as DFT-D2 [40]. The widely-used
DFT-D3 dispersion model [41, 92] followed in 2010, which uses a recurrence relation
to compute higher-order dispersion coefficients while also optionally including the
three-body dispersion term. Most recently, the DFT-D4 model [42] extended this
framework by incorporating atomic partial charges into the calculation of the atom-
in-molecule polarizabilities. The Grimme-D series of dispersion coefficients will be
discussed in Section 2.5.1.

In 2009, Tkatchenko and Scheffler presented a post-SCF pairwise dispersion-
correction model that was density dependent, known today as the TS model [44].
Considering only the C6 contribution, the model calculates the dispersion energy via
a sum over all electron pairs. The heteroatomic dispersion coefficients are computed
from their homoatomic values using the Slater–Kirkwood formula [72], while the ho-
moatomic coefficients are calculated via the effective proportional volume of an atom
in the molecule, determined by a Hirshfeld partitioning of the electron density [93,
94]. The TS model and its variant, TS@SCS [48], will be discussed in Section 2.5.2.

The Many-Body Dispersion (MBD) model [45] was introduced by Tkatchenko et
al. in 2012 as an extension of the TS model, over which it demonstrates significant
improvement [46–48]. Through the use of self-consistent screening (SCS) formalism
[95–97], the MBD model solves for the atomic and molecular polarizability tensors as
well as the characteristic excitation frequencies. Through this process, these quan-
tities contain both short- and long-range electrostatic screening information. Unlike
Eq. (1.4.1), the dispersion energy is then calculated as the difference between zero-
point energies of coupled and uncoupled quantum harmonic oscillators. The MBD
model and its range-separated and (so-called) non-local variants, MBD@rsSCS [46,
47] and MBD-NL [52], will be discussed in Section 2.5.2.

Finally, the exchange-hole dipole moment (XDM) model [55, 57] stands out as one
of the most accurate corrections, while also exhibiting stability, low empiricism, and
low computational cost [98]. This model is density-dependent like the TS [44] and
MBD [45] models, except it derives the dispersion energy through use of the exchange-
hole dipole moment. This dispersion model has demonstrated excellent performance
for molecular crystals [99–102], inorganic materials [103–108], and crystal structure
prediction (CSP) [109, 110], and will be discussed in significant detail in Section 2.5.3.

XDM has been implemented in several codes: Quantum ESPRESSO [56, 99, 111],
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CASTEP [112], Q-Chem [113, 114], NWChem [115, 116], SIESTA [117, 118], and
recently FHI-aims [119–121]. Also, work is ongoing to implement XDM in AMS
(ADF) [122] by A. F. Rumson and E. R. Johnson. Further, XDM can be applied
ad hoc for any quantum-chemical code that writes .molden, .wfn, or .wfx files via
postg [123], maintained by Alberto Otero-de-la-Roza and recently updated [124] to
incorporate new features introduced in this thesis. Dozens of codes support the
.molden format [125], with popular examples including Gaussian [126], ORCA [127],
TURBOMOL [128], Psi4 [129], PySCF [130], Q-Chem [113, 114], NWChem [115,
116], XTB [131], and AMS (ADF) [122]. Unfortunately, many codes write in slightly
different dialects of the .molden format; as such, users should verify that this input
file type is handled correctly.

1.5 Thesis Overview

The underlying theory relevant to this work is discussed in Chapter 2. It be-
gins with an in-depth discussion of DFT and its applications, followed by descrip-
tions of the Hartree–Fock method, density-functional approximations (DFAs) to the
exchange-correlation energy, and wavefunction methods used as reference data. Solid-
state DFT is introduced alongside discussions of planewaves, pseudopotentials, pro-
jector-augmented waves (PAW), numerical atom-centred orbitals (NAOs), and basis
sets. The concept of geometry optimization is explained, along with the related con-
cepts of forces, stresses, and strains. A detailed comparison of post-SCF dispersion
corrections follows, focusing on their theoretical foundations and relevance to this
work. Finally, the chapter concludes with an excerpt from a recent article addressing
delocalization error, the largest unresolved challenge in modern DFT.

The aim of this thesis is to demonstrate that the XDM model captures disper-
sion physics accurately, while also exhibiting best-in-class performance with minimal
empiricism compared to other dispersion corrections. After establishing these re-
sults, we seek to further improve XDM’s physical description by supplementing its
exchange-hole dipole moment with contributions from same- and opposite-spin corre-
lation functionals. We also examine a new one-parameter damping function recently
proposed by Becke. To this end, the remainder of the thesis is structured as follows:

Chapter 3 discusses the requirements for an accurate dispersion-corrected density
functional. This chapter focuses on functional development and the need for it to
be guided by physics-based principles. It also highlights how, while highly empirical
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functionals can sometimes yield accurate results, they may lead to unphysical or
unpredictable behaviour in surprising ways. We detail the essential properties that
dispersion-corrected functionals must exhibit for optimal performance.

Chapter 4 studies the highly accurate XDM and MBD dispersion methods in great
detail. Despite their similarly strong performance on several molecular and solid-state
benchmarks, these two corrections take very different approaches to modelling van
der Waals forces. MBD is based on a model of interacting harmonic oscillators, while
XDM captures changes in chemical environment through the self-consistent electron
density and its derivatives. Further, XDM has been shown to recover the exact asymp-
totic interaction between harmonic oscillators from perturbation theory [80].2 This
raises the question: Does the XDM dispersion model accurately capture many-body
effects? To address this, model systems of variationally-optimized quantum harmonic
oscillators are constructed to test how each correction’s C6 dispersion coefficients re-
spond to changing chemical environments. Similarly, chains of noble gas atoms are
also studied for comparison. Finally, these methods were tested on both molecu-
lar and solid-state benchmarks, with key examples studied in depth. This chapter
demonstrates how XDM accurately captures dispersion physics.

Chapter 5 presents the first-ever study of the XDM, Grimme-D, and MBD families
of dispersion corrections using the same code and basis set. The comparison was
conducted on the new DES15K benchmark, containing nearly 15,000 molecular dimers
spanning compressed and expanded geometries. The results demonstrate XDM’s
best-in-class performance on non-covalent interactions relative to these other leading
post-SCF dispersion corrections.

Chapter 6 unveils the new XDM variant, XCDM, which supplements XDM’s
exchange-hole dipole moment with contributions from same- and opposite-spin dy-
namical correlation functionals, thereby improving the description of the physics cap-
tured by the model. Further, we study the new, one-parameter Z-damping function
recently proposed by Becke, reducing the number of empirically fitted parameters
used in the XDM and XCDM models from two to one. Testing of these new variants
is performed on the comprehensive benchmark of general main-group thermochem-
istry, kinetics, and non-covalent interactions (GMTKN55). Comparisons are made to
the Grimme-D and MBD family of dispersion corrections, showing excellent perfor-
mance with our minimally empirical techniques. Notably, this marks the first time

2For the derivation of this quantity, see Appendix A.3 and relevant literature [68, 69].
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that XDM or MBD have been tested on GMTKN55. Further, study into the solid-
state reveals that these new variants may be of particular interest for crystal-structure
prediction and polymorph ranking.

The thesis concludes in Chapter 7 with proposed future developments of the XDM
methods and final remarks.
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Chapter 2

Theory

“What I cannot create, I do not understand. Know how to solve every
problem that has been solved.” [132]
∼ Prof. Richard Feynman (1918–1988)

2.1 Density-Functional Theory

Density-functional theory (DFT) has proven to be one of the most accurate
ways of calculating the electronic structure of molecules and solids while maintaining
sufficiently-low computational requirements to model systems of interest. It comes
as no surprise that, over the last 30 years, DFT has become the technique of choice
within electronic-structure theory.

In the 1960s, Hohenberg, Kohn, and Sham [12, 13] greatly simplified the N -
electron problem by writing the total energy,

E[ρ] = TKS[ρ] +

∫
vextρ(r)dr + EH[ρ] + EXC[ρ] , (2.1.1)

as a functional of the electron density1,

ρ(r) =
N∑
i=1

∣∣ψKS
i (r)

∣∣2 , (2.1.2)

for N electrons occupying Kohn–Sham (KS) orbitals ψKS
i (r). The remaining terms

1The electron density, ρ(r), is sometimes denoted as n(r), especially in the solid-state community.
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in Eq. (2.1.1) are the Kohn–Sham kinetic energy, written in terms of KS orbitals as

TKS[ρ] =
N∑
i=1

〈
ψKS
i (r)

∣∣∣∣− ℏ2

2m
∇2

∣∣∣∣ψKS
i (r)

〉
, (2.1.3)

the Hartree energy2,

EH[ρ] =
e2

2

∫∫
ρ(r)ρ(r′)

|r − r′|
dr dr′ , (2.1.4)

and the exchange-correlation energy EXC[ρ]. vext(r) is the external potential that is
acting on the system and can be used to determine the effective Kohn–Sham potential,

veff(r) = vext(r) + vH[ρ] + vXC[ρ] , (2.1.5)

where
vH[ρ] = e2

∫
ρ(r′)

|r − r′|
dr′ , (2.1.6)

and vXC[ρ] =
δEXC[ρ]
δρ(r)

is the functional derivative of the exchange-correlation energy
with respect to the electron density. After determining the form of the effective
Kohn–Sham potential, the Kohn–Sham equation,(

− ℏ2

2m
∇2 + veff(r)

)
ψKS
i (r) = εiψ

KS
i (r) , (2.1.7)

may be solved for its eigenenergies, εi, and corresponding Kohn–Sham orbital eigen-
vectors, ψKS

i (r).

In modern electronic-structure codes, the Kohn–Sham equations are solved in an
iterative process, which starts by choosing a suitable form of the exchange-correlation
functional in Eq. (2.1.1) and initially guessing the electron density ρ(r) for the system
to calculate the effective potential. The Kohn–Sham equation is then solved for the
Kohn–Sham orbitals, which are used to calculate a new electron density. If the
energy (or other desired quantity) resulting from this new electron density is within
the specified convergence criteria, we say the solution is converged; however, if it is
not within the convergence criteria, the newly-calculated electron density is then used
as a new initial guess and the procedure starts again. This iterative process is called
the self-consistent field (SCF) loop and is the basis of all modern DFT codes.

Density-functional theory is functionally exact in its formulation. The errors in
2The Hartree energy EH [ρ], is sometimes referred to as the Coulombic energy, denoted as J [ρ].
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modern DFT come not from the theory itself, but from density-functional approxima-
tions (DFA) [15, 133]. Specifically, these approximations are made to the exchange-
correlation functional EXC[ρ], which has no known exact form.

2.2 Perdew’s Ladder of Density Functional
Approximations

The exchange-correlation energy is the sum of the exchange energy and the cor-
relation energy, EXC = EX +EC. It has been shown that the atomic exchange energy
is one to two orders of magnitude greater than the correlation energy [15, 134, 135],
thus the remainder of the section shall focus on the form of exchange rather than
correlation functionals.

The quest to determine an exact energy functional is considered to be one of
the great outstanding problems of modern-day DFT [136–140]. Such a functional is
considered to be perfectly chemically accurate at the top of Perdew’s ladder of density
functional approximations (DFAs) [133, 141], see Figure 2.1. Until such a time that an
exact energy functional is determined, approximate forms of the exchange-correlation
functional must be used.

Chemical
Accuracy

Local Density
Approximation

Generalized Gradient
Approximation

Meta-Generalized
Gradient Approximation

Hybrid Functionals &
Range-Separated Hybrids

RPA+

LDA

GGA

Meta-GGA

Hybrids

Double-Hybrid Functionals &
Random-Phase Approximation

ρ(r)

∇ρ(r)

∇2ρ(r), τ(r)

Ψocc(r)

Ψvir(r)

Hartree World

Figure 2.1: Perdew’s ladder of density functional approximations (DFAs).
Beneath the ladder are the Hartree and Hartree–Fock approximations. Above
the ladder is the perfect chemical accuracy obtained using an exact func-
tional, or at the very least, more accurate wavefunction methods. In prin-
ciple, ascending the ladder leads to higher chemical accuracy at the cost of
increased computational resource requirements [141].
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2.2.1 The Ladder’s Base: Hartree–Fock

At the foot of Perdew’s ladder is the Hartree–Fock method [6–11]. Consider a
general N -electron chemical system. The Hamiltonian (in atomic units) is represented
by

Ĥ = −1

2

∑
i

∇2
i −

∑
i

∑
A

ZA
riA

+
1

2

∑
i ̸=j

1

rij
(2.2.1)

where ZA is the nuclear charge of nucleus A, riA is the electron-nuclear distance, and
rij is the interelectron distance. It is well known that the Schrödinger wavefunction
must be antisymmetric in accordance with the Pauli exclusion principle [142], the
interchange of any two electrons will cause the total wavefunction describing them
to change sign: Ψ

(
r1, r2

)
= −Ψ

(
r2, r1

)
. The simplest N -electron solution to satisfy

this is one that takes the form of a Slater determinant [143],

Ψ
(
r1, r2, . . . , rN

)
=

1

N !

∣∣∣∣∣∣∣∣∣∣
χ1(r1) χ2(r1) · · · χN(r1)

χ1(r2) χ2(r2) · · · χN(r2)
...

... . . . ...
χ1(rN) χ2(rN) · · · χN(rN)

∣∣∣∣∣∣∣∣∣∣
= |χ1, χ2, . . . , χN⟩ , (2.2.2)

for N electrons occupying N orbitals. Indeed, we see that if any two same-spin
electrons occupy the same orbital, the wavefunction vanishes. The Hartree–Fock
energy is then given by

EHF =
〈
Ψ
∣∣∣Ĥ∣∣∣Ψ〉 . (2.2.3)

The key flaw with Hartree–Fock theory is the assumption that a general chemical
system can be approximated by a single Slater determinant. This assumption neglects
electron correlation, despite exchange being modelled exactly within this framework.
For this reason, the Hartree–Fock exchange energy is sometimes referred to as “ex-
act exchange,” and these terms will be used interchangeably throughout this thesis.
Through the inclusion of linear combinations of Slater determinants, the energetic
effects of virtual (unoccupied) orbitals can be included to capture correlation. This
is the premise of the configuration interaction (CI) method and, while it promises
incredible accuracy, it also comes with prohibitive computational cost [144]. Un-
fortunately, due to the neglect of correlation from the Hartree–Fock method, it is
not able to compete with even the simplest density-functional approximations to the
exchange-correlation energy [141].
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2.2.2 Rung 1: The Local-Density Approximation

The first rung of Perdew’s Ladder is the local-density approximation (LDA) of
Kohn and Sham [13]. It assumes that the contribution to the exchange-correlation
energy from each point in the system can be approximated by the exchange-correlation
energy contribution from a uniform electron gas with the same density [145]. Specif-
ically, the exchange functional is a function of only electron density with the form

ELDA
X [ρ] = −3

2

(
3

π

)1/3 ∫
ρ4/3(r) dr . (2.2.4)

The local spin-density approximation (LSDA) is a generalization of the LDA to apply
to spin-polarized systems, and the exchange energy is given by

ELSDA
X [ρσ] = −

3

2

(
3

4π

)1/3∑
σ

∫
ρ4/3σ (r) dr (2.2.5)

for a spin-dependent density ρσ(r). The LSDA correlation energy has no closed-form
expression, so it is obtained from quantum Monte Carlo simulations of the uniform
electron gas [146]. Despite its simplicity, the LSDA model has surprisingly showed to
be a decent approximation for solids. Unfortunately, it categorically underestimates
exchange energies while overestimating correlation and bond energies [15, 141].

2.2.3 Rung 2: The Generalized-Gradient Approxima-
tion

The second rung of Perdew’s Ladder is the generalized-gradient approximation
(GGA). GGAs model systems more physically than the LDA due to incorporating
both the electron density (ρ) and its gradient (∇ρ). There are a number of GGAs
that exist in the literature such as the B86b [147], PBE3 [149, 150], PW86 [151, 152],
and B88 [134] exchange functionals. The general form of a GGA functional is

EGGA
X [ρσ] = −

∑
σ

∫
cxρ

4/3
σ F (χσ)dr (2.2.6)

where cx is a functional-dependent constant, and

χσ =
|∇ρσ|
ρ
4/3
σ

(2.2.7)

3The PBE functional has the same form as the B86a functional, which was proposed 10 years
earlier with slight differences in β and γ [148].
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Small χ

χ = 0
Large χ

Figure 2.2: Sketch of the electron density for a diatomic molecule (nuclei
represented by black circles) with points of interest denoted by coloured
points along the curve. At the red circle, the reduced density gradient, χ,
is small because the high ρ4/3 cancels the high ∇ρ. At the orange diamond,
χ = 0 because ∇ρ = 0. At the blue square and far from the nuclei, χ is large
because of the dominating ρ4/3 in the denominator.

is known as the reduced, or dimensionless, density gradient (sometimes instead de-
noted as s). F (χσ) is the enhancement factor, which is the key difference between
each GGA functional. The aforementioned GGA functionals have enhancement fac-
tors given by

FB86b(χσ) = 1 +
β

cx

χ2
σ

(1 + γ χ2
σ)

4/5
, (2.2.8)

FPBE(χσ) = 1 +
β

cx

χ2
σ

1 + γχ2
σ

, (2.2.9)

FPW86(χσ) =
(
1 + aχ2

σ + bχ4
σ + cχ6

σ

)1/15
, (2.2.10)

FB88(χσ) = 1 +
β χ2

σ

1 + 6β χσ arcsinh(χσ)
, (2.2.11)

where the values of the functional-dependent parameters—cx, β, and γ for B86b and
PBE; a, b, and c for PW86; and β for B88—may be found in their respective sources.

When selecting a GGA functional, a proper understanding of the reduced den-
sity gradient and the enhancement factor are essential. A brief description of the
enhancement factor is provided in Figure 2.2. For an accurate description of non-
bonded repulsion, the behaviour of the enhancement factor in the limit of large re-
duced density-gradient should be [153–155]

lim
χσ→∞

F (χσ) = χ2/5
σ . (2.2.12)

Clearly, from Figure 2.2, a correct description of large reduced density-gradient and
its limit plays an important for long-range effects. Figure 2.3 shows the plots for
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Figure 2.3: The large reduced density gradient behaviour of the LSDA [13]
and popular GGA exchange functionals, including the B86b [147], PBE [149,
150], PW86 [151, 152], and the B88 [134] functionals.

each aforementioned enhancement factors from Eqs. (2.2.8) to (2.2.11) as a function
of reduced density gradient. Out of the set of considered functionals, only B86b
and PW86 have the correct large reduced density gradient limit of χ2/5

σ , and only
these functionals would correctly predict long-range exchange-repulsion contributions.
Further, we can predict that B88 would overestimate these contributions, while LSDA
and PBE would underestimate them. Typically, both the B86b and PBE exchange
functionals use the PBE correlation functional; the use of the B86b exchange with
PBE correlation is known as B86bPBE, and this is the GGA functional of choice to
use with the XDM dispersion correction due to its low cost, correct large-gradient
limit, and dispersionless behaviour [81].

2.2.4 Rung 3: Meta-Generalized Gradient Approxima-
tions

The third rung on Perdew’s Ladder is meta-generalized gradient approximations
(meta-GGAs or mGGAs). In addition to the electron density (ρ) and gradient density
(∇ρ), they also use the Laplacian (∇2ρ) and/or the kinetic energy density (τ) to
describe the system. An example of a meta-GGA is the Becke–Roussel (BR) exchange
hole [16] (as used by the XDM dispersion model [55–57, 156]), this will be further
discussed in Section 2.5.3. Meta-GGA functionals typically have additional tunable
empirical parameters compared to GGA functionals. As such, common issues that
are encountered are the effects of overfitting and hampered transferability to types of
systems to which they were not fitted. For more discussion on this, see Chapter 3.
There is also a recently-developed class of functionals by Janesko and collaborators
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termed “Rung 3.5”. These functionals capture non-local information without using
exact exchange via the semilocal density matrix [157–159]. Despite the excellent
performance of certain meta-GGAs and meta-GGA-based hybrid functionals, some
researchers believe that the development of recent highly parametrized functionals is
straying from the path towards the exact functional [160].

2.2.5 Rung 4: Hybrid Functionals

The fourth rung on Perdew’s Ladder corresponds to hybrid functionals, which
include GGA (or meta-GGA) exchange and incorporate some amount of non-local
exact (a.k.a. Hartree–Fock) exchange. One major appeal of hybrid functionals is
their usefulness in describing systems characterized by delocalization error [161] (see
Section 2.6). Conversely, one major drawback is that hybrid functionals are seen
as prohibitively costly for large systems, especially when using planewave basis sets.
However, recent advancements in the FHI-aims code have shown that its linear-scaling
numerical atom-centred orbital basis functions are capable of modelling large organic-
inorganic perovskites, organic crystals, and ice crystals with up to 30,576 atoms using
hybrid functionals with unprecedented efficiency [162].

Hybrid functionals can be broadly generalized into three categories: global, range-
separated, and local. Global hybrid functionals are the most common, which set the
amount of exact-exchange mixing globally, typically between 20% and 50%, via

EXC = aXE
HF
X + (1− aX)E

DFT
X + EDFT

C , (2.2.13)

where aX ∈ [0, 1] is known as the hybrid mixing parameter. Popular examples include
PBE0 [163], BHLYP [164, 165], and our recommended B86bPBE0 [119].

Range-separated hybrid functionals use an exact-exchange mixing strategy based
on the inter-electron distance, typically by replacing the Coulomb interaction with

1

r12
=

erfc(ωr12)
r12

+
erf(ωr12)
r12

, (2.2.14)

where erf is the error function, erfc is the complimentary error function, and ω is the
range-separation (RS) parameter that determines the length scale to switch between
short- and long-range exchange treatments. One common example is LC-ωPBE [166],
a long-range corrected (LC) hybrid that combines exact exchange at long range with
GGA exchange from ωPBE at short range. It performs particularly well for fractional-
charge systems [167]. Another example is the “screened” range-separated hybrid of
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Heyd–Scuseria–Ernzerhof, HSE06 [168]. HSE06 instead mixes exact exchange into the
short-range treatment while using PBE for the long-range treatment, proving useful
for calculating band gaps in solids without the computational overhead of calculating
long-range exact exchange. A recent study by Kokott et al. introduces a new screening
function that includes long-range exact exchange contributions with greatly improved
efficiency [169]. When applied to PBE0, this screened variant (named PBE0′) pre-
dicts energies and bandgaps close to those of PBE0, but at a significantly reduced
computational cost comparable to HSE06.

Lastly, there are local hybrid functionals [170, 171], which use local information
to determine the appropriate amount of exact exchange at each grid point. This
addresses the significant drawbacks of global or range-separated hybrids where the
amount of exact-exchange mixing used is based on thermochemical observations at
best, and arbitrary at worst. Local hybrids show incredible promise, but are notori-
ously difficult to implement in production codes due to requiring the exact-exchange
density, prohibiting their widespread usage. Examples include Becke’s B05 [172], and
Google Deepmind’s DM21 [173], which is a machine-learned technique.

2.2.6 Rung 5: Post-Kohn–Sham Correlation Methods

Finally, the fifth and highest rung on Perdew’s Ladder considers DFT methods
that include virtual orbitals. This includes techniques such as the random phase
approximation (RPA) [174–179] and double-hybrid functionals [180]. We note that,
with the exception of using RPA techniques as reference data and its inclusion in
small model systems in Chapter 4, no other fifth-rung techniques were studied in this
thesis due to their prohibitive computational demand.

Random-Phase Approximation

The random-phase approximation (RPA) is a post-DFT method based on the
adiabatic-connection fluctuation-dissipation theorem (ACFDT), which provides a for-
mally exact form for the correlation energy. The ACFDT expresses this energy in
terms of a response function χ(r, r′, ω), which quantifies the response at r due to
a change in potential v(r′) at point r′, as a function of frequency ω. The ACFD
correlation energy, in atomic units, is given by

EACFD
C = − 1

2π

∫ ∞

0

dω

∫ 1

0

dλ tr [(χλ − χ0)v] . (2.2.15)
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Here, χ0 is the non-interacting response function and χλ = χ0(λv+f
λ
XC)χλ is the inter-

acting response function at Coulomb coupling strength λ. The exchange-correlation
kernel, fλXC, is not known exactly, and the RPA arises from the assumption that
fXC = 0 [181]. This treatment of the correlation energy is the core foundation of the
MBD dispersion method [45–48], and this application of the RPA will be discussed
further in Section 2.5.2.

Double-Hybrid Functionals

Similar in form to hybrid functionals that supplement the GGA exchange energy
using exact exchange, double-hybrid functionals [180] additionally supplement GGA
correlation via

EXC = (1− aX)E
GGA
X + aXE

HF
X + (1− aC)E

GGA
C + aCE

PT2
C , (2.2.16)

where EPT2
C is a perturbative second-order Møller–Plesset-type term, and aC ∈ [0, 1]

is the correlation mixing coefficient. Examples of a double-hybrid functionals in-
clude Grimme and Neese’s B2PLYP [182], and also Becke’s new local double-hybrid
functional: DH24 [183].

2.2.7 Chemical Accuracy and Beyond DFT

Since the exact exchange-correlation functional is not known, methods beyond
the five rungs of Perdew’s ladder are needed for increased accuracy. Thus, we leave
the realm of density-functional theory and enter that of correlated-wavefunction tech-
niques. While no wavefunction techniques were used in this work, their results served
as reference data to assess the accuracy of DFT techniques. Notable examples of wave-
function methods include second-order Møller–Plesset perturbation theory (MP2)
[184–186], coupled-cluster theory (CC) [187, 188], the Weizmann-n (Wn) methods
[189], and diffusion Monte Carlo (DMC) [190, 191].

Møller–Plesset Perturbation Theory

Møller–Plesset perturbation theory (MP2) [184–186] is a post-HF method often
used to capture electron correlation. The zeroth-order system is described by

Ĥ(0)
∣∣∣Ψ(0)

HF

〉
= E(0)

∣∣∣Ψ(0)
HF

〉
, (2.2.17)



§2.2. PERDEW’S LADDER 22

where the zeroth-order Hamiltonian may be expressed as the sum over one-electron
Fock operators,

Ĥ(0) =
∑
p

F̂ (rp) , (2.2.18)

for an electron at position rp. The Fock operator,

F̂ (rp) = ĥ(rp) +
∑
i

[
Ĵi(rp)− K̂i(rp)

]
, (2.2.19)

is written in terms of the one-electron Hamiltonian (ĥ) to capture the kinetic and
electron-nuclear energies, and the difference between the Coulomb (Ĵi) and exchange
(K̂i) operators for occupied orbital i. The MP2 correlation energy arises from second-
order perturbation theory as

EMP2
C =

occ∑
i<j

virt∑
a<b

|⟨ij| |ab⟩|2

ϵi + ϵj − ϵa − ϵb
, (2.2.20)

where i, j run over occupied orbitals, a, b run over virtual orbitals, and ⟨ij| |ab⟩ is the
antisymmetrized two-electron integral. These orbitals are eigenfunctions of the Fock
operator with corresponding eigenvalues ϵi, ϵj, ϵa, and ϵb. The numerator, |⟨ij| |ab⟩|2

represents the interaction strength of the double-excitation from i, j to a, b, while the
denominator represents the associated energy cost. We note that single excitations
do not contribute to the correlation energy due to Brillouin’s theorem [192].

Coupled-cluster Theory

Coupled-cluster (CC) theory is primarily a post-HF method that generates corre-
lated wavefunctions through

|ΨCC⟩ = eT̂ |ΨHF⟩ , (2.2.21)

where T̂ is the cluster operator, consisting of linear combinations of excitation oper-
ators. This operator can be expanded in terms of excitation levels as

T̂ = T̂1 + T̂2 + T̂3 + . . . (2.2.22)

where T̂1 |ΨHF⟩ would generate a singly-excited Slater determinant, T̂2 |ΨHF⟩ a doubly-
excited Slater determinant, and so on. The cluster operator is written in exponential
form because one may generate all excitation combinations by considering the Taylor
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expansion

eT̂ = 1 + T̂ +
1

2
T̂ 2 +

1

6
T̂ 3 + . . .

= 1 +
[
T̂1 + T̂2 + . . .

]
+

1

2

[
T̂1 + T̂2 + . . .

]2
+

1

6

[
T̂1 + T̂2 + . . .

]3
+ . . .

= 1 + T̂1 + T̂2 + T̂1T̂2 +
1

2
T̂ 2
1 +

1

2
T̂ 2
2 +

1

2
T̂ 2
1 T̂2 +

1

2
T̂1T̂

2
2 +

1

6
T̂ 3
1 + . . . . (2.2.23)

The most widely used implementation of coupled-cluster theory includes single, dou-
ble, and perturbative triple excitations, denoted CCSD(T) [188]. In this case, the
cluster operator is limited to the first two terms only: T̂ = T̂1 + T̂2. Rather than
including T̂3 explicitly, requiring significant and often prohibitive computational de-
mand, its contribution can be very accurately estimated using a non-iterative correc-
tion via second-order equations from Møller–Plesset perturbation theory.

Diffusion Monte Carlo

Diffusion Monte Carlo (DMC), or more generally Quantum Monte Carlo (QMC)
[190, 191], is a stochastic quantum method that directly computes the many-electron
wavefunction. It starts from a trial wavefunction (typically from HF or DFT) and
evolves the wavefunction in imaginary time, τ . Through a diffusion process that is
described by Green’s function, the algorithm converges to the ground state in the
large-τ limit. In order to apply the DMC method to systems of interacting fermions,
which create an antisymmetry problem, DMC techniques use the fixed-node (FN)
approximation. FN-DMC restricts the sampling process to the nodal regions of a
trial wavefunction using a killing procedure, but this can introduce a trial-node error
on the energy. While the details of the DMC algorithm are beyond the scope of this
thesis, the interested reader is directed to Ref. [193] for an incredibly informative and
comprehensive tutorial.

DMC has been shown to have excellent performance for solids, exceeding the
accuracy of DFT techniques. [194–196] In recent years, it has been proposed as an
alternative reference method for systems that are not accessible to CCSD(T) or other
highly-accurate wavefunction methods [197].

Molecular Benchmark Standards

Reference data for molecular codes is generally broken into different standards
based on how well they approximate the exact result of full configuration interaction
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(FCI) at the complete basis set [144]. The aim, ultimately, is for DFT methods to
achieve the so-called “chemical accuracy” of 1 kcal/mol that is required for accurate
predictions for bond energies, reaction barriers, and conformational energies. If the
reader is more familiar with other unit conventions, a conversion table of commonly
used energy units in electronic structure theory is provided in Appendix B.1. For
small- to medium-sized molecular systems, we list the ranges bronze to platinum,
taken from Refs. [198, 199]. Their categorizations, loosely summarized, are

Platinum: CCSD(T)/CBS + δCCSDT(Q) + core + rel
Gold: CCSD(T)-F12/aTZ
Silver: CCSD(T)-F12/aDZ

Bronze: MP2C-F12/aDZ

where F12 refers to the explicit correlation method [200, 201]. To help approxi-
mate the basis-set limit (CBS), F12 is sometimes employed to reduce computational
demand, allowing F12/aDZ to perform similarly to aTZ and F12/aTZ to perform
similarly to aQZ. This, in combination with basis-set extrapolation [202, 203], is used
to approximate the complete basis set (CBS) limit.

The platinum standard requires a finely-converged CBS-limit approximation, go-
ing to quintuple- or sextuple-zeta quality with basis-set extrapolation, an approx-
imation of quadruple excitations, core corrections, and inclusion of relativistic ef-
fects. Sometimes even the Bohn–Oppenheimer approximation is considered insuffi-
cient. The gold standard reports a level of accuracy of 0.05-0.10 kcal/mol compared
to the platinum standard on the A24 benchmark [204, 205]. For a benchmark of
345 non-covalent interaction energies by Burns, Marshall, and Sherril [199], the silver
standard deviates from gold by another 0.05 kcal/mol, while the bronze standard—the
MP2 coupled method (MP2C) by Heßelmann [206, 207]—deviates by 0.16 kcal/mol.
It was noted, however, that this level of accuracy is approaching that of the best
DFT techniques and, thus, the bronze standard may not be sufficiently accurate for
benchmarking purposes. While the Weizmann-n methods are not listed here, these
are post-CC methods of similar accuracy.

Finally, we note that for molecular benchmarks of larger systems (>50 atoms),
there is currently no general consensus on what constitutes accurate and reliable
reference data. As the systems grow in size, methods that claim high accuracy and
low uncertainties sometimes report differences in excess of 8 kcal/mol from each other
on the same system [208, 209].
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Solid-state Benchmark Standards

Reference data is difficult to obtain for the solid state, as correlated-wavefunction
methods are not widely available to use in periodic codes. As such, most reference
data comes in the form of back-corrected experimental data, RPA, or diffusion Monte
Carlo (DMC) techniques.

2.3 DFT in Periodic Solids

For the study of condensed-phase materials, we turn to solid-state physics. In
theory, we are modelling an effectively endless system with an infinite number of
interacting electrons. In practice, we must find a way of modelling a small subsection
of this system in a physically realizable way that accurately represents the system
as a whole. A solution taken by many electronic-structure codes, such as Quantum
ESPRESSO [111], is to use a planewave (PW) basis set and atomic pseudopotentials
(PP) to model the system efficiently. This section will explore the necessary theory
behind how these types of codes work.

2.3.1 The Bravais Lattice and Bloch’s Theorem

It is fortuitous that most solid-state systems are comprised of periodic crystal
lattice structures, as it lets us break them into smaller, symmetric pieces. The small-
est group of atoms that can form the entire lattice through repetition in all spatial
dimensions is known as the unit cell. This unit cell’s periodicity can be specified
through the use of primitive lattice vectors, ai, which generates the Bravais lattice
[210],

R = n1a1 + n2a2 + n3a3 , (2.3.1)

for integer valued ni. By enforcing periodicity conditions on the lattice structure, we
may then say that the potential V(r) felt by an electron at point r would satisfy a
translation symmetry when shifted by the Bravais vector such that

V(r) = V(r +R) . (2.3.2)

Thus, only one unit cell (with appropriate periodic boundary conditions) needs to be
simulated to effectively model the entire system.

We consider the wavefunction at any point along the infinite lattice would feel
this periodic potential V . The wavefunction must then satisfy the same translation
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symmetry as the potential so the probability density of the wavefunction at a point
r would be the same as a point r +R,

|ψ(r)|2 = |ψ(r +R)|2 . (2.3.3)

This implies ψ(r +R) = c ψ(r) where the constant c must satisfy |c| = 1. Repeated
applications of this periodicity statement forces c to be an N th root of unity, so
c = exp(i2πθ). Further development of this system [211] shows that the wavefunction
must be periodic in nature, taking the form of of a plane wave. It follows that

ψnk(r) = eik·runk(r) , (2.3.4)

where n is known as the band index, k is the wave vector, and unk(r) = unk(r+R) is
some periodic function. Eq. (2.3.4) is formally known as Bloch’s theorem [212]. Here
k is defined as

k = m1b1 +m2b2 +m3b3 , (2.3.5)

with reciprocal lattice vectors

b1 =
2π

Ω
a2 × a3 , b2 =

2π

Ω
a3 × a1 , b3 =

2π

Ω
a1 × a2 , (2.3.6)

where Ω = a1 ·a2×a3 is the volume of the unit cell, given by scalar triple product of
the real-space primitive lattice vectors. The real and reciprocal lattice vectors satisfy
the relation ai · bj = 2πδij, where δij is the Kronecker delta

δij =

{
1 , if i = j

0 , if i ̸= j
. (2.3.7)

The cell-periodic Kohn–Sham wavefunctions may then be written in terms of plane
waves using discrete Fourier transforms

un,k(r) =
1√
Ω

∑
G

cn,G,ke
iG·r , ψn,k(r) =

1√
Ω

∑
G

cn,G,ke
i(G+k)·r . (2.3.8)

The Fourier coefficients may be easily transformed between real and reciprocal space
via

cn,r,k =
∑
G

cn,G,ke
iG·r FFT←→ cn,G,k =

∑
r

cn,r,ke
−iG·r , (2.3.9)

where G is some periodic wave vector satisfying G ·R = 2πm for some integer m.



§2.3. DFT IN PERIODIC SOLIDS 27

To limit the size of our plane-wave basis, as contributions due to higher-energy terms
in the Fourier series are diminishing, we may introduce a kinetic energy cutoff and
omit plane waves that exceed it. Our plane-wave basis set will include all plane waves
satisfying

ℏ2

2m
|G+ k|2 < Ecut , (2.3.10)

where the value of Ecut is chosen for the particular system while ensuring that it is
set sufficiently high to allow convergence of desired observables.

From here, the reader may question why many DFT methods choose to implement
plane-wave bases; there are three reasons for this [213]. The first is that, historically,
pseudopotential theory was designed in the framework of plane-waves to cope with
the free-electron behaviour that is seen in the band structures of metallic s-block or
p-block elements. The second reason is for practicality, as the total energy expressions
and the Hamiltonian are easy to implement in terms of plane-wave basis sets. Some
quantities are easier to compute in real space, while others are easier to compute in re-
ciprocal space. The use of a plane-wave basis makes it easy to switch between the two
via the use of Fourier transformations. The third reason is simply for computational
efficiency, as the action of the Hamiltonian on the orbitals is efficiently calculated via
the use of fast Fourier transforms (FFT) [214–216], which scales as O(N logN) where
N is the number of plane waves in the unit cell.

2.3.2 Sampling the Brillouin Zone

To capture the exact solution to the Kohn–Sham equations, k-space must be
sampled completely. Similarly to how the real-space Bravais lattice can be divided
into unit cells, we may divide the reciprocal-space lattice into Brillouin zones [217].
Using symmetry, we then only need to consider sampling the k-points within the first
Brillouin zone, but unfortunately there are still infinitely many of them.

To shed some light on sampling in k-space, note that a k-point with coordinates
(1/n, 1/m, 1/p) in reciprocal space corresponds to an orbital with periodicity over a
real-space supercell of size (n,m, p). Capturing a long-range electron-electron corre-
lation that spans many unit cells requires a sufficiently fine k-point mesh. Systems
exhibiting long-range electron delocalization such as metals, charge transfer, or those
with extended π-conjugation will likely require denser k-grids to ensure accurate mod-
elling. Convergence testing to ensure your k-point mesh is sufficiently fine for a given
system is required.
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While sampling infinitely many k-points is required for the exact solution, it is not
necessary for an accurate solution provided that the sample of k-points in the crystal
is chosen intelligently. The k-point grid must be positioned such that no vital points
in the Brillouin zone are missed, while also being dense enough such that no sharp
fluctuations in density are missed due to sampling error. A common sampling scheme
was developed by Monkhorst and Pack, known as the MP-scheme [218]. This scheme
selects the k-points using a uniform three-dimensional mesh of points throughout
reciprocal-space.

Once the MP mesh has been calculated, it may be shifted (if needed) to incorporate
specific points within the Brillouin zone, such as the gamma (central) point. Most
solid-state codes will then apply symmetry conditions to the system, extracting it
down to an irreducible set of k-points. This set of k-points is known as the irreducible
Brillouin zone (IBZ). When these points are sampled, they are appropriately weighted
to account for the omitted symmetry-equivalent points.

2.3.3 Atomic Pseudopotentials

To remedy issues of high computational demand within modern-day DFT calcu-
lations, we have approximated the form of the exchange-correlation functional, em-
ployed the Born–Oppenheimer (BO) approximation4, intelligently selected k-space
integration grids which exploit symmetry, used a plane-wave basis set to take advan-
tage of FFT, and restricted our basis to Fourier components that do not exceed some
energy cutoff. Unfortunately, this is still not sufficient. Because we have chosen to
use a plane-wave basis, the number of plane waves required to accurately describe
orbitals with rapid oscillations and nodes near the nucleus, or tightly bound states,
is prohibitively large for any atom with more than a few electrons. Thus, we shall in-
troduce two additional approximations to reduce the number of plane waves required
to adequately model our systems.

The first new approximation is known as the frozen-core approximation [219],
where the electron density of the core electrons is pre-calculated and kept “frozen”
throughout the remainder of the computation. Only the valence electrons are chem-
ically active, so this approximation is justified because these core electrons do not
contribute to binding. The second new approximation will be to neglect the exact
potential surrounding the nucleus in favour of a pseudopotential [220]. Electrons that
contribute to binding may occupy orbitals that exhibit rapid oscillations near the

4The Born–Oppenheimer approximation is discussed in Appendix B.2.
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Figure 2.4: Illustration differentiating types of pseudopotentials and pseu-
dowavefunctions. The main plot shows the all-electron potential (VAE) in
blue, and pseudopotential (VPP) in orange, demonstrating how the highly
oscillatory behaviour of the all-electron wavefunctions (ψAE) are smoothed
(ψPP), up to the cutoff radius rcut. The inset contrasts norm-conserving
wavefunctions (ψNC) in red versus ultrasoft wavefunctions (ψUS) in yellow,
generated by norm-conserving and ultrasoft pseudopotentials VNC and VUS

respectively (not illustrated).

nucleus, requiring many plane waves to properly describe. Investing computational
resources into modelling this area is unnecessary to capture the chemical behaviour
in most systems. Pseudopotentials were introduced as a way of smoothing out these
rapid oscillations and increasing computational efficiency.

There are two types of pseudopotentials that are commonly used. The first are
norm-conserving (NC) pseudopotentials [221–223], which enforce that the norm of
each pseudo-orbital is identical to the corresponding all-electron (AE) orbital. The
second type are ultrasoft (US) pseudopotentials [224], which do not require norm
conservation, so fewer plane waves are required. The goal of ultrasoft pseudopotentials
is for calculations to require as low of a cutoff energy as possible to reach chemical
accuracy. A graphical representation of pseudopotentials, pseudowavefunctions, and
the difference between norm-conserving and ultrasoft pseudopotentials is shown in
Figure 2.4.



§2.3. DFT IN PERIODIC SOLIDS 30

2.3.4 The Projector-Augmented Wave Method

The projector-augmented wave (PAW) method was originally developed by Blöchl
[225] and then generalized by Kresse and Joubert [226]. This method was based on
Slater’s augmented plane-wave (APW) method [227], wherein the Kohn–Sham equa-
tions are solved via linearizing the eigenvalue problem using a dual-basis set. This
basis set uses plane waves to model the interstitial regions between atoms, while the
core regions are modelled using atomic-like radial functions with spherical harmon-
ics. Using a combination of linearized augmented planewaves (LAPW) [228] and
pseudopotentials, the PAW method preserves the nodal properties of the highly oscil-
latory wavefunctions without having to represent them as plane waves. For a detailed
overview of the PAW method, the reader is directed to [229] and the references therein.

|ψn⟩ = |ψ̃n⟩ |ψ̃n⟩ = |ψ⟩n−
∑

i |ϕ̃i⟩ ⟨p̃i|ψ̃n⟩ |ψn⟩ = |ψ̃n⟩−
∑
i

|ϕ̃i⟩ ⟨p̃i|ψ̃n⟩

+
∑
i

|ϕi⟩ ⟨p̃i|ψ̃n⟩

Figure 2.5: Visualization of the projector augmented wave orbital compo-
nents, adapted from [213]. The components and their graphical represen-
tations are highlighted in red. Left: our pseudized orbital. Middle: the
subtraction of the pseudized core region. Right: the incorporation of the
atomic-like core.

The PAW orbitals are given by

|ψn⟩ = |ψ̃n⟩+
∑
i

(
|ϕn⟩ − |ϕ̃n⟩

)
⟨p̃i|ψ̃n⟩ , (2.3.11)

where |ψ̃n⟩ are our pseudo orbitals, |ϕn⟩ are our all-electron partial wavefunctions,
|ϕ̃n⟩ are our pseudo partial wavefunctions, and ⟨p̃i| are known as projector functions.
The effect of each of these contributions on the PAW orbital may be visualized in
Figure 2.5.

When PAW is used, the base assumption is that the PAW spheres do not overlap.
However, in practice, this sometimes is the case. The consequences of PAW overlap are
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Figure 2.6: Plots showing the percent PAW volume overlap contours as func-
tions of radius ratio and radius overlap for the smaller (left) and larger (right)
spheres.

well studied [230] and typically no more than 5% voluminal overlap deemed acceptable
[231]. The PAW method was used in Chapter 3, where one system had significant
PAW radial overlap: CO2. The B86bPBE PAW pseudopotentials used for these
calculations were UPF version 2.0.1, generated using the “atomic” code by A. Dal
Corso [232, 233], packaged with Quantum ESPRESSO [111]. The PAW radii for C
and O were 1.1000 and 1.3000 bohr respectively. The minimum separation for CO2

studied was 2.205 bohr, in a geometry where each unit vector was compressed by 10%
from equilibrium. The percent radial overlap (PRO) between two spheres with radii
ri and rj and separation d is given by

PRO =

(
1− d

ri + rj

)
× 100% . (2.3.12)

For our compressed CO2 geometry, we have PRO = 8.125%. The percent volume
overlap (PVO) for rα ∈ {ri, rj} is given by

PVO(rα) =
π (ri + rj − d)2

(
d2 + 2dri + 2drj + 6rirj − 3r2i − 3r2j

)
12d

/4πrα
3

. (2.3.13)
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Thus, there is a 1.24% volume overlap on carbon per oxygen—so 2.48% total—and
0.75% volume overlap on each oxygen. We see that we are well below the 5% voluminal
overlap limit. While some codes, such as Abinit [234, 235] (see also: [236–239]), assist
with this check automatically, other codes do not. Figure 2.6 was created as a way
to visually check for concerning amounts of PAW voluminal overlap for a given PAW
sphere radius ratio and easily calculable radius overlap percentage. Walking through
our example earlier for CO2, we know Rsmall/Rbig = 1.1/1.3 = 0.85 and our radius
overlap was 8.125%. Following the intersection of these two lines on the Figure 2.6
shows the voluminal overlap for carbon is ca. 1.5%. After doubling to account for
the two bonded oxygen, this figure informs us at a glance that the voluminal overlap
could not be greater than 4%, and thus is within the acceptable range.

2.3.5 Numerical Atom-Centred Orbitals

While our discussion thus far has focused on the use of planewave basis functions
and pseudopotentials, there are many electronic-structure codes that use neither. A
notable example is the Fritz Haber Institute ab initio molecular simulations (FHI-
aims) software package [120, 121], which employs all-electron methods through the use
of carefully-constructed numerical atom-centred orbitals (NAOs). The basis within
FHI-aims represents single-particle orbitals ψl(r) for orbital index l as a basis-set
expansion of Nb functions via

ψl(r) =

Nb∑
i

cil φi(r) , (2.3.14)

with NAOs of the form
φi(r) =

ui(r)

r
Y ℓ
m(θ, ϕ) . (2.3.15)

Here, Y ℓ
m(θ, ϕ) are the real linear combinations of the spherical harmonics, with az-

imuthal and magnetic quantum numbers ℓ and m implied by the basis index i. The
radial component, ui(r), is an eigenfunction to the radial wave equation[

−1

2

d2

dr2
+
ℓ(ℓ+ 1)

r2
+ vFHI

i (r) + vFHI
cut (r)

]
ui(r) = εiui(r) , (2.3.16)

with corresponding eigenenergies εi. The potential is given by vFHI
i (r) = z/r for an

effective nuclear charge z. The use of “effective” nuclear charges permits flexibility
when constructing a suitable basis. For example, a 1s orbital with an effective nuclear
charge of z = 0.85 could be used to represent a hydrogen nucleus rather than using
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rcut

u(r)

vcut

r̂ronset

Figure 2.7: Visualization of the numerical atom-centred orbitals used in FHI-
aims, adapted from Ref. [240]. The radial basis function is illustrated as
a function of distance from an atomic nucleus, depicting how it smoothly
decreases to zero at rcut after the cutoff potential activates at ronset.

the typical Z = 1. To ensure computational efficiency and O(N)-like scaling, a
cutoff potential smoothly decays all basis functions to zero, localizing the orbitals to
approximately atomic width. This cutoff potential, given by

vFHI
cut (r) =


0 r ≤ ronset

s
(r−rcut)

2 exp
(

w
r−ronset

)
ronset < r < rcut

∞ r ≥ rcut

, (2.3.17)

smoothly activates at ronset and gradually increases to infinity at rcut. The width of
this activation is w = rcut − ronset, and the scale is determined by the global scaling
parameter s. An illustration of the NAO radial component and its interaction with
the cutoff potential at ronset and rcut is shown in Figure 2.7.

The improved scaling of this NAO approach allows for faster GGA computations
than planewave codes for large unit cells containing hundreds of atoms. Further still,
the NAOs permit hybrid functionals to be practical for solids and can even be applied
to very large unit cells containing thousands of atoms or more [162]. Limitations of
hybrid functionals largely stem from the incredible computational cost of calculating
exact exchange for a planewave basis, which becomes feasible with near-linear-scaling
NAOs.

In FHI-aims, the most popular basis functions are light, intermediate, and
tight. Blum et al [120] studied the performance of these basis sets for the binding
energy of a water dimer, with and without a counterpoise (CP) correction [241, 242].
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Their results showed that the light basis is sufficiently converged such that this cor-
rection changed the binding energy by less than 0.4 kcal/mol, and differed from the
estimated CBS limit by only 0.7 kcal/mol. For the tight basis, it differed by the
CBS limit by less than 0.1 kcal/mol. To improve stability in geometry optimizations
compared to light, but without resorting to the higher cost of intermediate, two
new basis sets were created. They combine light basis functions with denser inte-
gration grids like those in tight, and are called lightdense [119] and lightdenser

[121, 243, 244]. These two basis sets, along with tight, were used for the majority
of the calculations in this thesis.

2.3.6 Gaussian-Type Orbitals

While not typically used for solid-state DFT due to common challenges such
as basis-set superposition error and linear dependencies in periodic environments,
it would be a disservice not to discuss Gaussian-type orbitals (GTOs) given their
popularity in molecular codes. Gaussian basis functions are described mathematically
as

ϕijk = Nxiyjzke−αr
2

, (2.3.18)

where N is a normalization constant, α is a decay exponent, and i, j, and k are
non-negative integers. When i + j + k = 0, the orbital is spherical and is an s-type
GTO. If the sum equals 1, it is a p-type orbital; if it equals 2, it is a d-type orbital,
and so on. We will briefly examine three of the most-common nomenclatures used to
describe GTOs.

Minimal Basis Sets

The first category is minimal basis sets. These use the smallest possible set of
orbitals to accommodate all electrons in each atom’s ground state. A natural first
guess for a suitable basis function is the hydrogen-like wavefunction of the form

R(r) = Nrn−1e−ζr , (2.3.19)

where n is the principal quantum number, N is the normalization constant, and ζ is
the effective charge of the nucleus. This form is known as a Slater-type orbital (STO)
[245], and it has the benefits of capturing the true nuclear cusp and exhibiting an
appropriate exponential tail. Unfortunately, this form comes with severe limitations.
Electron repulsion integrals are not analytically solvable in this basis, and therefore
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require costly numerical quadrature. These wavefunctions can instead be approxi-
mated using linear combinations of GTO primitives, as first proposed by Pople et al.
[246]. These follow the naming convention “STO-nG”, where n indicates the number
of primitives used to approximate the Slater-type orbital.

Pople Split-valence Basis Sets

The second category is Pople-style split-valence basis sets [247]. Pople basis sets
are commonly used in DFT for their computational efficiency. These have the form
“C-V1V2V3 . . .G”. C represents one basis function, with its value indicating the number
of linearly-combined primitive Gaussians used to model the atomic core. Similarly, the
value of Vi represents the number of primitives used for the valance orbital, with each
Vi corresponding to one basis function. For example, in the 6-31G basis, the “6” indi-
cates six primitives model the core basis function; the “3” indicates three primitives
model the first valence basis function; and the “1” indicates that a single primitive
models the second valence basis function. This is referred to as a “double-zeta” basis
set, as it uses two contracted basis functions to model the valence orbitals. If po-
larization functions are added, this is typically indicated with one or more asterisks
following “G” (e.g. 6-31G*).

Dunning Correlation-consistent Basis Sets

The third category is the Dunning-style correlation-consistent basis sets [248].
These are commonly used in post-HF methods due to their ability to systematically
converge to the CBS limit through extrapolation techniques [202, 203]. These have the
form “cc-pVNZ”, where “cc-p” denotes they are correlation-consistent and polarized,
and “VNZ” specifies valence orbitals of N -zeta quality. Typically, N is denoted as D,
T, Q, 5, or 6, corresponding to double-, triple-, quadruple-, quintuple-, and sextuple-
zeta quality, respectively.

Adding Diffuse Functions

Diffuse functions are often added to Pople- or Dunning-style basis sets [249]. These
functions improve the accuracy of the basis set for anions, fluorinated compounds,
excited states, delocalized systems, and systems described by weak interactions such
as van der Waals complexes or hydrogen bonding. In Pople-style basis sets, the
addition of diffuse functions is indicated by one or more plus signs before the “G”
(e.g., 6-31+G*). In Dunning-style basis sets, this is indicated with the prefix “aug-”
(or “aug2-”) at the beginning of the basis name (e.g., aug-cc-pVTZ).
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2.4 Forces and Stresses

Most electronic-structure theory programs include a process called a geometry
optimization that minimizes the forces on each atom and the stresses on the unit cell.
The forces are minimized by shifting atomic positions in the direction of the largest
gradient. Simultaneously, the stresses on the unit cell are calculated, and the unit
cell is modified to minimize them. These adjustments are made at the end of each
SCF cycle, and constitute one step of the geometry optimization process. Once the
atomic forces and unit-cell stresses are sufficiently small, the system is considered
relaxed and the geometry optimized, indicating it has settled into a minimum on its
potential energy surface. An accurate description of forces and stresses in electronic-
structure codes is highly desirable; however, proper treatment involves many non-
trivial considerations [250]. A flowchart of a typical code’s SCF loop and geometry
optimization process is illustrated in Figure 2.8.

This section shall derive the Hellmann–Feynman theorem [251–253] and discuss
how it may be applied to long-range interatomic forces [254, 255]. Afterwards, the
Cauchy stress tensor [256–261], the deformation gradient tensor [261, 262], and the
Green–Lagrangian strain tensor [263–267] will be introduced for a discussion of unit
cell optimization.

2.4.1 The Hellmann–Feynman Force Theorem

The Hellmann–Feynman theorem [251–253] is straightforward to derive. From the
well-known Schrödinger equation, Ĥ |ψ⟩ = E |ψ⟩, we know the expectation value of
the Hamiltonian gives the energy, ⟨ψ|Ĥ|ψ⟩ = E, due to the normalization condition
on the wavefunctions, ⟨ψ |ψ⟩ = 1. We assume Ĥ, ψ (r), and En are all functions of
some continuously varying parameter λ, and take the derivative of both sides,

∂

∂λ

〈
ψ
∣∣∣ Ĥ ∣∣∣ψ〉 =

∂E

∂λ
. (2.4.1)

Via a three-term product rule, the left-hand side expands to〈
∂ψ

∂λ

∣∣∣∣ Ĥ ∣∣∣∣ψ〉+

〈
ψ

∣∣∣∣∣ ∂Ĥ∂λ
∣∣∣∣∣ψ
〉

+

〈
ψ

∣∣∣∣ Ĥ ∣∣∣∣ ∂ψ∂λ
〉

=
∂E

∂λ
. (2.4.2)

We shall now show that the sum of the first and third terms of the left-hand side of
Eq. (2.4.2) is zero. Using the definition of the Schrödinger equation, we may extract
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Figure 2.8: A flowchart depicting geometry optimization, as performed by
most electronic-structure theory software. Many options for convergence cri-
teria exist in the literature. One of the more common SCF convergence cri-
teria used in practice is to compute the volume-integrated root-mean-square
change of charge density between successive SCF iterations.

an energy term from their inner products,〈
∂ψ

∂λ

∣∣∣∣ Ĥ ∣∣∣∣ψ〉+

〈
ψ

∣∣∣∣ Ĥ ∣∣∣∣ ∂ψ∂λ
〉

= E

(〈
∂ψ

∂λ

∣∣∣∣ψ〉+

〈
ψ

∣∣∣∣ ∂ψ∂λ
〉)

. (2.4.3)

The terms in the parentheses on the right-hand side are the result of a simple two-
term product rule,

〈
∂ψ
∂λ

∣∣ψ〉 + 〈ψ ∣∣ ∂ψ
∂λ

〉
= d

dλ
⟨ψ |ψ⟩. We know that ⟨ψ |ψ⟩ = 1 is a
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constant, thus, taking its derivative with respect to the continuous parameter λ is
zero. So we have shown that〈

∂ψ

∂λ

∣∣∣∣ Ĥ ∣∣∣∣ψ〉+

〈
ψ

∣∣∣∣ Ĥ ∣∣∣∣ ∂ψ∂λ
〉

= 0 . (2.4.4)

Finally, substituting Eq. (2.4.4) into Eq. (2.4.2) results in the desired form of the
general Hellmann–Feynman theorem〈

ψ (r)

∣∣∣∣∣ ∂Ĥ∂λ
∣∣∣∣∣ψ (r)

〉
=

〈
∂Ĥ

∂λ

〉
=
∂E

∂λ
. (2.4.5)

To apply the Hellmann–Feynman theorem to forces5, we consider the classical
definition of force as an expression of energy. The force can be expressed as the
negative of the gradient of the potential energy as

F (r) = −∇V (r) , (2.4.6)

and so the Hellmann–Feynman force theorem is given by

Fr = −

〈
∂Ĥ

∂r

〉
= −∂E

∂r
. (2.4.7)

2.4.2 Stresses, Strains, and Deformations

Simple deformations to a unit cell may permit direct computation of strain ele-
ments. This is illustrated in Figure 2.9 where a system, subject to an applied Cauchy
stress of σyy [256–261], experiences a Green–Lagrangian strain of εyy [263–267]. How-
ever, for more complicated deformations it may be useful (and intuitive) to express
these strain elements in terms of the deformation gradient tensor [261, 262], with
corresponding elements,

Fαβ =
∂r′α
∂rβ

. (2.4.8)

The deformation gradient tensor measures the unit-cell’s changed configuration, r′,
with respect to the undeformed reference configuration, r, where r = (x, y, z) in
Cartesian coordinates. In matrix form, the deformation gradient tensor may be writ-
ten as F = ∇⊗r.6 There are four primary types of deformation: rotations, stretching,

5This is generally referred to as the Hellmann–Feynman force theorem.
6The deformation gradient tensor should not be confused with the force expressions of Eqs. (2.4.6)

and (2.4.7).
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ŷ

ẑ
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Figure 2.9: A simple cubic lattice with labelled Cauchy stress (σαβ) and
Green–Lagrangian strain (εαβ) components. Left: A diagram which labels
the stress components σαβ. Right: A simple example of a strain component,
εyy, due to an applied stress of σyy.

shear with rotation, and pure shear. A simple example of deformations and their cor-
responding deformation gradient tensors can be seen in Figure 2.10. Lastly, we see
that displacements yield zero net deformation per Eq. (2.4.8); this makes intuitive
sense as displacements do not deform materials.

Should the system be intentionally deformed, the Green–Lagrangian strain ele-
ments may be written in terms of deformation gradient tensor elements as

εαβ =
1

2
(FγαFγβ − δαβ) , (2.4.9)

where δαβ is the Kronecker delta as in Eq. (2.3.7), and summation over repeated
indices (Einstein’s summation convention) is assumed. In matrix form, this may be
written as ε = 1

2

(
FTF− I

)
, for identity matrix I. Finally, the Hellmann–Feynman

theorem can be used to write the the Cauchy stress tensor, σ, in terms of Green–
Lagrangian strain elements as

σαβ =
1

Ω

∂E

∂ϵαβ
. (2.4.10)

For a different approach, Appendix G of Ref. [261] derives a stress expression from
two-body forces in both real and Fourier space using a generalized virial expression.
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Figure 2.10: Deformations and their corresponding deformation gradient ten-
sors. Pictured are the four basic types of deformations, including rotation
(top left), stretching (bottom left), shear with rotation (top right), and pure
shear (bottom right).

2.5 Dispersion Corrections

In Section 1.3 we introduced the early empirical dispersion corrections of Cohen,
Pack, and Scoles, and in Section 1.4 modern dispersion corrections were briefly dis-
cussed. Here, we explore the mathematical underpinnings of those post-SCF correc-
tions. The section begins by exploring the Grimme DFT-D series of corrections: D1,
D2, D3(0), D3(BJ), and D4. Subsequently, we present a comprehensive and mathe-
matically detailed discussion of the dispersion corrections developed by Tkatchenko
and collaborators, including TS, TS@SCS, MBD, MBD@SCS, MBD@rsSCS, and
MBD-NL. Finally, this chapter concludes with an in-depth discussion of the XDM
method of Johnson and Becke.

2.5.1 Grimme DFT-D Series of Dispersion Corrections

D1 and D2

In 2004, Grimme introduced the DFT-D method [39] for use in complexes of atoms
and small molecules. The post-SCF dispersion energy was given by

EDFT-D = −s6
N−1∑
i=1

N∑
j=i+1

CDFT-D
6,ij

R6
ij

fWY(Rij) , (2.5.1)
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where N is the number of atoms, and s6 is a functional-dependent empirical scaling
factor. This dispersion model uses a Fermi-type [89, 90] damping function proposed
by Wu and Yang,

fWY(Rij) =
1

1 + e
−d

(
Rij

sRvdW,ij
−1

) , (2.5.2)

where s and d are empirically-fitted parameters (for this method, s = 1), and
RvdW,ij = Rfree

i +Rfree
j is the sum of the free-atom van der Waal’s radii. In this model,

the CDFT-D
6,ij are determined via the harmonic mean of the free-atom homoatomic C6

coefficients of atoms i and j, and averaged over the possible hybridization states. After
two years of testing, Grimme released an updated version of the DFT-D model, known
today as DFT-D2 [40], which greatly expanded the number of supported atomic
species for study, up to and including radon. This time, the dispersion coefficients
were calculated via their geometric mean rather than their harmonic mean, as this
was shown to improve the accuracy of the method.

D3(0) and D3(BJ)

The DFT-D3 dispersion model [41] was released in 2010 and improves on the
D2 model via the inclusion of the C8 dipole-quadrupole dispersion term through a
recurrence relation [268–270]. The pairwise dispersion energy is thus given by

E
(2)
D3 = −

∑
ij

∑
n=6,8

sn
CD3

6,ij

Rn
ij

fd
n(Rij) , (2.5.3)

where the first sum is over all atom pairs and sn is a functional-dependent and fitted
scale factor. While recurrence relations were proposed up to an arbitrary Cn, only C6

and C8 are included, as terms beyond those were shown to lead to instability.

D3 additionally improved on D2 by switching from WY-damping to the damping
function of Chai and Head-Gordon (CHG) [271], defined as

fCHG(Rij) =
1

1 + 6
(

Rij

sRvdW,ij

)−γ . (2.5.4)

CHG-damping, often referred to as “zero-damping” prevents the discontinuous be-
haviour at vanishing internuclear separation that is seen in Fermi-type WY damping.
When used in combination with “zero-damping” D3 is referred to as D3(0). Further
testing showed that the use of Becke–Johnson (BJ) damping [156] yielded improved
results [92]. When D3 is used in combination with BJ-damping, it is referred to as
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D3(BJ). Becke–Johnson damping is a rational-type damping function written as

fBJ
n (Rij) =

Rn
ij

Rn
ij +Rn

vdW,ij

, (2.5.5)

where RvdW,ij = (a1Rc,ij + a2) is the van der Waals radius, a1 and a2 are damping
parameters that are fit to the particular density-functional, and Rc,ij is the “critical”
separation for interactions between atoms i and j, determined as the point where
successive terms in the dispersion energy expression become equal. For D3(BJ),
which uses C6 and C8, this is given by

RD3
c,ij =

√
C8,ij

C6,ij

. (2.5.6)

This rational-type damping function ensures that the dispersion energy approaches
a small, but finite, value for vanishing internuclear separation. Finite damping was
inspired by the convergent multipole expansion for two hydrogen atoms showing this
finite-damping behaviour at the united-atom limit [272].

The D3 dispersion model calculates fractional coordination numbers (CNs) for all
atoms in the system,

CNA =
N∑
B ̸=i

1

1 + exp

[
−k1

k2(Rcov
A +Rcov

B )
RAB

− 1

] , (2.5.7)

for fixed scale factors k1 = 16 and k2 = 4/3, and where Rcov
A and Rcov

B are scaled cova-
lent (single-bond) radii for atoms A and B. These fractional coordination numbers
smoothly interpolate between bonded and non-bonded atoms, scaling approximately
linearly with the number of bonded interactions. An excellent diagram showing the
coordination number of a hypothetical molecule may be found in Fig. 4 of Ref. [41].

Further, the D3 model precalculates reference C6 values for all atom pairs for
combinations of simple hydride molecules, AmHn and BkHl, using a modified Casimir–
Polder formula [273–275] of the form

Cref
6,AB =

3

π

∫ ∞

0

αAmHn(iω)− n
2
αH2(iω)

m

αBkHl(iω)− l
2
αH2(iω)

k
dω . (2.5.8)

The hydrogen contribution is removed via subtraction of the dihydrogen polarizability,
αH2(iω), weighted according to the stoichiometric coefficients m, n, k, and l. The
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heteroatomic dispersion coefficients are then determined by averaging over a set of
reference systems using coordination-number-dependent weights as

CD3
6,AB =

∑NA

i

∑NB

j Cref
6,AB

(
CNA

i ,CNB
j

)
exp
[
−k3

([
CNA − CNA

i

]2
+
[
CNB − CNB

i

]2)]
∑NA

i

∑NB

j exp
[
−k3

([
CNA − CNA

i

]2
+
[
CNB − CNB

i

]2)] ,

(2.5.9)
where k3 = 4 is an empirical parameter, and NA and NB are the number of refer-
ence molecules (supporting points) for atoms A and B. Finally, CNA

i and CNB
j are

coordination numbers for those for reference systems i and j corresponding to the
precomputed reference value Cref

6,AB

(
CNA

i ,CNB
j

)
. Through the use of these fractional

coordination numbers, the chemical environment is explicitly modelled through the
molecular geometry, rather than using the partitioning of the electron density like
other leading dispersion corrections.

Finally, the D3 model may also include Axilrod–Teller–Muto three-body contri-
butions [276, 277] via the summation of two- and three-body energies,

ED3 = E
(2)
D3 + E

(3)
D3 . (2.5.10)

The (undamped) ATM three-body energy for a trio of atoms, ABC, is given by

EATM
ABC = C9,ABC

3 cos(θa) cos(θb) cos(θc) + 1

R3
ABR

3
BCR

3
CA

, (2.5.11)

where R3
AB is the cube of the interatomic distance between atoms A and B, and θa is

the internal angle between RAB and RAC . As noted by Axilrod and Teller [276], this
three-body term predicts repulsion for atoms in equilateral- or right-angle triangular
configurations

EATM
Eq. = C9,123

11/8

R3
12R

3
23R

3
31

, (2.5.12)

EATM
Ri. = C9,123

1

R3
12R

3
23R

3
31

, (2.5.13)

and maximal attraction for linear configurations,

EATM
Lin. = C9,123

−2
R3

12R
3
23R

3
31

. (2.5.14)

For D3, the three-body C9 dispersion coefficient used for the computation of E(3)
D3 is
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approximated as the geometric mean of the C6 coefficients as

CD3
9,ABC =

√
C6,AB C6,BC C6,CA . (2.5.15)

Thus, the three-body contribution to the D3 energy is given by

E
(3)
D3 =

∑
ABC

fd
ATME

ATM
ABC . (2.5.16)

where the damping function fd is an ATM-parametrized CHG or BJ damping func-
tion. Note that the C9 coefficient is a positive quantity, and the sign is stated explic-
itly for consistency with the rest of this thesis. This three-body energy is sometimes
omitted for simplicity due to its negligible magnitude.

The DFT-D3 dispersion correction has been thoroughly benchmarked for dozens
of density functionals and demonstrated its robustness across a large variety of chem-
ical systems [278], especially on the GMTKN55 database for general main-group
thermochemistry, kinetics, and noncovalent interactions [279–281].

D4

The DFT-D4 model [42, 43] was a recent addition to the Grimme-D series of
dispersion corrections. This model extends DFT-D3 by estimating atomic partial
charges, which are then used to calculate dispersion parameters. This is done through
a charge-scaling function of the form

ζ(zA, zA,ref) = exp

[
β1

{
1− exp

[
γA
(
1− zA,ref

zA

)]}]
, (2.5.17)

where β1 = 3 and γA is taken from Ref. [282]. The effective nuclear charge on atom A

is written as the sum of the nuclear charge and the atomic partial charge as zA = ZA+

qA. This charge-scaling function, in combination with a slightly modified description
of the coordination number to capture electronegativity dependence, allows the D4
method to include atomic-charge dependence into the dispersion energy. For brevity,
and because the D4 correction was rarely used within this work, the interested reader
is directed to Refs. [42, 43] for a complete mathematical description.

Preliminary tests show that the D4 model outperforms its predecessor, D3(BJ), in
addition to the TS [44] and various MBD [45, 48, 50] dispersion corrections across a
range of periodic systems in terms of both speed and accuracy [43, 281]. We note that,
while D4 (and also D3) show strong performance on GMTKN55 [279–281], this can
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be partially attributed to the large overlap between their damping parameterization
set (S22, S22+, ACONF, SCONF, PCONF, CCONF, ADIM6, RG6) and GMTKN55
itself.

2.5.2 The TS and MBD Dispersion Models

The Tkatchenko–Scheffler (TS) model is a pairwise density-dependent dispersion
correction that was introduced in 2009 [44]. In 2012, Tkatchenko et al. added two sig-
nificant extensions to the TS model. The first was the use of self-consistent screening
(SCS) for determining the screened dynamic polarizabilities of the atoms in the sys-
tem. The second was the introduction of their many-body dispersion (MBD) model
which describes the dispersion interactions between a system’s atoms by modelling
them as a system of N -coupled Drude oscillators [283, 284]. These models are ex-
plained in incredible detail by DiStasio et al. in their 2014 article [48], and this will
be the main reference for the theory in this section. We note that the functionals of
choice to pair with the TS and MBD models are either the Perdew–Burke–Ernzerhof
(PBE) GGA functional [149, 150] or the PBE0 hybrid functional [163], likely due to
their low empiricism, and wide popularity for modelling the solid state. For the MBD
methods, the S66×8 [285–287] benchmark set is commonly used to fit the damping
parameters [46].

The Tkatchenko–Scheffler Model

The Tkatchenko–Scheffler (TS) model [44] only considers the lowest-order disper-
sion term, corresponding to instantaneous dipole-dipole contributions of the form

ETS = −1

2

∑
ij

fWY(Rij)
CTS

6,ij

R6
ij

. (2.5.18)

Here, the sum is over all electron pairs. Via a Hirshfeld partitioning [93, 94] of the
electron density, the Hirshfeld weights,

wi(r) =
ρfree
i (r)∑
j ρ

free
j (r)

, (2.5.19)

and effective volumes ratios,

vi
vfree
i

=

∫
r3wi(r)ρi(r)dr∫
r3ρfree

i (r)dr
, (2.5.20)
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for a general atom i are determined. The sum over spin states σ is implied. Us-
ing this volume ratio, the effective homoatomic dispersion coefficients (C6,ii), static
polarizabilities (α0

i ), and vdW radii may be determined via

C6,ii =

(
vi
vfree
i

)2

C free
6,ii , (2.5.21)

α0
i =

(
vi
vfree
i

)
αfree
i , (2.5.22)

R0
i =

(
vi
vfree
i

)1/3

Rfree
i , (2.5.23)

where the values of C free
6,ii , αfree

i , and Rfree
i are obtained from existing literature [288–

290]. We note that TS’s use of the Wu–Yang damping function [87], as defined in
Eq. (2.5.2) for D1 and D2, is slightly different. Specifically, unlike these Grimme-
D methods that define the heteroatomic vdW radii as the sum of free-atom values,
Rfree
i , TS instead defines it as the sum of the effective vdW radii, R0

i . Finally, the
heteroatomic dispersion coefficients are obtained from their homoatomic counterparts
using the Slater–Kirkwood formula [72, 291–293]:

CTS
6,ij =

2C6,iiC6,jj

α0
j

α0
i
C6,ii +

α0
i

α0
j
C6,jj

. (2.5.24)

The TS model [44] has demonstrated reasonable performance on benchmarks of small
molecular systems [44, 294], but has difficulties for molecular-crystal benchmarks
such as C21 [99], or its extension X23 [295]. Further, the TS model has shown to
overestimate the dispersion energy, resulting in overbinding [35, 51, 295, 296].

Self-Consistent Screening Formalism

Through the use of self-consistent screening (SCS) [95–97], the polarizabilities for
each atom may be refined via the SCS equation of classical electrodynamics,

αSCS
i (iω) = αTS

i (iω) + αTS
i (iω)

∑
j ̸=i

Tij α
SCS
j (iω) , (2.5.25)

where αSCS
i is a tensor that contains the x, y, and z polarizability components for

atom i. The frequency-dependent TS polarizability is approximated by considering



§2.5. DISPERSION CORRECTIONS 47

the leading term of the Padé series [297–299] as

αTS
i (ω) =

α0
i

1− (ω/ωi)
2 , (2.5.26)

where the characteristic excitation frequency for quantum Drude oscillators, derived
from the London dispersion formula [23], is

ωi =
4

3

C6,ii

(α0
i )

2
. (2.5.27)

The second-rank dipole-dipole interaction tensor [293] in Eq. (2.5.25) is calculated
via a tensor product of gradient operators,

Tij = ∇Ri
⊗∇Rj

vij , (2.5.28)

acting on a potential,

vij =
1

Rij

erf

[
Rij

σij

]
, (2.5.29)

where Rij = |Ri −Rj| is the internuclear distance with components Ri = {xi, yi, zi},
erf[. . .] is the Gauss error function [300, 301], and the effective width of the Gaussian
charge distribution is σij = (σ2

i + σ2
j )

1/2 for individual contributions given by σi =

[
√
2/π (αTS

i /3)]1/3 . The dipole-dipole interaction tensor elements, T abij , are written
explicitly as

T abij = −
3Rij,aRij,b −R2

ijδab

R5
ij

[
erf
[Rij

σij

]
− 2√

π

Rij

σij
e−(Rij/σij)

2

]
+

4√
π

Rij,aRij,b

σ3
ijR

2
ij

e−(Rij/σij)
2

,

(2.5.30)
where δij is the Kronecker delta, and Rij,a is the magnitude of the ath Cartesian
component of the internuclear distance between nuclei.

As described in Ref. [48], the SCS equation may be solved using matrix algebra
for a series of specific values of angular frequency ω. We construct a 3N×3N matrix,
A, which is partitioned into 3×3 sub-blocks for each atom i in the system. The ith

diagonal 3×3 sub-block will be a diagonal submatrix with non-zero elements of 1/αTS
i

from Eq. (2.5.26). The {i, j}th off-diagonal 3×3 sub-block will be the elements of the
{i, j}-indexed dipole-dipole interaction tensor, Tij. To illustrate the construction of
A, we consider a system of N = 3 particles. The corresponding 9×9 matrix A will
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have the form

A =



1/αTS
1 0 0 T xx

12 T xy
12 T xz

12 T xx
13 T xy

13 T xz
13

0 1/αTS
1 0 T yx

12 T yy
12 T yz

12 T yx
13 T yy

13 T yz
13

0 0 1/αTS
1 T zx

12 T zy
12 T zz

12 T zx
13 T zy

13 T zz
13

T xx
21 T xy

21 T xz
21 1/αTS

2 0 0 T xx
23 T xy

23 T xz
23

T yx
21 T yy

21 T yz
21 0 1/αTS

2 0 T yx
23 T yy

23 T yz
23

T zx
21 T zy

21 T zz
21 0 0 1/αTS

2 T zx
23 T zy

23 T zz
23

T xx
31 T xy

31 T xz
31 T xx

32 T xy
32 T xz

32 1/αTS
3 0 0

T yx
31 T yy

31 T yz
31 T yx

32 T yy
32 T yz

32 0 1/αTS
3 0

T zx
31 T zy

31 T zz
31 T zx

32 T zy
32 T zz

32 0 0 1/αTS
3


. (2.5.31)

The ith atom’s SCS polarizability tensor may then be determined by the summa-
tion of the ith 3×3 sub-block’s row of the inverted matrix A−1,

αSCS
i =

N∑
j=1

[
A−1

]
ij
. (2.5.32)

The diagonal and scalar elements (αSCS
i ) of the SCS polarizability (αSCS

i ) may then
be extracted for use in the Casimir–Polder integral [274],

CTS@SCS
6,ij =

3

π

∫ ∞

0

αi(iω)αj(iω) dω , (2.5.33)

and solved via Gauss-Legendre quadrature [302] or other suitable numerical meth-
ods to obtain the SCS dispersion coefficients. These C6 coefficients may be used in
Eq. (2.5.18), giving rise to the TS@SCS method. The SCS vdW radii required for
the damping function are RSCS

i =
(
αSCS
i /αfree

i

)1/3
Rfree
i .

The Many-Body Dispersion Model

The many-body dispersion (MBD) model’s energy [45] is computed via the coupled
fluctuating dipole model (CFDM) Hamiltonian [303–307], where each atom in the
system is represented by a corresponding Drude oscillator [283, 284] (i.e. an isotropic
quantum harmonic oscillator). The CFDM Hamiltonian for an arbitrary dipole-dipole
interaction tensor, T′

ij, is given by

Ĥ = −1

2

N∑
i

∇2
ξi
+

1

2

N∑
i

(
ωSCS
i ξi

)2
+

N∑
i

N∑
j<i

ωSCS
i ωSCS

j

√
αSCS
i αSCS

j ξiT′
ijξj , (2.5.34)
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where ξi =
√
mi∆ri is the mass-weighted displacement from the ith atomic position

from equilibrium with 1/mi = αSCS
i (ωSCS

i )2 and ωSCS
i = 4

3
CSCS

6,ii /α
SCS
i .7 The solution

of this system requires diagonalizing the 3N×3N CMBD matrix, which is composed
of 3×3 matrix sub-blocks, CMBD

ij , describing the dipolar coupling between oscillators
as

CMBD
ij = δij

(
ωSCS
i

)2
+ (1− δij)ωSCS

i ωSCS
j

√
αSCS
i αSCS

j Tij . (2.5.35)

Further, while Eq. (2.5.34) implies the use of SCS, it is not strictly necessary. As only
the lowest-order interactions are considered via the dipole-dipole interaction tensor,
Tij, MBD is considered a C6-only method. Although recent work has extended MBD
to include quadrupolar terms which would capture C8 and part of C10 [308, 309], this
so-called MBDQ variant is not presently implemented in any open-source codes to our
knowledge. The diagonalization of the CMBD matrix yields 3N eigenvalues, λi, which
correspond to the square of the interacting quantum harmonic oscillator frequencies.
The MBD interaction energy is then given by the difference of the interacting and
non-interacting frequencies as

EMBD =
1

2

3N∑
i=1

√
λi −

3

2

N∑
i=1

ωSCS
i . (2.5.36)

The MBD model is based on the adiabatic connection fluctuation-dissipation [310–
313] (ACFD) theorem within the random-phase approximation (RPA) framework
[174, 175]. This ACFD-RPA approach can be used to obtain the correlation energy for
a system of N interacting quantum harmonic oscillators for a dipole-dipole interaction
potential [48, 181] via

ERPA
C = − 1

2π

∫ ∞

0

dω
N∑
n=2

1

n
tr
[
(χ0v)

n
]
. (2.5.37)

Here, χ0 is the non-interacting response function, and v is the interaction potential.
The χ0v term may be written in matrix form as the product AT, where A is a diagonal
3N×3N matrix with the negative of the frequency-dependent input polarizability for
particle i on each of the 3×3 diagonal subblocks, and T is a dipole-dipole interaction
tensor. Eq. (2.5.37) enables one to decompose the MBD energy into each of its n-body
contributions.

7We note that Eq. (2.5.34) requires αSCS
i and ωSCS

i to be independent of frequency, as indicated
within mbd_methods.f90 in the FHI-aims code, retrieved 2022/12.
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MBD [45] has improved performance over the TS [44] model for the S22 [314],
S66 [285, 286], S66×8 [285–287], and S66×7 [46] benchmarks of gas-phase molecular
dimers both near and away from their equilibrium geometries, indicating a better
description of intermolecular noncovalent interactions.

Range-Separated Self-Consistent Screening

Tkatchenko et al. proposed using a range-separated self-consistent screening vari-
ant of MBD, named MBD@rsSCS [46, 47] to damp the dispersion energy at short
intermolecular separations. This range-separation is accomplished by introducing a
WY-damping function [87], as in Eq. (2.5.2), to modify the dipole-dipole interaction
tensor from Eq. (2.5.28) into a short-range version, TSR,ij with elements

T abSR,ij =
(
1− fWY(Rij)

)
T abij . (2.5.38)

We note that the WY damping function is parameterized using d = 6 and different
β damping parameters compared to TS. The rsSCS polarizabilities, αrsSCS

i , and char-
acteristic excitation frequencies, ωrsSCS

i , are determined by substitution of TSR,ij into
the SCS equation as given in Eq. (2.5.25). Similarly, the long-range dipole-dipole in-
teraction tensor, TLR,ij, is approximated to have a frequency-independent form with
elements described by

T abLR,ij = fWY(Rij)
−3RaRb +R2

ijδab

R5
ij

. (2.5.39)

Written generally, the ACFDT-RPA MBD correlation energy is then given by

EMBD
C =

1

2π

∫ ∞

0

tr [ln(1− ATLR)] dω , (2.5.40)

where A is a 3N×3N diagonal matrix8 with elements Aij = −δijαRFA
i (iω) for the

choice of response-function approximation (RFA) determined polarizabilities [174–
179]. In practice, the MBD@rsSCS energy may be computed by substituting αrsSCS,
ωrsSCS, and TLR into Eq. (2.5.35) as before.

Extensive benchmarking of MBD@rsSCS has shown slight improvements over
MBD across a diverse range of data sets [46, 294, 295]. A fractionally-ionic vari-
ant introduced by Gould et al. in 2016, named MBD/FI showed improvement over

8A should not be confused with the SCS matrix A from Eq. (2.5.31).
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MBD@rsSCS across several molecular benchmarks. MBD/FI was not used through-
out this thesis and so it will not be detailed; for further discussion related to it, the
reader is directed to Refs. [50, 294].

Unfortunately, the MBD methods have significant drawbacks. These correc-
tions are known to be unstable and occasionally experience a “polarization catastro-
phe”, which manifests as negative eigenvalues in the CFDM Hamiltonian, leading to
complex-valued energies and other unphysical behaviour. A polarization catastrophe
happens when some dipole interaction tensor elements become similar in magnitude,
a situation that becomes more likely if the starting polarizabilities are too large [48,
315].

MBD-NL

A recent addition to the MBD family is the MBD-NL dispersion correction [52].
Instead of relying on the TS@SCS polarizabilities as a starting point, MBD-NL uses
Vydrov and van Voorhis’ (VV) semilocal polarizability functional from the nonlocal
VV10 dispersion model [63, 316], given by

αVV[n](r, iω) =
ρ(r)

4π
3
ρ(r) + C |∇ρ(r)|4

ρ(r)4
+ ω2

, (2.5.41)

where C is an empirical parameter, and the C6 coefficients are determined via the
Casimir–Polder formula. Because the polarizability functional is not accurate for all
elements, the polarizabilities and C6 coefficients are scaled using the ratio between
reference calculations and VV-functional-derived quantities, as follows:

αrVV
0,i = αVV

0,i

αref,free
0,i

αVV,free
0,i

(2.5.42)

CrVV
6,ii = CVV

6,ii

Cref,free
6,ii

CVV,free
6,ii

. (2.5.43)

Further, two local electron-density descriptors are used to correct the polarizabil-
ity. The first is the local ionization potential [317],

I[ρ] =
τW[ρ]

ρ
, (2.5.44)

expressed in terms of the von Weizsäcker kinetic energy [318]. The second is the
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iso-orbital locator [319–321],

χ[ρ] =
τKS[ρ]− τW[ρ]

τUEG[ρ]
. (2.5.45)

Here, τKS[ρ] =
∑

i ∥∇ψKS
i ∥2/2 is the Kohn–Sham kinetic energy, and the kinetic

energy of the uniform electron gas is given by τUEG[ρ] = 3(3π2)2/3ρ5/3/10. These
two descriptors are used as the main components of a carefully-constructed cutoff
function,

g(I, χ) = 1−
1− f

(
χ− 3

√
I/Eh

)
1 + exp [4(I − 5 eV)/1 eV]

. (2.5.46)

Here, Eh is 1.0 Ha. of energy, eV is an electron volt, and f(x) is taken from the SCAN
functional [322], given by

f(x) = exp

[
− θ(x)x

10(1− x)

]
θ(1− x) (2.5.47)

where θ(x) is a step function of x. Finally, this cutoff function is applied to the
polarizability via

αVV′
[ρ] = g(I, χ)αVV[ρ] . (2.5.48)

The resulting effect is the avoidance of double counting long-range electron correla-
tion, as well as density-tail overlap issues observed with the VV functional that can
lead to overbinding.

Broadly speaking, one major goal for this model was to remedy the “polarization
catastrophe” issues seen in previous MBD methods. As such, these polarizabilities
are not further refined via SCS. Except for a small modification to the definition of
the van der Waals radii,

RvdW
i =

5

2

(
αref,free
0,i

) 1
7

(
αrVV′

i

αrVV′,free
i

) 1
3

, (2.5.49)

the remainder of the calculation of dispersion energy for MBD-NL follows that of the
MBD@rsSCS method.

Preliminary results with MBD-NL [52] show improved performance in metals and
ionic solids where MBD@rsSCS and MBD/FI experience instability or crashing. How-
ever, MBD-NL does not fully resolve polarization catastrophes, and the CFDM Hamil-
tonian occasionally still produces negative eigenvalues and complex-valued dispersion
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energies. As such, the polarization catastrophe will unfortunately become a recurring
theme in this thesis, and will be discussed again in Chapters 4 to 6.

2.5.3 The Exchange-Hole Dipole Moment Model

The exchange-hole dipole moment (XDM) model [53–57] is a post-SCF, or a pos-
teriori, dispersion correction based on second-order perturbation theory. The XDM
model calculates the dispersion energy via

EXDM = −
∑
i<j

∑
n=6,8,10

fBJ
n (Rij)C

XDM
n,ij

Rn
ij

, (2.5.50)

where i and j run over all atom pairs. This model only considers the n = 6, 8, 10 terms
from the multipole expansion, as it has been shown that the contribution of higher-
order terms is negligible [91]. The XDM model is unlike other dispersion corrections
in that its foundation is based on the principle that instantaneous dipoles form be-
tween reference electrons and their corresponding exchange(-correlation) holes. These
instantaneous dipoles create dispersion interactions that manifest as attractive forces
between atoms.

Canonically, XDM uses the Becke–Johnson damping function [156],

fBJ
n (Rij) =

Rn
ij

Rn
ij +Rn

vdW,ij

, (2.5.51)

where RvdW,ij = (a1Rc,ij + a2) is the van der Waals radius, the definition of which
contains two damping parameters a1 and a2. These damping parameters are fitted
for a particular basis–functional combination, determined by minimising the root-
mean-square percent error (RMSPE) for the binding energies of the KB49 set of
small molecular dimers [123, 323]. Rc,ij is the “critical” separation for interactions
between atoms i and j, at which point the successive terms in the perturbation
theory expansion of the dispersion energy become equal. In Section 2.5.1, the DFT-D3
correction only considers the C6 and C8 contributions, thus Rc,ij =

√
C8,ij/C6,ij. For

XDM, however, the C10 term is also included so there exist three possible definitions
for the “critical” separation

Rc,ij =


√
C8,ij/C6,ij√
C10,ij/C8,ij

4
√
C10,ij/C6,ij

(2.5.52)
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and so the value is chosen to be their mean,

Rc,ij =
1

3

(CXDM
8,ij

CXDM
6,ij

)1/2

+

(
CXDM

10,ij

CXDM
6,ij

)1/4

+

(
CXDM

10,ij

CXDM
8,ij

)1/2
 . (2.5.53)

This section will derive the XDM multipole dispersion coefficients, discuss the
use of the Becke–Roussel (BR) hole in XDM, and show how forces and stresses are
calculated in the XDM model. For further depth, the reader is directed to excellent
existing explanations of the inner workings of XDM [55–57, 156] and the references
therein.

Multipole Dispersion Coefficients

The exchange hole (or Fermi hole [68]), hXσ(r, s), describes the depletion of prob-
ability of finding a second same-spin electron at coordinate s due to the presence of
an electron at a reference point r—an effect caused by the Pauli exclusion principle.
Central to the XDM model is the proposal that this depletion of probability is what
gives rise to the aforementioned instantaneous dipoles associated with London dis-
persion. Because the pair probability vanishes when a second same-spin electron is
at the same coordinate as the first (i.e., s = r), the exchange hole must satisfy:

hXσ(r, r) = −ρσ(r) . (2.5.54)

Further, the exchange hole is normalized to -1 electron so that∫
hXσ(r, s) ds = −1 . (2.5.55)

The exchange-hole dipole moment for a reference point r is obtained by integrating
the exchange hole over s via

dXσ(r) =

(∫
s
∣∣∣hXσ(r, s)

∣∣∣ ds)− r (2.5.56)

where the absolute value arises because the exchange hole is negative everywhere.

To compute the dipole-dipole C6 dispersion coefficients, first the square of the
expectation value of the dipole moment’s magnitude is computed,

〈
d 2

X

〉
=
∑
σ

∫
wi(r)ρσ(r) d

2
Xσ(r)dr , (2.5.57)
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which is summed over occupied σ-spin states. Further, the atom-in-molecule polariz-
abilities are defined equivalently to those of the TS model from Section 2.5.2 as

αi = αfree
i

vi
vfree
i

, (2.5.58)

where αfree is the free atomic polarizability taken from readily available sources [324],
and vi = ⟨r3⟩i is the effective volume computed using the Hirshfeld partitioning
weights, via wi(r), of the electron density. These polarizabilities and exchange-hole
dipole moments are determined for each atom i and j in the system. Finally, the
heteroatomic C6 dispersion coefficients may be determined via

C6,ij =
αi αj ⟨d 2

X⟩i ⟨d 2
X⟩j

αi ⟨d 2
X⟩j + αj ⟨d 2

X⟩i
, (2.5.59)

which is a key result from the perturbation theory of dispersion, as shown in Eq. (1.2.9).

To compute accurate dispersion energies for realistic systems, we require the in-
clusion of higher-order ℓ-pole contributions beyond the dipole moment (ℓ = 1), such
as the quadrupole (ℓ = 2) and octupole (ℓ = 3). Consider a reference electron and
exchange-hole centre located at distances r and (r − dXσ) from the nucleus. The
strength of that dipole moment is thus r − (r − dXσ), and so the magnitude of the
ℓ-pole moments is then rℓ− (r− dXσ)

ℓ. It follows that the general multipole-moment
integral is of the form

〈
M2

ℓ

〉
=
∑
σ

∫
wi(r)ρσ(r)

[
rℓi − (ri − dXσ)

ℓ
]2
dr , (2.5.60)

where ri(r) = |Ri − r| and Ri is the position of atom i. Finally, the pairwise Cn,ij
coefficients for Eq. (2.5.50) may be expressed in terms of these multipole-moment
integrals as

CXDM
6,ij =

αi αj ⟨M2
1 ⟩i ⟨M2

1 ⟩j
αi ⟨M2

1 ⟩j + αj ⟨M2
1 ⟩i

, (2.5.61)

CXDM
8,ij =

3

2

αi αj

(
⟨M2

1 ⟩i ⟨M2
2 ⟩j + ⟨M2

2 ⟩i ⟨M2
1 ⟩j
)

αi ⟨M2
1 ⟩j + αj ⟨M2

1 ⟩i
, (2.5.62)

CXDM
10,ij = 2

αi αj

(
⟨M2

1 ⟩i ⟨M2
3 ⟩j + ⟨M2

3 ⟩i ⟨M2
1 ⟩j
)

αi ⟨M2
1 ⟩j + αj ⟨M2

1 ⟩i
+

21

5

αi αj ⟨M2
2 ⟩i ⟨M2

2 ⟩j
αi ⟨M2

1 ⟩j + αj ⟨M2
1 ⟩i

. (2.5.63)
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To capture atomic many-body effects, the XDM model may also, optionally, in-
clude the three-body Axilrod–Teller–Muto (ATM) dispersion term [276, 277] as shown
in Eq. (2.5.11). Writing this contribution in a familiar form for use in XDM, we arrive
at

EATM
XDM =

∑
i<j<k

fBJ
ATM(Rij, Rik, Rjk)C

XDM
9,ijk [3 cos(θi) cos(θj) cos(θk) + 1]

R3
ijR

3
jkR

3
ki

, (2.5.64)

with C9,ijk coefficients arising from the nonadditive instantaneous dipole interactions
between atoms i, j, and k of the form

CXDM
9,ijk =

4

9

ϵi + ϵj + ϵk
(ϵi + ϵj) (ϵj + ϵk) (ϵi + ϵk)

〈
M2

1

〉
i

〈
M2

1

〉
j

〈
M2

1

〉
k

(2.5.65)

where ϵi is the average atomic excitation energy of atom i. By expressing these
excitation energies in terms of polarizabilities, as shown in Section 1.2, the XDM C9

coefficients may be written as

CXDM
9,ijk =

⟨M2
1 ⟩i ⟨M2

1 ⟩j ⟨M2
1 ⟩k
(
⟨M2

1⟩i
α0
i

+
⟨M2

1⟩j
α0
j

+
⟨M2

1⟩k
α0
k

)
(
⟨M2

1⟩i
α0
i

+
⟨M2

1⟩j
α0
j

)(
⟨M2

1⟩i
α0
i

+
⟨M2

1⟩k
α0
k

)(
⟨M2

1⟩j
α0
j

+
⟨M2

1⟩k
α0
k

) . (2.5.66)

Lastly, the recommended Becke–Johnson damping function for the ATM term is de-
termined by the product of three fBJ

3 damping functions as

fBJ
ATM(Rij, Rik, Rjk) = fBJ

3 (Rij)f
BJ
3 (Rik)f

BJ
3 (Rjk) . (2.5.67)

This corrective term to the dispersion energy is omitted from the default implemen-
tation of the XDM method as it has been shown to have no effect on the errors in
computed binding energies or can even cause the error to slightly increase [91]. It is
believed that this behaviour is due to errors from the base density functional being
an order of magnitude larger than the ATM dispersion energy for molecular clusters
[57, 325].

The Exact-Exchange versus the Becke–Roussel Hole

Early implementations of XDM used the exact exchange, a.k.a. Hartree–Fock,
hole [53, 54, 156, 326, 327]. However, using exact exchange is prohibitively costly
in solid-state codes due to the double summation over occupied orbitals required to
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Nucleus Ri

b = dX (Dipole)

ri (Electron)

hX (Hole Centre)

Figure 2.11: An illustration of the Becke–Roussel (BR) exchange hole,
adapted from Ref. [80]. The nucleus is at position Ri and its reference elec-
tron is a distance ri = |r −Ri| away. A dipole moment is formed between a
reference electron and its exchange hole.

calculate the exact-exchange hole [56], which causes the determination of the expecta-
tion value of Eq. (2.5.57) to scale with O(N3) [328]. Additionally, it is more accurate
for molecular systems to use a local DFA model of the exchange hole that can mimic
correlation effects resulting from chemical bonding. Thus, subsequent work has in-
stead used the Becke–Roussel (BR) hole [16] to approximate the exchange hole. This
choice results in linear, i.e. O(N), scaling of the ⟨d2X⟩ procedure.

The BR hole is a meta-GGA functional of the spherically-averaged exchange hole
that depends on the electron density (ρσ), the density gradient (∇ρσ), the Laplacian
of the density (∇2ρσ), and the kinetic-energy density (τσ), where

τσ =
∑
i

|∇ψiσ|2 (2.5.68)

is defined in terms of the occupied Kohn–Sham orbitals and follows Becke’s notation
where the factor of 1/2 is omitted. The BR exchange hole itself has the form of an
off-center exponential function, Aσe−aσr, centred a distance of bσ = dXσ from its
reference electron, with normalization constant Aσ. An illustration of the BR hole
and associated dipole moment is shown in Figure 2.11. The form of the BR hole is
trivially exact for the hydrogen atom, as the exchange hole is simply the negative of
the electron density, and this model has shown to be an excellent approximation to
the exact exchange hole for many-electron atoms [16].

When constructing model holes of the exact-exchange hole, three conditions must
be satisfied:

1. The model hole must be normalized to -1 electron



§2.5. DISPERSION CORRECTIONS 58

2. The model hole must deplete to the spin density at the reference point
3. The model hole must have the same curvature as the exact exchange hole at

the reference point

where the exact exchange hole curvature is given by

Qσ =
1

6

[
∇2ρσ − 2τσ +

1

2

(∇ρσ)2

ρσ

]
. (2.5.69)

Condition (1) enforces the normalization condition of the BR hole,

Aσ = − a
3
σ

8π
, (2.5.70)

and (2) enforces a spin density of

ρσ =
a3σ
8π

e−aσbσ . (2.5.71)

The curvature constraint from condition (3), shown in Ref. [16], yields

Qσ =
ρσ
6bσ

[
a2σbσ − 2aσ

]
. (2.5.72)

We then wish to determine the fixed values of aσ and bσ for this system. Substituting
Eq. (2.5.71) into Eq. (2.5.72) and letting x = aσbσ generates the transcendental
equation,

x e−2x/3

x− 2
=

2

3
π2/3ρ

5/3
σ

Qσ

, (2.5.73)

where x is solved for numerically via the Newton–Raphson method [16, 329]. Via the
rearrangement of Eq. (2.5.71), bσ may be written as a function of x as

b3σ =
x3e−x

8πρσ
. (2.5.74)

Finally, once x and bσ have been determined, aσ is solved for via aσ = x/bσ. By
definition bσ = dXσ in this model; thus, this exchange-hole dipole moment may be
substituted into Eq. (2.5.60) for use in the XDM method. As depicted in Figure 2.11,
this model assumes that the electron, hole, and nearest nucleus are collinear; this
assumption is reasonable, but note that Hirshfeld atoms are not perfectly symmetric
and thus, this is an approximation for atoms in a molecule [54]. In practice, the
exchange-hole dipole moment should never exceed the uncorrelated moment, thus,
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we require dXσ ≡ bσ ≤ ri. Should non-physical values of bσ > ri occur, they are
replaced with bσ = ri to satisfy this limiting condition [56, 330].

The BR hole has the benefit of being localized to an atomic-sized region [99, 170],
unlike the exact exchange hole, which is highly delocalized [331]. This localization
leads to the assumption that the BR hole may offer a better description of atomic
contributions to the combined exchange-correlation hole dipole moment in molecular
systems. Indeed, exactly this has been shown with the BR hole implementation of
XDM [323, 330]. However, for isolated systems, we expect the exact exchange hole
to outperform the BR hole because it is already localized [57].

XDM Forces and Stresses

For use in solid-state codes, the XDM model must provide a description of the
dispersion forces and stresses at play in a unit cell. The XDM energy expression in
the solid state is given by

EXDM = −1

2

∑
L

∑
i ̸=j′

∑
n=6,8,10

CXDM
n,ij

Rn
vdW,ij +Rn

ij,L

, (2.5.75)

where the prime excludes the i = j term for the lattice vector L = 0 [56]. Employing
a basic assumption that the dispersion coefficients are approximately constant [113],
the Hellmann–Feynman force theorem [251–253] may be applied to the XDM energy
to derive an approximate dispersion force expression,

F XDM
i =

∑
L

∑
j′

∑
n=6,8,10

nCXDM
n,ij Rn−2

ij,L(
Rn

vdW,ij +Rn
ij,L

)2RijL , (2.5.76)

where F XDM
i is the dispersion force vector on atom i. Similarly, the Hellmann–

Feynman stress theorem may be applied to arrive at the approximate Cauchy stress
tensor components

σXDM
ξη = − 1

2V

∑
L

∑
i ̸=j′

∑
n=6,8,10

nCXDM
n,ij Rn−2

ij,L(
Rn

vdW,ij +Rn
ij,L

)2 (RijL)ξ (RijL)η , (2.5.77)

where ξ and η are two Cartesian components of the tensor, and V is the volume of
the unit cell.

The assumption of constant dispersion coefficients is often reasonable, but not
universally valid. XDM’s dispersion coefficients are responsive to changing atomic
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environments, and are thus non-constant with changing positions. While the current
treatment of dispersion forces is valid in most chemical systems, we will show cases
where this approximation breaks down in Chapter 3. In Appendix B.3 we develop
the mathematical framework necessary to account for non-constant dispersion coeffi-
cients and to arrive at a more rigorous treatment of the XDM forces. However, this
framework requires the derivatives of the Hirshfeld weights, which are not currently
available in any code where XDM is implemented and thus is left for a future project
(see Chapter 7).

2.6 Delocalization Error

This section is adapted from: Bryenton, K. R., Adeleke, A. A., Dale, S. G. &
Johnson, E. R. Delocalization error: The greatest outstanding challenge in density-
functional theory. WIRES: Comp. Mol. Sci., 13, 2, e1631. (2023) [161]

Author contributions: K.R.B. generated the mathematical model and data shown in
this section. K.R.B. and E.R.J. wrote the manuscript, with input from A.A.A. and
S.G.D. While A.A.A. and S.G.D. also generated data for this work, those portions of
the manuscript are not reproduced here.

2.6.1 Introduction

Kohn–Sham density-functional theory (KS-DFT) [13] is now the workhorse of
computational chemistry, solid-state physics, and materials science. Papers propos-
ing some of the most popular functionals constitute 12 of the top 100 most-cited
scientific papers across all fields [332]. For the majority of chemical systems, DFT
methods provide an excellent balance between computational cost and accuracy. They
are highly successful in modelling reaction thermochemistry and kinetics, proposing
reaction mechanisms, investigating dynamics, modelling solid-state structure, and
predicting phase transitions, to list a few examples. However, for certain classes of
systems, popular KS-DFT methods have the potential to fail dramatically. One such
class of system is those with multi-reference character [170, 333–338], meaning that
the wavefunction cannot be well represented by a single electronic configuration (i.e.
Slater determinant). Development of DFT methods for multi-reference systems has
been the subject of much recent research [339–353], although they are relatively rare
in ground-state chemistry.
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More commonly, errors are seen for systems with highly delocalized electron den-
sities. The most notable examples are H+

2 , with its bond length stretched far beyond
equilibrium [170, 354–357], and analogous stretched ions (He+2 , Li+2 , Ne+2 , etc.). How-
ever, similar errors have been identified for many other systems, including charge-
transfer complexes [358–361], transition states of radical reactions [362–367], band
gaps of semi-conductors [368–374] polarizabilities of long-chain molecules [375–378],
systems with extended conjugation [379–388], halogen and chalcogen bonds [389–391],
and organic acid/base co-crystals [392]. These are not the result of separate errors,
but rather represent many facets of one single error in common density functionals.
This error was originally termed self-interaction error (SIE) [393] and discussed in
the context of a single electron. However, its definition was later expanded [394–396]
and the more general case is known as delocalization error [397]. The latter is the
more inclusive term, since delocalization error may still affect results that have been
corrected for (one-electron) SIE. While many methods have been proposed over the
past four decades to limit delocalization error, no one approach is a panacea and
research in this area is ongoing [14, 398–404]. Resolving delocalization error almost
certainly remains the greatest outstanding challenge in DFT.

2.6.2 Self-Interaction Error

Self interaction arises from the Coulomb energy terms that correspond to inter-
action of an electron with itself. For a one-electron system, the classical Coulomb
energy for electron-electron interactions given by

Jee =
1

2

∫∫
1

r12
ρ(r1)ρ(r2) dr1 dr2 (2.6.1)

is non-zero, which is not physical. However, in Hartree–Fock theory, the non-zero
Coulomb energy for interaction of an electron with itself is offset by a corresponding
exchange-energy term that is equal in magnitude, but opposite in sign. The exact
(Hartree–Fock) exchange energy is

EX =
1

2

∑
σ

∫∫
1

r12
ψiσ(r1)ψjσ(r2)ψjσ(r1)ψiσ(r2) dr1 dr2 , (2.6.2)

where σ indicates electron spin and the ψ’s are the occupied KS orbitals, assumed to
be real. Thus, the HF exchange energy is also non-zero for a single electron.

For a one-electron system, with a single occupied orbital, the requirement for
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vanishing self-interaction energy is [393]

Jee + EX = 0 . (2.6.3)

This condition is satisfied by the exact (HF) exchange energy due to the offsetting
Coulomb and exchange integrals. However, for DFAs such as the LSDA or GGAs, the
exchange energy does not offset the self Coulomb energy. Indeed, the DFA exchange
energy can be very much larger in magnitude than the exact exchange energy in some
systems, resulting in overstabilization.

The classic example of this is the dissociation limit of the H+
2 potential energy

curve, which is described exactly by HF theory. However, this dissociation limit is
predicted to be far too low in energy by most DFAs [170, 354, 355, 357], as shown in
Figure 2.12(a) for the LSDA [393], and for BLYP [134, 165] and PBE [149], which are
representative GGA functionals. Results are also shown for two meta-GGAs: M06L
[405] and SCAN [322]. The dissociation limit obtained with each DFA is far below the
exact result from HF theory. Figure 2.12(b) shows analogous results for He+2 . Here,
HF is not exact since He+2 is not a one-electron system and, due to neglect of electron
correlation effects, it gives a dissociation limit above the CCSD(T) reference. All the
DFAs again fail catastrophically, predicting He+2 with a highly stretched bond length
to be far lower in energy than the separated He atom and He+ ion. These results are
not unique to the specific functionals chosen; all GGAs and meta-GGAs show similar
errors [357].

Self-interaction error can be reduced through use of hybrid functionals, since they
include some fraction of exact exchange. However the optimum exchange-mixing
fraction is clearly system dependent. For a uniform electron gas, the LSDA is exact
and there is no self-interaction error. Bulk metals are the systems that most closely
resemble a uniform electron gas, and are typically very well treated by the LSDA
and GGA functionals. Conversely, for one-electron systems, full exact exchange is
needed to eliminate self-interaction error. Most many-electron systems fall somewhere
between these two extremes, where some optimal mixing of DFA and HF exchange
will minimize SIE. As a result, SIE is identified in practise in cases where the LSDA
or GGAs drastically over-stabilize a particular system and the error decreases with
increasing exact-exchange mixing, usually up to ca. 50% HF exchange for a global
hybrid or 100% long-range HF exchange for a range-separated hybrid.
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Figure 2.12: Potential energy curves for (a) H+
2 and (b) He+2 obtained with

selected methods and the aug-cc-pVTZ basis set using Gaussian 16 [126]
(psi4 [129] for the SCAN calculations).
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2.6.3 The Exchange-Correlation Hole Picture

One way to understand SIE is through visualization of the exchange-correlation
hole [170, 312, 406]. Given an electron at a fixed reference point, the hole measures
the depletion in probability of finding a second electron a certain distance away from
that point. HF theory gives an exchange hole that is delocalized over all atoms
in a system, but correlation usually serves to localize the full exchange-correlation
hole to within regions of roughly atomic size [170, 331]. Conversely, most DFAs,
and particularly the LSDA and GGAs, already model exchange holes as being fairly
localized about each reference point [16, 407, 408]. This is typically advantageous
as the model holes implicitly build in non-dynamical correlation effects. However,
in situations with significant SIE, non-dynamical correlation is insufficient to localize
the hole and the exact exchange-correlation hole remains delocalized, in a similar way
to the HF hole. In such cases, the assumptions made in construction of model DFA
exchange holes are no longer valid.

As an example, we contrast the hydrogen atom, where DFAs give effectively zero
SIE, with the H+

2 dissociation limit. Note that the dissociation limit of H+
2 is equiva-

lent to two H+0.5 cations. For simplicity, the electron density of H+0.5 is approximated
as half the H-atom density. Figure 2.13(a,b) illustrates these two density distribu-
tions.
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Figure 2.13: Plots of the total electron density (a,b) and the normalization
integrand for spherical averages of BR and exact exchange holes (c,d) about
the two shown reference points for H (top row) and H+0.5 (bottom row). Also
shown are the exchange-energy densities for both species (e,f). All quantities
are given in Hartree atomic units (a.u.).
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Since there is no electron correlation in either H or H+0.5, we can focus entirely on
the exchange hole. We use the Becke–Roussel [16] (BR) meta-GGA for this demon-
stration since it is conveniently based on a real-space representation of the exchange
hole as a simple exponential function displaced from the reference point. It is also
constrained to recover the density and curvature of the exact exchange hole at the
reference point. The DFT exchange energy is uniquely determined by the exchange
hole via

EX =
1

2

∑
σ

∫∫
ρσ(r1)

r12
hXσ(r1, r2) dr1 dr2 . (2.6.4)

It can also be shown that the exchange energy is dependent only on the spherical
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average of the hole about the reference point [409]:

EX = 2π
∑
σ

∫∫
ρσ(r)

s
hXσ(r, s)s

2 ds dr . (2.6.5)

The normalization of the spherically averaged hole is

N = 2π
∑
σ

∫∫
hXσ(r, s)s

2 ds dr , (2.6.6)

which is typically constrained to −1 electron in construction of DFAs.

Figure 2.13(c,d) shows the negative integrand of the hole normalization from
Eq. (2.6.6) for the spherical average the exact and BR exchange holes for two choices
of reference point, r, in H and H+0.5. For the H atom, both the exact and DFA holes
are normalized to −1 electron, and the BR hole model is exact by construction, so
both curves are overlaid. Conversely, for H+0.5, the normalization integrand for the
BR hole is larger in magnitude than that of the exact hole away from the reference
point. This occurs because DFA holes, including the BR holes shown in Figure 2.13,
are always assumed to have unit normalization. However, the exact exchange hole in
H+0.5 is only normalized to −1/2 an electron due to the fractional charge.

Since the exchange energy is determined by the exchange hole via Eq. (2.6.5),
having double the normalization from the DFA model hole results in effectively dou-
ble counting the exchange energy. To illustrate this more clearly, we also plot the
exchange-energy density,

εX(r) = 2πρσ(r)

∫
hXσ(r, s)s ds , (2.6.7)

such that the exchange energy is

EX =
∑
σ

∫
εX(r) dr . (2.6.8)

Results are shown for both H and H+0.5 in Figure 2.13(e,f). The BR functional re-
covers the exact exchange-energy density for H, but gives an exchange-energy density
that is too large in magnitude for H+0.5, most noticeably near the nucleus. This
results in a large total energy error and explains the behaviour seen for the various
DFAs for the H+

2 potential energy surface (PES) in Figure 2.12(a). At equilibrium,
the exact exchange hole will have near unit normalization and DFAs provide quite
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accurate energies. However, as the dissociation limit is approached, the exact hole
normalization will approach −1/2 about each nucleus and DFAs will overestimate the
magnitude of the exchange contribution to the total energy. An analogous argument
can be made for He+2 and other stretched odd-electron systems as well [158, 170,
354–357]. Thus, we conclude that delocalization error occurs when the model DFA
exchange-correlation hole has a normalization that is too large relative to the exact
exchange-correlation hole.
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Chapter 3

Requirements for an Accurate
Dispersion-Corrected Density
Functional

“With four parameters I can fit an elephant, and with five I can make him
wiggle his trunk.” [410]
∼ Prof. John von Neumann (1903–1957)

This chapter is adapted from: Price, A. J. A., Bryenton, K. R., & Johnson, E. R.
Requirements for an accurate dispersion-corrected density functional. J. Chem. Phys.,
154, 23, 230902. (2021) [81]

Author contributions: K.R.B. generated the data shown in Section 3.4, E.R.J. gen-
erated the data shown in Figure 3.4 and Figure 3.5, while the other data shown
was generated by A.J.A.P. E.R.J. wrote the first version of the manuscript, with all
authors contributing to editing.
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3.1 Introduction

In this chapter, we opine on the most desirable requirements for a reliable and
physically reasonable post-SCF dispersion-corrected density functional. Development
of such a method necessitates high accuracy for both components of the total DFT
energy: the base density functional and the dispersion correction. Users of dispersion-
corrected DFT should be mindful of these requirements when deciding on their compu-
tational methodology. Method developers should also consider them when designing
new base functionals and dispersion models.

3.2 Requirements for the Base Density
Functional

3.2.1 Dispersionless

The key requirement for a base density functional to pair with a dispersion cor-
rection is that it is itself dispersionless [411]. While dispersion is properly a highly
non-local correlation effect, the local density approximation (LDA) and many general-
ized gradient approximation (GGA) functionals capture some dispersion-like binding
through their exchange functionals [153–155, 412–415]. This arises because the large-
gradient regions in the free atoms (or isolated molecules) do not contribute sufficiently
to the exchange energy, and are artificially destabilized relative to the vdW complex.
However, this dispersion-like binding is inherently short range and does not recover
the proper C6/R

6 asymptotic behaviour that is characteristic of London dispersion.
This is shown by examination of the potential-energy curves for graphite exfoliation,
in Figure 3.1, for the LDA and selected GGA functionals without any dispersion
correction.

Adding a dispersion correction to an exchange functional that already mimics
dispersion-like binding means that there will be some double counting of dispersion
at short range [278, 419], resulting in significant overstabilization of vdW complexes.
Empirical parameterization to equilibrium binding energies will therefore result in
excessive damping of the dispersion correction at short range to reduce this double
counting, resulting in under-estimation of dispersion at intermediate ranges. This
leads to poor performance for bulk materials, where there are many intermediate-
range atomic contacts, such as in molecular crystals [99].



§3.2. REQUIREMENTS FOR THE BASE DENSITY FUNCTIONAL 69

Figure 3.1: Graphite exfoliation energies computed using selected base den-
sity functionals [134, 147, 149, 151, 165, 393, 408, 416, 417]. Calcula-
tions were performed with Quantum ESPRESSO [111], using the projector-
augmented wave (PAW) approach [225, 226] with a 12×12×4 k-point mesh.
Planewave cut-offs of 100 and 1000 Ry were used for the kinetic energy and
electron density, respectively. The B86bPBE-XDM [57, 147, 149] curve and
Quantum Monte Carlo equilibrium result [418] are included for reference.
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Double-counting of dispersion from the base functional also creates a bias where
hydrogen-bonding interactions are favoured relative to dispersion-driven interactions,
such as π-stacking [123]. Hydrogen-bond strengths (as in the water dimer) are typ-
ically over-estimated with non-dispersionless functionals [420]. In such cases, ad-
dition of a dispersion correction unfortunately introduces greater errors for hydro-
gen bonds, despite being necessary to stabilize dispersion-bound dimers (such as the
methane or benzene dimers). Hence, parameterizing the damping function for a non-
dispersionless base functional typically leads to over-stabilization of hydrogen-bonded
complexes, and under-stabilization of dispersion-bound complexes, to minimize the
overall error [123].

To design a dispersionless GGA functional, we must ensure accurate large-gradient
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behaviour, which is determined by the functional’s enhancement factor. GGA ex-
change functionals have the general form:

EGGA
X =

∑
σ

∫
εLDA
X,σ F (χσ)dr, (3.2.1)

where εLDA
X,σ is the spin-dependent LDA exchange-energy density

εLDA
X,σ = −3

2

(
3

4π

)1/3

ρ4/3σ , (3.2.2)

ρσ is the σ-spin density,

χσ =
|∇ρσ|
ρ4/3

(3.2.3)

is the reduced density gradient, and F (χσ) is the enhancement factor. Enhancement
factors for several popular GGA exchange functionals [134, 147, 149, 151, 408, 416,
417] are shown in Figure 3.2.

Figure 3.2: Plots of the exchange enhancement factor for the LDA and se-
lected GGA [134, 147, 149, 151, 408, 416, 417] functionals.

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

 0  20  40  60  80  100

E
n

h
an

ce
m

en
t 

fa
ct

o
r,

 F
(χ
σ)

Reduced gradient, χσ

LDA
PW91

PBEsol
PBE

revPBE
B86b

PW86
B88

For a proper, dispersionless exchange functional, the large-gradient limit of the
enhancement factor should be [153–155]

lim
χσ→∞

∝ χ2/5
σ . (3.2.4)
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This limit is only obeyed by the PW86 [151] and B86b [147] GGAs. As seen in
Figure 3.2, the LDA, PBEsol [416], PW91 [408], and PBE [149] functionals all have
enhancement factors converge to a constant value in the large-gradient limit. As a re-
sult, these functionals mimic dispersion-like binding at short range to varying extents,
making them unsuited for use with asymptotic dispersion corrections. Conversely, the
B88 [134] GGA has an enhancement factor that diverges too quickly, proportional to
χσ/ ln(χσ), in the large-gradient limit. While B88 exchange is dispersionless, it noto-
riously over-estimates non-bonded repulsion. One strategy to obtain a dispersionless
GGA functional has been to take linear combinations of PBE and B88 [330], as in
the APF [421] functional.

Table 3.1: Mean absolute errors, in kcal/mol, obtained with selected XDM-
corrected GGA functionals for the KB49 [123, 323] and X23 [295] bench-
marks. All calculations were performed with Quantum ESPRESSO [111] us-
ing the projector augmented-wave (PAW) approach [225, 226] and planewave
cut-offs of 80 and 800 Ry. A 4×4×4 k-point mesh was used for all molecular
crystals, while only the Γ point was used to treat the isolated molecules. The
B86bPBE, PW86PBE, and PBE results were taken from Ref. [57], while the
PW91 and PBEsol results were determined for the present work. The a1 and
a2 parameters used in the XDM damping function are also shown.

Functional a1 a2 (Å) KB49 X23
B86bPBE 0.6512 1.4633 0.41 0.85
PW86PBE 0.6836 1.5045 0.41 0.88
PBE 0.3275 2.7673 0.50 1.11
PW91 0.0000 4.0228 0.63 1.89
PBEsol 0.5432 2.3686 0.78 2.11

In light of their correct behaviour in the large-gradient limit, PW86 and B86b
are the GGA functionals of choice to pair with dispersion corrections to avoid any
double counting of dispersion. Due to their accurate description of non-bonded re-
pulsion, these functionals have demonstrated improved performance for solid-state
benchmarks when paired with unscaled dispersion corrections [57, 99], as well as with
non-local vdW functionals [62]. This is illustrated in Table 3.1 for several XDM-
corrected GGA functionals, which shows mean absolute errors (MAEs) for the KB49
[123, 323] benchmark of molecular-dimer binding energies and the X23 [295] bench-
mark of molecular-crystal lattice energies. Similar results are obtained with the two
dispersionless base functionals, B86bPBE and PW86PBE; however, we tend not to
favour PW86PBE for the practical reason that it shows poorer SCF convergence.
Larger errors are obtained for the non-dispersionless base functionals: PBE, PBEsol,



§3.2. REQUIREMENTS FOR THE BASE DENSITY FUNCTIONAL 72

and PW91. Further, while non-dispersionless functionals tend to perform better when
paired with a zero-damped disperison correction due to error cancellation (see Sec-
tion 3.3.1), we note that the largest such error reduction for the KB49 set is only
0.06 kcal/mol for PBEsol. In our opinion, the large-gradient limit of Eq. (3.2.4) is a
drastically underutilized constraint in functional development.

3.2.2 Numerically Stable

A further desirable requirement for a base density functional is that it be nu-
merically stable and give smooth potential energy curves for vdW complexes. While
this criterion is met by the LDA and GGA functionals, some meta-GGAs display
substantial numerical sensitivities that lead to oscillations in potential energy curves
of vdW dimers [413, 422–426]. These oscillations can result in errors in vibrational
frequencies [427] and geometry optimization to spurious high-energy conformations
[428], unless extremely fine integration grids are used. Previous works observing such
oscillations have focused on meta-GGA calculations for gas-phase complexes, such as
the π-stacked benzene dimer [429]. However, similar behaviour can also be seen for
solid-state systems, as shown in Figure 3.3 using the SCAN functional for the example
of graphite exfoliation. From the figure, we additionally note that the SCAN func-
tional is not dispersionless and it provides significant, spurious dispersion-like binding
for graphite.

In the Quantum ESPRESSO program [111], the real-space integration grid is con-
trolled by the choice of the planewave cut-off for the density expansion (the ecutrho

parameter). It is common to take this value as only four times the wavefunction
planewave kinetic-energy cutoff, ecutwfc, when using norm-conserving pseudopoten-
tials. However, as seen in Figure 3.3, low values of ecutrho are clearly insufficient
and result in massive oscillations of the potential energy curve. Indeed, a smooth
potential can only be obtained if ecutrho is increased to near 2500 Ry or higher.
The need for very large integration grids contributes to the increased computational
cost of meta-GGA functionals relative to GGAs, making them unappealing for large
systems even if they were dispersionless.

In previous work [422], it has been shown that the numerical sensitivity of meta-
GGAs arises from the behaviour of the τ -dependent ratios employed in the functional
for the low-density and low-gradient regions near the bond critical points of vdW
dimers. Here, we focus on the SCAN meta-GGA functional [322], which is finding
increasingly widespread use in solid-state applications. Comparisons will be made to
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Figure 3.3: Graphite exfoliation energies computed using the SCAN [322]
meta-GGA functional with varying planewave cut-offs (in Ry) for the electron
density expansion. Calculations were performed using Quantum ESPRESSO
[111], with norm-conserving pseudopotentials [222, 223] and a 12 × 12 × 4
k-point mesh. A planewave cut-off of 80 Ry was used for the kinetic energy.
Results from the r2SCAN [430] functional using the same options and a 1000
Ry density cut-off are also shown. The B86bPBE-XDM [57, 147, 149] curve,
using the same calculations options described in Figure 3.1, and the Quantum
Monte Carlo equilibrium result [418] are included for reference.
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a new, more numerically stable modification of SCAN, termed r2SCAN [430]. As seen
in Figure 3.3, the r2SCAN functional remedies the numerical sensitivities seen with
SCAN, giving a well-behaved potential energy curve for graphite exfoliation with a
modest value of ecutrho.

The τ -dependent term used in SCAN is [322]

a =
τσ − τWσ
τUEG
σ

, (3.2.5)

where we have used a, as opposed to the symbol α used in Ref. [322], to avoid confusion
with the atomic polarizability. Here,

τWσ =
1

4

(∇ρσ)2

ρσ
(3.2.6)
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is the von Weizsäcker kinetic-energy density and

τUEG
σ =

3

5

(
6π2
)2/3

ρ5/3σ (3.2.7)

is the kinetic-energy density of the uniform electron gas (UEG). A similar τ -dependent
ratio is used in the r2SCAN functional:

ā =
τσ − τWσ

τUEG
σ + ητWσ

, (3.2.8)

where η = 10−3. As seen previously [422] for ingredients of other meta-GGAs, such
as VSXC [431], M06-L [405], and TPSS [432], there is sharp variation in both a and
ā near the bond critical point of van der Waals dimers.

The key difference between the two functionals that controls their numerical sta-
bility lies in the form of the “x” functional, which is one component of the exchange
term. In SCAN, this functional is

x(χσ, a) = µχ2
σ

[
1 +

(
b4
µ
χ2
σ

)
exp

(
−b4
µ
χ2
σ

)]
+
[
b1χ

2
σ + b2 (1− a) exp

{
−b3(1− a)2

}]2 (3.2.9)

which involves τσ dependence. However, in r2SCAN, this functional is replaced by

x(χσ) =
[
C exp

(
−dχ4

σ

)
+ µ
]
χ2
σ (3.2.10)

which is independent of τσ. Here, C, d, µ, and all the bn’s are constants.

Figure 3.4 shows the values of the x functionals used in the SCAN and r2SCAN
meta-GGAs along the internuclear coordinate of the argon dimer. While both func-
tionals approach zero at the bond critical point, they give very different behaviour
on either side of it. The SCAN results show a divergence that increases with internu-
clear distance, which is not present in the r2SCAN results. The region surrounding
the critical point is only sparsely sampled by atom-centred integration grids [435],
and the exchange-energy contributions can vary substantially depending on the pre-
cise location of the sampled grid points relative to the peaks of the diverging function.
Overall, r2SCAN is well behaved for molecular dimers [436], while SCAN and TPSS
show reduced numerical sensitivity [422, 429] compared to VSXC [431] and several of
the related Minnesota functionals [405, 437].
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Figure 3.4: Values of the x function, Eqs. (3.2.9) and (3.2.10), used in the
SCAN [322] and r2SCAN [430] functionals along the internuclear axis in Ar2.
Results are shown for internuclear distances of 1.00, 1.25, 1.50, and 1.75 times
its equilibrium separation of 3.76 Å [433]. Calculations were performed using
the NUMOL program [434]. The black circles indicate the positions of the
Ar nuclei and the points correspond to an integration grid points for a mesh
containing 120 radial points per atom.
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Care should be taken by developers to select well-behaved τ -dependent terms for
use in design of meta-GGA functionals. Meta-GGAs can offer significant improve-
ments over GGAs for electronic properties, such as the band gap, and tend to give
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lower errors for molecular thermochemistry. However, they are much more compu-
tationally costly than GGAs for solid-state applications, frequently suffer from poor
SCF convergence, and cannot be used for variable-cell relaxations in most planewave
codes. Users are strongly cautioned to avoid most meta-GGA functionals for appli-
cations where dispersion plays a role since they are frequently numerically unstable.
Even meta-GGA functionals that are well-behaved numerically are still not disper-
sionless, as is shown for r2SCAN in Figure 3.3.

3.3 Requirements for the Dispersion
Correction

3.3.1 Finite Damping

We now turn to the requirements for the dispersion correction itself. The use
of a perturbation-theory expansion for the dispersion energy is correct at infinite
separation, but will break down for short interatomic distances. As a result, the
dispersion energy for each atom pair is typically multiplied by an empirical damping
function, f(R), to avoid divergence as R→ 0. Considering only the leading-order C6

dispersion term for simplicity, the damped dispersion energy between a single pair of
atoms is

Edisp = −C6f(R)

R6
. (3.3.1)

Many possibilities have been proposed for the damping function. The D2 [40] and
TS [44] dispersion corrections use a Fermi-type damping function of the form

fWY(R) =
1

1 + exp
[
−d
(

R
sRvdW

− 1
)] (3.3.2)

proposed by Wu and Yang [87], where d and s are empirical parameters and RvdW is
the sum of the atomic van der Waals radii. In the D3 [41] dispersion correction, an
alternative damping function

fCHG(R) =
1

1 + 6
(

R
sRvdW

)−γ (3.3.3)

proposed by Chai and Head-Gordon [271] was used, where γ and s are again empirical
parameters. Both the Wu–Yang and Chai–Head-Gordon functions ensure that the
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damped dispersion energy reaches zero, as shown in Figure 3.5. However, the Chai–
Head-Gordon form prevents the divergence seen with the Wu–Yang damping function
at very small internuclear separations. Damping the dispersion energy to zero means
that its magnitude will reach a maximum value at some intermediate interatomic
distance and, at shorter distances, there will be a non-physical, repulsive dispersion
force introduced.

Figure 3.5: Comparison of the effect of various damping functions [87, 156,
271] on the leading-order dispersion energy between two atoms with C6 = 100
a.u. and RvdW = 3 Å. Empirical parameters in the damping functions are set
to s = 1, d = 20, γ = 14.
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Using a convergent multipole expansion, it can be shown that the dispersion energy
should approach a small, but finite, value for two hydrogen atoms in the united-atom
limit [272]. As a result, we and others [92] favour damping the dispersion energy to a
constant, finite value as R→ 0. One way to achieve this is through the Becke–Johnson
damping function [156], which has the form

fBJ
n (R) =

Rn

Rn +Rn
vdW

, (3.3.4)

where n = 6 for the leading-order C6 dispersion term. It should also be noted that the
definitions of the vdW radii differ between various damping functions, but will not be
discussed further here. The BJ form ensures that the dispersion energy approaches a
non-zero constant at short interatomic separations, as shown in Figure 3.5, and the
dispersion force is never repulsive.
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Figure 3.6: Comparison of SCAN-D3 (dashed lines) and B86bPBE-XDM
(solid lines) results for graphite exfoliation. Results are shown for the sepa-
rate base functionals (yellow) and dispersion corrections (green), as well as
for the overall potentials (purple).
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The choice of damping function can significantly affect the performance of a dis-
persion correction, as demonstrated for the D3 dispersion model [92]. When D3
was paired with dispersionless or near-dispersionless base functionals, finite damping
produced substantially more accurate results than zero damping for several molec-
ular benchmarks. However, zero-damping does provide improved performance for
exchange functionals that mimic short-range dispersion binding [278, 419], such as
SCAN [322] and the Minnesota functionals [405]. In these cases, zero damping ensures
that the dispersion energy will reach a maximum at intermediate atomic distances,
while being significantly damped near equilibrium geometries of vdW complexes to
offset the dispersion-like binding from the base functional. This results in accurate
potential energy curves through a cancellation of errors. An example of such a cancel-
lation of errors is shown in Figure 3.6. Here, the SCAN meta-GGA is paired with the
zero-damped D3 dispersion correction, and the results are compared with B86bPBE-
XDM for graphite exfoliation. While the component base functionals and dispersion
corrections show very different behaviours, the overall potential energy curves from
SCAN-D3 and B86bPBE-XDM are similar.
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3.3.2 Higher-Order Dispersion Terms

Force-field implementations [438–440] of the Lennard-Jones (LJ) potential [441],
as well as early DFT+D dispersion corrections [39, 87, 328, 442, 443] including the
D2 [40] and TS [44] models, limited themselves to inclusion of only the leading-
order C6 dispersion term. If empirical scaling of the dispersion coefficients [40] is
introduced, such methods can be capable of very high accuracy for small molecular
dimers [40, 80]. However, without empirical scaling, C6-only models severely under-
bind π-stacked complexes [328]. It has since been shown that inclusion of at least the
C8 dipole-quadrupole term in the dispersion-energy expansion, as in the D3 [41] and
XDM [57] models, is required for an accurate treatment of π-stacking [156], graphite
exfoliation [80], the S12L benchmark [35] of supermolecular complexes [444], and
lattice energies of molecular crystals [80, 99].

Table 3.2 shows a summary of results from Ref. [80], which discussed the impor-
tance of higher-order terms in a dispersion model. These calculations employed a
damped dispersion-energy, summed over all atom pairs, of the form

Edisp = −
∑
i<j

∑
n=6,8,10

Cn,ijf
BJ
n (Rij)

Rn
ij

, (3.3.5)

truncating it at either the C6, C8, or C10 terms. The BJ damping function involves
two parameters (a1 and a2) in the definition of the vdW radii, Eq. (3.3.4), that were
optimized in each case to minimize the error for the KB49 [123, 323] molecular-dimer
benchmark. In the last two rows of Table 3.2, the value of an empirical scaling coeffi-
cient multiplying the C6 or C8 dispersion-energy terms was also optimized. Errors for
the X23 [295] lattice-energy benchmark were then evaluated using these optimized
parameters.

The results in Table 3.2 show that the unscaled C6 dispersion-energy term alone
performs poorly for the KB49 molecular benchmark, since neglect of higher-order
dispersion terms results in under-estimation of the dispersion energy. This model
similarly results in systematic under-binding of the X23 molecular-crystal bench-
mark, leading to a mean error of -1.59 kcal/mol. Conversely, use of a scaled C6 terms
gives excellent performance for molecules, but this requires doubling of the dispersion
coefficients, with s = 2.09 [80]. However, the scaled C6 dispersion correction now
results in systematic over-estimation of the molecular-crystal lattice energies, with a
mean error of 1.61 kcal/mol. This over-binding occurs because the scaled C6 term
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Table 3.2: Mean absolute errors (MAE), and mean errors (ME), in kcal/mol,
for the KB49 [123, 323] and X23 [295] benchmarks using the B86bPBE [147,
149] base functional and selected XDM dispersion terms. Multiplication of a
term by s indicates empirical scaling. Table adapted from Ref. [80].

Dispersion Energy KB49 X23
Expression MAE ME MAE ME
E(6) 0.83 -0.23 1.97 -1.59
E(6) + E(8) 0.48 0.02 0.94 -0.38
E(6) + E(8) + E(10) 0.41 0.03 0.86 -0.26
sE(6) 0.38 0.01 1.78 1.61
E(6) + sE(8) 0.40 0.01 0.84 0.08

has too gradual an asymptotic decay to properly account for higher-order C8 disper-
sion, over-estimating the dispersion stabilization for the many atomic contacts in a
molecular crystal with large internuclear separations. This error is not seen for small
molecular dimers since, unlike for periodic solids, there will be few distant atomic
contacts. Overall, inclusion of a C8 term, either scaled or unscaled, is necessary for
simultaneous good performance on both benchmarks.

Interestingly, contrasting the X23 results using scaled and unscaled C6 disper-
sion terms provides insight into systematic trends in atomic dispersion coefficients
employed in common force fields [438–440]. It was recently found that force-field
dispersion coefficients are typically 1.5 times greater than the corresponding XDM
values for small organic molecules [445], as well as for biomolecules [446]. It was
argued that the 1.5 factor allowed the force fields to approximate contributions from
the higher-order C8 dispersion term using only the C6 dispersion term available in the
LJ potential. From the XDM results above, the mean errors for the X23 set obtained
using scaled (s = 2.09) and unscaled (s = 1) C6 dispersion terms are equal in mag-
nitude, but opposite in sign. Thus, the scaling of s = 1.5 found for the force fields
should evenly balance the over- and under-binding tendencies and would be expected
to give near zero mean error for the molecular crystals and other condensed-phase
systems. However, using a scaled C6 dispersion term to account for C8 dispersion con-
tributions neglects important physics and can still result in substantial error. Explicit
inclusion of the C8 term in both DFT dispersion corrections and molecular-mechanics
force field is favoured and, for example, can considerably increase the accuracy of a
four-point-charge water model [447].
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3.3.3 Response to Atomic Environment, a.k.a. Elec-
tronic Many-Body Effects

There has been substantial confusion in the literature regarding the meaning of
many-body dispersion. This pertains to deconvoluting non-additivities in the disper-
sion coefficients themselves, termed electronic many-body effects in our recent work
[80], from the triple-dipole Axilrod–Teller–Muto (ATM) [276, 277] and higher-order
non-pairwise terms in the perturbation-theory expansion of the dispersion energy.
The ATM terms can be modelled even using fixed dispersion coefficients, and can op-
tionally be included in calculations using the D3 dispersion correction [41]. However,
such triple-dipole terms are not required for an accurate dispersion correction as they
are negligible for most chemical systems [80, 91, 448], although they can be significant
in π-stacked dimers depending on the choice of damping function [449]. Conversely,
electronic many-body effects are not included in empirical dispersion methods that use
fixed dispersion coefficients, but can have massive effects on the dispersion energies
[80, 98, 104, 450]. Manifestations of electronic many-body effects include changes in
dispersion coefficients due to varying atomic charge state, coordination, and even the
presence of neighbouring molecules, which collectively determine an atom’s chemical
environment.

A particularly striking example of electronic many-body effects is the change in
leading-order C6 dispersion coefficients for common transition-metal elements when
going from a free atom to the bulk metal [98]. Table 3.3 shows computed C6 dispersion
coefficients for five bulk transition metals [451], obtained with various dispersion
corrections, compared to the free-atomic values [452]. Unfortunately, there is no
accurate reference data for atomic C6 coefficients in bulk metals. However, XDM [57]
and TSsurf [452] (which is a pre-cursor to the MBD [45] method) aim to accurately
account for variations in dispersion coefficients with chemical environment. As both
of these methods provide highly accurate binding energies for adsorption of benzene
on copper, silver, and gold surfaces [98, 452], they should provide the most reasonable
C6’s for these metals.

Free transition-metal atoms are highly reactive, possessing loosely bound s-shell
electrons. This leads to a much more diffuse and polarizable electron density distri-
bution for a free atom compared to the bulk metal. As a result, one would expect a
marked decrease in homoatomic C6 coefficients for bulk metals; this is exactly what is
seen in Table 3.3 with the TSsurf and XDM methods, albeit to varying extents. Con-
versely, the TS [44] and D3 [41] dispersion models, in which the C6 coefficients depend
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Table 3.3: Homoatomic dispersion coefficients for selected metals, in atomic
units; free-atom values [452] are compared with results for the bulk metals
[451] using various dispersion corrections. The D3 [41] and D4 [42] disper-
sion coefficients are determined entirely by the atom positions, while the
TSsurf data was taken from Ref. [452]. The XDM results were obtained
from B86bPBE calculations using the Quantum ESPRESSO program [111],
the PAW [225, 226] approach, a 12×12×12 k-point mesh, and a cold smear-
ing [453] parameter of 0.01 Ry. Planewave cutoffs of 120 and 1200 Ry were
used for the kinetic energy and electron density, respectively. The TS [44]
dispersion coefficients were evaluated by scaling the free-atom values using
the ratio of Hirshfeld volumes [93] obtained from the XDM calculations.

Element Free Bulk Metal
Atom TS D3 D4 TSsurf XDM

Cu 253 230 175 62 59 106
Pd 158 172 266 192 102 92
Ag 339 349 269 134 122 180
Pt 347 383 337 331 120 124
Au 298 342 317 41 134 130

only on atomic volumes or local coordination numbers, are too simplistic to correctly
account for this physics. In several cases, TS and D3 predict higher C6 coefficients for
the bulk metal than for the free atoms, explaining why they overestimate adsorption
energies of benzene on these metal surfaces [98]. The very recent D4 [42, 43] model,
which has not yet been comprehensively benchmarked for metal-containing systems,
predicts dispersion coefficients that are similar to the free-atom values for Pd and Pt,
while showing good agreement with TSsurf for Cu, Ag, and Au.

Prior works have highlighted how the description of molecular surface adsorption
[98] and alkali-halide lattice constants [454] is improved due to the leading-order C6

dispersion coefficients’ response to variations in chemical environment. More dramat-
ically, inclusion of electronic many-body effects is essential for accurate prediction
of the interlayer distances and exfoliation energies of the transition-metal dichalco-
genides [104] using a post-SCF dispersion model. Accounting for changes in disper-
sion coefficients with atomic environment is also essential for modelling exfoliation
of other layered materials, such as inorganic minerals [455]. While simple disper-
sion models have proved highly successful for organic chemistry, incorporating the
physics of electronic many-body effects constitutes an additional requirement for a
density-functional dispersion model to attain high accuracy for inorganic chemistry.
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3.4 Dispersion Contributions to Stresses

As discussed in Section 3.3.3, dispersion corrections generally become more accu-
rate as they incorporate more sophisticated dependence on the electron density and,
hence, the chemical environment. Unfortunately, density dependence of the disper-
sion coefficients greatly complicates evaluation of the atomic forces, and the stress
tensor for periodic solids, which are required for geometry optimization. Computation
of the forces and stress tensor both require differentiation of the dispersion-energy ex-
pression with respect to changes in atomic positions. This is trivial for methods like
D2 [40] that use fixed, empirical dispersion coefficients. However, it is much more
complicated for methods in which the dispersion coefficients involve Hirshfeld [93], or
other similar partitioning [296, 456, 457] of the electron density.

For the remainder of this section, we will focus on our XDM model to illustrate the
necessity of computing accurate stresses for density-dependent dispersion corrections.
In particular, we demonstrate the potential errors that arise from making approxi-
mations in evaluating the stress tensor that neglect environmental dependence of the
dispersion coefficients. Similar issues are expected for the TS [44] and dDsC [458]
dispersion corrections, which also use atomic partitioning. However, stress errors in-
troduced by using approximate derivatives in the TS dispersion correction will be
much less than with XDM, since the TS dispersion coefficients display a much weaker
dependence on chemical environment effects (see Appendix B.3.1).

For solid-state calculations with XDM (which uses BJ damping), the dispersion
energy is [56, 57]

Edisp = −1

2

∑
L

∑
i ̸=j′

∑
n=6,8,10

Cn,ij
Rn
ij,L +Rn

vdW,ij

, (3.4.1)

where the i and j indices provide a sum over all atom pairs and the sum over n
includes higher-order dispersion terms from the perturbation-theory expansion of the
dispersion energy. The prime excludes the i = j term for lattice vector L = 0 and
the 1/2 factor avoids double counting. We approximate the force on atom i as

Fdisp,i =
∑
L

∑
j′

∑
n=6,8,10

nCn,ijR
n−2
ij,L

(Rn
ij,L +Rn

vdW,ij)
2
Rij,L (3.4.2)
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and the elements of the stress tensor (where ξ, η are two of x, y, z) as

σdisp,ξη = −
1

2V

∑
L

∑
i ̸=j′

∑
n=6,8,10

nCn,ijR
n−2
ij,L (Rij,L)ξ(Rij,L)η

(Rn
ij,L +Rn

vdW,ij)
2

, (3.4.3)

both of which assume constant dispersion coefficients [56]. This assumption results
in a mismatch between the energy and the forces and stresses at each step of a
geometry optimization. While it has been highly successful for molecular crystals
[56, 99], this assumption does break down for non-molecular solids and surfaces, as
noted previously for the particular example of graphene adsorption on a nickel surface
[103]. As a result, later calculations on layered transition-metal dichalocogenides [104]
and on alkali halides [454] with XDM have utilized numerical geometry optimization,
in which the interlayer separation or bulk lattice constants were varied over a range
of values and the energy minimum found by interpolation.

We consider a set of eight simple cubic solids [451] to illustrate the errors resulting
from the assumption of constant dispersion coefficients in stress evaluations Table 3.4.
shows the lattice constants resulting from variable-cell relaxation, using Eq. (3.4.3)
for the stress evaluation, and the minimum-energy lattice constants obtained from
interpolation. Using the approximate stresses from Eq. (3.4.3) results in a systematic
under-estimation of the lattice constants, by 0.01–0.08 Å, with the corresponding
energy difference between the relaxed and minimum-energy structures ranging from
near zero to 0.04 eV.

To highlight the difference between molecular crystals and ionic solids, Figure 3.7
contrasts the examples of CO2 and NaCl, which shows the largest geometry and
energy errors of the cubic solids considered in Table 3.4. The figure shows a steep
dependence of the energy on the cell volume for NaCl. Here, the assumption of
constant dispersion coefficients leads to comparatively large errors in the minimum
energy, cell volume, and stress-tensor components. These errors arise because the
C6 (and higher-order) dispersion coefficients of both Na and Cl are dependent on
cell compression, varying by ca. ±4% from their equilibrium values over the range of
volumes shown in the Figure. Furthermore, the primary source of variation in the
C6 dispersion coefficients with cell volume can be traced to the exchange-hole dipole
moment integrals, which can vary significantly with changes in covalent, metallic, and
ionic bond lengths, while the changes in atom-in-solid polarizabilities are minor.

In contrast, for molecular solids such as CO2, the variations in both moment in-
tegrals and dispersion coefficients with expansion or compression are much smaller
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Table 3.4: Minimum-energy lattice constants (alatt in Å) of selected materials
with cubic unit cells [451]. Results from XDM relaxations assuming constant
dispersion coefficients are shown for comparison, along with the correspond-
ing energy error, ∆E. Results were obtained using B86bPBE-XDM [57, 147,
149] with Quantum ESPRESSO [111], the PAW [225, 226] approach and
planewave cutoffs of 120 and 1200 Ry for the kinetic energy and electron
density, respectively, except for CO2 where values of 80 and 800 Ry were
used. The k-point meshes were 4 × 4 × 4 for CO2, 6 × 6 × 6 for C, NaCl,
and MgO, and 12× 12× 12 for Si, GaAs, Cu, and Ni. A cold smearing [453]
parameter of 0.01 Ry was used for Cu and Ni.

Material alatt (Å) ∆E
Minimum Relaxed (eV)

CO2 5.69 5.66 0.001
C (diamond) 3.57 3.56 0.009
Si 5.46 5.42 0.020
Cu 3.62 3.58 0.026
Ni 3.51 3.47 0.034
GaAs 5.71 5.66 0.036
MgO 4.23 4.19 0.036
NaCl 5.52 5.44 0.040

(< 1%) since altering the cell volume primarily changes the intermolecular distances.
Thus, any errors in computed stresses arising from the assumption of constant dis-
persion coefficients are largely insignificant for molecular crystals, but become quite
significant for ionic and network solids. Evaluation of the dispersion contributions to
the atomic forces and stress tensor in a way that is fully consistent with the dispersion-
energy expression is clearly needed for density-dependent dispersion models, such as
XDM. However, the use of Hirshfeld or similar atomic partitioning complicates this
task, making it an ongoing challenge for developers of density-dependent dispersion
corrections.
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Figure 3.7: B86bPBE-XDM results, using the methodology described in Ta-
ble 3.4, for NaCl (left) and CO2 (right). Top: potential energy curves showing
the energy as a function of lattice constant; the results of variable-cell relax-
ations assuming constant dispersion coefficients in the stress evaluations are
shown for comparison. Middle: comparison of the exact stress and that com-
puted assuming constant dispersion coefficients. Bottom: variation in the
homoatomic C6 dispersion coefficients, relative to their equilibrium values.
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3.5 Summary

In this chapter, we have presented what we believe are the key requirements for
a general and accurate dispersion-corrected density functional. Accuracy of the base
functional and dispersion correction should be enforced separately to ensure that
their combination properly describes the physics of both non-bonded repulsion and
dispersion attraction, rather than relying on error cancellation.
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A reliable dispersion correction should use finite-damping to prevent introduc-
tion of an artificial, repulsive dispersion force at short internuclear separations. It
should involve minimal empiricism and evaluate the dispersion coefficients in such as
way that they are dependent on the electron density and, consequently, can respond
to changes in chemical environment. Variations in the dispersion coefficients with
chemical environment, including changes in charge state, coordination, and the pres-
ence of neighbouring molecules, can be captured through density dependence and are
collectively termed electronic many-body effects. Unfortunately, having dispersion
coefficients that are intricate functions of the electron density greatly complicates
evaluation of the dispersion contributions to the atomic forces and stresses, which
are required for geometry optimization. Evaluation of the forces, and particularly
stresses, in a way that is fully consistent with the dispersion-energy expression is nec-
essary for proper geometry relaxation with density-dependent dispersion corrections.

A reliable base density functional must be dispersionless, which can be achieved by
imposing a constraint on the large-gradient limit of the exchange enhancement factor
for GGAs, as well as being numerically stable. These requirements are not met by
the majority of meta-GGAs, where the semi-local exchange functionals tend to mimic
short-range “dispersion-like” binding, which is properly a non-local correlation effect.
Moreover, popular functional forms that build in kinetic-energy dependence result in
significant numerical sensitivities to the spacing of the integration mesh relative to
low-density bond critical points, as occur in vdW complexes. Finally, an accurate
base functional should be free of delocalization error, as discussed in Section 2.6.
This error can be reduced through use of global hybrid and range-separated hybrid
functionals, although such hybrids do not completely resolve the delocalization error
problem and the optimal amount of exact exchange required to minimize it can be
highly system dependent [459–461].
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Chapter 4

Many-Body Dispersion in Model
Systems and the Sensitivity of
Self-Consistent Screening

“The career of a young theoretical physicist consists of treating the har-
monic oscillator in ever-increasing levels of abstraction.” [462]
∼ Prof. Sidney Coleman (1937–2007)

This chapter is adapted from: Bryenton, K. R., & Johnson, E. R. Many-Body Dis-
persion in Model Systems and the Sensitivity of Self-Consistent Screening. J. Chem.
Phys., 158, 20, 204110. (2023) [315]

Author contributions: K.R.B. developed the mathematical model, wrote the software,
generated all data, and wrote the first draft of the manuscript.
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4.1 Introduction

A number of recent articles have discussed the impact of many-body effects on
dispersion interactions and their importance in various chemical or solid-state systems
[45, 47, 295, 463–469]. We have argued that many-body effects can be separated into
two distinct categories, atomic and electronic, based on the perturbation theory of
dispersion [80]. In our definition, atomic many-body effects refer to terms that involve
more than two atoms obtained from higher levels of perturbation theory, beyond
second order. The most significant of these is the three-body, Axilrod–Teller–Muto
(ATM) term [276, 277] that arises from third-order perturbation theory. For a trio of
atoms, the ATM energy is given by

EATM =
C9,ijk

R3
ijR

3
ikR

3
jk

[3 cos(θi) cos(θj) cos(θk) + 1] , (4.1.1)

where θi is the angle between atoms i, j, k with atom i at the vertex. This term
predicts repulsion for atoms in equilateral or right-angle triangular configurations,
and maximal attraction for linear configurations. We have, however, argued that
contributions from the ATM term are negligible in molecular systems [80, 91].

Electronic many-body effects refer to the responsiveness of the dispersion coef-
ficients, Cn, due to the surrounding atoms. These coefficients will vary from their
free-atom values depending on chemical bonding, atomic charge, coordination, hy-
drogen bonding, and even the presence of distant atoms or molecules [80, 450]. These
electronic many-body effects can cause drastic changes in dispersion coefficients, par-
ticularly for inorganic solids [80, 104]. Capturing these changes is essential for accu-
rate modelling of a system’s dispersion energy, and will be a focus of this work.

Within the context of density-functional theory (DFT), dispersion terms must
be explicitly included either through incorporation in the exchange-correlation func-
tional, or through an additive, post self-consistent field (post-SCF) correction. In this
work, we will limit our discussion to post-SCF dispersion corrections, of which the
exchange-hole dipole moment (XDM) [55–57, 156] and many-body dispersion (MBD)
[45, 46] methods are two of the most accurate. Both of these models involve dispersion
coefficients that respond to changes in atomic environment without introduction of
empirical parameters, although the origins of their environment dependence are quite
different. MBD is based on a model of interacting harmonic oscillators, while XDM
captures changes in dispersion coefficients through use of the self-consistent electron
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density and its derivatives. There are other essential differences between these two
methods, including the form of the dispersion energy, how it is damped for small
internuclear separations, whether atomic polarizabilities are treated as isotropic on
anisotropic, and whether higher-order terms beyond the leading-order C6 contribution
are taken into account.

While the MBD implementation in FHI-aims computes only the total many-body
dispersion energy, it is possible to reformulate the theory in terms of the random-
phase approximation (RPA) [181, 470, 471] to obtain a decomposition into two-body,
three-body, and higher-order terms. However, this is very different from the parti-
tioning into electronic (changes in the dispersion coefficients due to the presence of
all other atoms in the system) and atomic (ATM and analogous terms from higher
orders of perturbation theory) many-body effects described above. For example, in
the MBD definition, three-body terms will include other contributions in addition
to the ATM term [471]. Beyond-pairwise terms in MBD have been shown to have
large contributions to the overall dispersion energies of molecular crystals [295], su-
permolecular complexes [471], and large biomolecules [470]. Much of the debate in
the literature concerning the relative importance of beyond-pairwise dispersion effects
is likely due to these disparate definitions.

Given the contrasts between the theoretical underpinnings and mathematical
forms of XDM and MBD, it is notable that they give quite comparable accuracy
for many common benchmarks for intermolecular interactions, molecular crystals,
and layered materials. This has prompted us to take a step back and compare the
behaviours of these two dispersion methods for a selection of simple model systems, in
which the dispersion physics can be examined in the absence of confusing factors such
as choices of electronic structure code, basis set, or exchange-correlation functional.

In this chapter, we compare XDM and MBD, as well the Tkatchenko–Scheffler
(TS) method [44], for a first-principles interacting quantum harmonic oscillator model
at finite separations. Oscillator systems were chosen since they form the basis of
the MBD model, while it has been shown that XDM recovers the exact result for
the asymptotic interaction between harmonic oscillators from perturbation theory
[80] (see also Appendix A.3). We consider linear arrangements of two, three, and
four oscillators, where a variational model is used to capture changes in the free-
oscillator wavefunction due to interactions with its neighbours. Linear arrangements
of these small oscillator systems should serve to maximize the magnitude of the ATM
term, as well as the polarization anisotropy [472]. The dispersion energy and C6
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coefficients are computed from the variationally optimized wavefunctions with XDM,
and compared to the TS and MBD results for the same quantities. The aim is
to determine if the methods provide comparable treatment of dispersion, including
many-body effects, despite their different theoretical bases. Additionally, calculations
are performed on linear chains of noble gas atoms to connect the oscillator results
with real atomic systems. Finally, we consider two homo-molecular dimers (methane
and benzene) and two layered materials (graphite and MoS2) to highlight similarities
and differences between our model systems and those more relevant to chemistry and
materials science.

4.2 Theoretical Background: MBD-Free and
MBD-XDM

For a comprehensive overview of the XDM, TS, MBD@rsSCS, and MBD-NL dis-
persion corrections that are used in this chapter, the reader is directed to Section 2.5.

The MBD model traditionally uses the polarizabilities and C6 coefficients from the
TS model as a starting point for the SCS and rsSCS schemes. However, this choice
is rather arbitrary and it is not clear to what extent it impacts the evaluation of the
final dispersion coefficients and energies. Here we considered two new variants, which
we call MBD-Free and MBD-XDM. These variants are not intended for production
use, but rather, to assess the sensitivity of SCS/rsSCS to the starting conditions.

The MBD-Free variant uses a free-atom starting point, allowing us to visualize
the effect of SCS separately from the TS model’s volume scaling. This variant would
be expected to be well behaved for systems where a free-atom starting point would
be reasonable, such as for noble gas atoms. Conversely, MBD-XDM uses the XDM
dispersion model as a starting point. Here, the starting C6 coefficients and polariz-
abilities are given by

C6,ii = CXDM
6,ii , (4.2.1)

α0
i = αfree

i

√
CXDM

6,ii

C free
6,ii

. (4.2.2)

These quantities are then used to evaluate the characteristic excitation frequencies and
frequency-dependent polarizabilities that are used as input to the SCS or rsSCS pro-
cess. The final MBD-Free and MBD-XDM dispersion coefficients are then obtained
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from the resulting SCS or rsSCS polarizabilties and the Casimir–Polder integral [274].

4.3 Interacting Oscillator Systems

Quantum harmonic oscillators are the classic model system for dispersion. They
are at the heart of the MBD method, and XDM has also been shown to be exact
for the asymptotic (weakly-interacting) limit for harmonic oscillators [80]. In this
work, we aim to model interacting oscillators with XDM over a range of distances
and determine if the environment dependence is similar to what is observed for real
chemical systems. The ultimate goal will be to compare predicted XDM and MBD
energies and dispersion coefficients for harmonic oscillators, and determine if they
give equivalent response to surrounding environment/many-body effects.

4.3.1 The Isotropic Quantum Harmonic Oscillator

To study systems of interacting oscillators we start from the single-oscillator case:
the isotropic quantum harmonic oscillator. The corresponding potential has the form

V (r) =
1

2
µω2r2 , (4.3.1)

where the angular frequency ω =
√
ks/µ may be written in terms of the effective

spring constant, ks, and reduced mass, µ. The wavefunctions that satisfy the resulting
Schrödinger equation are given by [473]

ψkℓm(r, θ, ϕ) = Nkℓ r
ℓe−νr

2

L
ℓ+ 1

2
k (2 ν r2)Y m

ℓ (θ, ϕ) , (4.3.2)

where Nkℓ is the normalization constant, L(ℓ+ 1
2
)

k (x) are the generalized Laguerre poly-
nomials, Y m

ℓ (θ, ϕ) are the spherical harmonic functions, and ν = µω/(2ℏ). The
corresponding energy eigenvalues for these wavefunctions are given by

E = ℏω
(
2k + ℓ+

3

2

)
. (4.3.3)

The energy is normally described by the single quantum number n = 2k + ℓ. Here
k ∈ N0, ℓ ≤ n ∈ N0, and −ℓ ≤ m ≤ ℓ ∈ Z. The wavefunctions in Eq. (4.3.2) are
square-integrable and normalized over their configuration space

∫
H |ψkℓm(r)|

2 dr = 1,
while also satisfying the orthonormality condition for their three quantum numbers:
⟨ψk1ℓ1m1(r)|ψk2ℓ2m2(r)⟩ = δk1k2δℓ1ℓ2δm1m2 .
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4.3.2 Interaction Hamiltonian

Dimer, trimer, and tetramer systems of interacting oscillators were aligned along
the z-axis, as shown in Figure 4.1, such that each system is symmetric across the
x–y plane. Aligning the oscillators as a linear chain comes with numerous benefits:
it reduces the computational resources needed as this first-principles model will scale
with O(N4), linear chains will maximize the polarizability anisotropy captured by
the SCS model [472], and a linear configuration of oscillators will maximize the ATM
term [276]. The distance between any two adjacent oscillators is defined as Rsep. Rp

is the vector that points from the system origin to the nucleus of each oscillator,
p = {A,B, . . .}, and rp is the vector that points from the nucleus of oscillator p to its
respective electron.

To study the properties of these systems, we first must construct the Hamiltonian
that describes them. Within the Born–Oppenheimer approximation [474], the non-
interacting terms (i.e. kinetic and potential energy terms for a single oscillator) in our
Hamiltonian have the form

T̂p + V̂p = −
ℏ2

2µp
∇2
p +

1

2
µpω

2
pr

2
p , (4.3.4)

for a particular oscillator p. The interactions between the different oscillators will be
Coulombic, and will consist of electron-nuclear, electron-electron, and nuclear-nuclear
terms. The electron-nuclear term for the electron of oscillator p interacting with the
nucleus of oscillator q, with p ̸= q, is

Û en
pq =

e2

4πϵ0

−Zq
|(Rp + rp)−Rq|

, (4.3.5)

where e is the charge of the electron, Zq is the atomic number of oscillator q, and ϵ0

is the permittivity of free space. Similarly, the interaction between the electrons of
two oscillators p and q is described by

Û ee
pq =

e2

4πϵ0

1

|(Rp + rp)− (Rq + rq)|
. (4.3.6)

Lastly, nuclear-nuclear contributions have the form

Ûnn
pq =

e2

4πϵ0

Zp Zq
|Rp −Rq|

. (4.3.7)
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(a) Dimer System

(b) Trimer System

(c) Tetramer System

Figure 4.1: The selected geometries for our dimer (a), trimer (b), and
tetramer (c) systems of interacting quantum harmonic oscillators, such that
all oscillators are aligned along the z-axis. The nucleus of each oscillator is
represented by a red sphere, while their corresponding electrons are repre-
sented by blue spheres.

Combining these contributions together, the general interaction Hamiltonian is

Ĥ =
∑
p

(
T̂p + V̂p

)
+
∑
q ̸=p

(
Û en
pq +

1

2
Û ee
pq +

1

2
Ûnn
pq

)
. (4.3.8)

For the electron-nuclear component, the p = q term is omitted because that in-
teraction has been described by the harmonic coupling in Eq. (4.3.1). For both the
electron-electron and nuclear-nuclear terms, the factor of 1/2 accounts for the double-
counting of contributions.
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The systems will be modelled after interacting hydrogen atoms, so we will choose
ZA = ZB = 1. The reduced mass of our system then becomes µ = 1836/1837 a.u. We
note that the polarizability of a quantum harmonic oscillator may be expressed in
terms of the electron charge, e, and the spring constant, ks, as α = e2/ks [69]. Thus,
the polarizability and angular frequency are intrinsically linked for this system via

α =
e2

ω2µ
, (4.3.9)

and choosing αfree = 4.5 a.u. to match hydrogen gives a corresponding frequency of
ω = 0.4715 a.u. These values were chosen for all calculations unless stated otherwise.
Another possible choice is to recall that the first excitation energy for hydrogen is
3/8 a.u. and the QHO energy level spacing is ℏω. Thus, ω = 3/8 a.u. and αfree =

7.115 a.u. is reasonable. Alternatively, the SCS routine selects the characteristic
excitation frequency via

ωi =
4

3

C6,ii

(α0
i )

2
. (4.3.10)

Using C6,ii = 6.5 a.u. and α0
i = 4.5 a.u. to match hydrogen yields ω = 0.428 with a

corresponding αfree = 5.4624 a.u. The effects on C6 with these alternate values of ω
are discussed in Section 4.4.3.

4.3.3 Wavefunctions

In constructing the wavefunctions for the interacting oscillators, we use the vari-
ational method with a basis of hydrogen-like isolated-oscillator wavefunctions. To
help connect with chemical intuition, we will refer to these oscillator wavefunctions
by their analogous atomic orbital names, determined by their spherical harmonics.
Here, we considered wavefunctions from the ground, first, and second excited states
that exhibited bilateral symmetry along the z-axis. The only wavefunctions that sat-
isfied this symmetry were the 1s orbital from the ground state, the 2pz orbital from
the first excited state, and the 2s and 3dz2 orbitals from the second excited state.
Their explicit forms are given by

ψ1s(r) =
23/4 ν3/4

π3/4
e−νr

2

(4.3.11)

ψ2pz(r) =
27/4 ν5/4

π3/4
e−νr

2

r cos(θ) (4.3.12)

ψ2s(r) =
21/4 ν3/4√
3π3/4

e−νr
2 (

3− 4νr2
)

(4.3.13)
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ψ3dz2
(r) =

23/4 ν7/4√
3π3/4

e−νr
2

r2 (3 cos(2θ) + 1) (4.3.14)

and plots of these four orbitals are shown in Figure 4.2.

(a) 1s (b) 2pz

(c) 2s (d) 3dz2

Figure 4.2: The 1s (a), 2pz (b), 2s (c), and 3dz2 (d) free-atomic orbitals
for the isotropic quantum harmonic oscillator. From the ground, first, and
second excited states, these are the only four orbitals that satisfy the bilateral
z-axis symmetry requirement for the interacting oscillator chains.

For each oscillator p, the total wavefunction is given as a linear combination of
these four orbitals as

Ψp =
∑
i

ciψp,i . (4.3.15)

To ensure symmetry of the wavefunctions across the x–y plane, substitutions of θp →
π− θp were made for certain oscillators: θB was substituted for the dimer system, θC
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for the trimer system, and both θB and θD for the tetramer system. These choices
permitted constructive orbital overlap between adjacent oscillators allowing us to
capture the bonding behaviour of the system. Due to symmetry, the central oscillators
(trimer oscillator B, and tetramer oscillators B and C) require different expansion
coefficients than the terminal oscillators in each system. The expansion coefficients
for the terminal oscillators in each system will simply be written as ci, while the
expansion coefficients for the central oscillators will be written as di.

Testing was performed using all 10 wavefunctions from the ground, first, and
second excited states on our systems; this confirmed that only the four wavefunc-
tions previously discussed had non-zero contributions. Further testing was performed
regarding the inclusion of wavefunctions from the higher energy states, specifically
the 3pz and 4fz3 orbitals. We determined the inclusion of these orbitals added no
additional physics to the system, so they were omitted for computational efficiency.

4.3.4 Variationally Optimized Energies

From the total wavefunctions, the one-electron energies (i.e. the kinetic, potential,
and electron-nuclear terms) are evaluated via

E1e
p =

〈
Ψp

∣∣∣∣∣T̂p + V̂p +
∑
q ̸=p

Û en
pq

∣∣∣∣∣Ψp

〉
. (4.3.16)

The two-electron energies (electron-electron) are similarly computed via

E2e
pq =

〈
ΨpΨq

∣∣∣∣12 Û ee
pq

∣∣∣∣ΨpΨq

〉
. (4.3.17)

Thus, the total system energy is given by

E =
∑
p

E1e
p +

∑
q ̸=p

E2e
pq +

∑
q ̸=p

1

2
Ûnn
pq (4.3.18)

where we note that the nuclear-nuclear terms, Ûnn
pq , are constant and may be evaluated

separately. The optimal values of the expansion coefficients ci and di have yet to be
determined. To solve for them, we variationally optimize the wavefunctions using the
method of Lagrange multipliers.

The method of Lagrange multipliers will generate the critical points of a multi-
variate function that is subject to one or more constraint equations [475]. For our
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Figure 4.3: Computed potential energy surfaces for the interacting quantum
harmonic oscillator systems, calculated from first principles using a varia-
tional model.

oscillator systems, the constraint comes from the normalization requirement of the
expansion coefficients,

∑
i c

2
i = 1 and

∑
i d

2
i = 1. The Lagrangian for our singly-

constrained dimer system is given by

L ({ci}, λ) = E − λ

(
1−

∑
i

c2i

)
, (4.3.19)

and for the doubly-constrained trimer and tetramer cases,

L ({ci}, {di}, λ1, λ2)

= E − λ1

(
1−

∑
i

c2i

)
− λ2

(
1−

∑
i

d2i

)
, (4.3.20)

where the λ are Lagrange multipliers. The critical points on our potential energy sur-
face may be found by solving for the expansion coefficients in the equations generated
by ∇L = 0. The total wavefunctions for our oscillators are determined by substitut-
ing these coefficients into the relevant set of wavefunctions in Eq. (4.3.15). Thus the
coefficients, total wavefunctions, and system energy may been determined for a par-
ticular value of Rsep. Computing the system energies for a series of separations forms
the potential energy surface (PES).

PES for the interacting dimer, trimer, and tetramer systems are shown in Fig-
ure 4.3. The curves correctly approach the sum of free-oscillator energies in the
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dissociation limit and give the expected bonding, with the tetramer having the deep-
est potential energy well, followed by the trimer and dimer. We note that the binding
energies are comparable to those of covalent bonds.

4.3.5 Dispersion Coefficients and Energies for Oscil-
lator Model Systems

From the variationally-optimized total wavefunctions for each electron p, Ψp(r),
the system’s electron density is determined from

ρ(r) =
N∑
p

|Ψp(r)|2 (4.3.21)

and a dispersion correction of choice may be used. For XDM, the wavefunctions and
electron density are used to calculate the exchange-hole multipole moments, which in
turn generate the CXDM

n dispersion coefficients and, thus, the XDM dispersion energy.
For TS, the effective volumes determine C6,ii, α0

i , and R0
i for electron i. The CTS

6,ij

dispersion coefficient is then obtained via the Slater–Kirkwood formula, and the TS
dispersion energy follows. From TS and XDM starting points, the SCS or rsSCS
polarizabilities can be determined for MBD, MBD-Free, and MBD-XDM, enabling
the use of those corrections as well.

4.4 Results and Discussion

4.4.1 Dispersion Energies

We begin by comparing the computed dispersion energies for the harmonic os-
cillator model systems obtained with the various dispersion methods. Undamped
dispersion energies for the interacting dimer, trimer, and tetramer are shown in Fig-
ure 4.4 for both the XDM and MBD@SCS dispersion models. We additionally show
the contribution to the XDM dispersion energy from only the leading-order C6 dis-
persion term. The results indicate that the undamped TS, MBD, and C6-only XDM
dispersion energies are in excellent agreement and all three curves are superimposed
in the figure. This shows that MBD does not implicitly capture higher-order effects
through its self-consistent screening procedure or its model Hamiltonian. It is notable
that TS is in agreement with both XDM-C6 and MBD. This indicates that neither



§4.4. RESULTS AND DISCUSSION 100

Figure 4.4: Computed undamped (top) and damped (bottom) dispersion
energies for the harmonic oscillator model systems. The three-body ATM
term was evaluated for XDM but this energy contribution is plotted sepa-
rately. RPA-3 represents RPA’s three-body-only energy contribution. For
the damped XDM-C6 energies, the typical BJ damping with a1 = 0.65 and
a2 = 1.68 Å is shown as a solid line, and with a1 = 0 and a2 = 2.30 Å as a
dashed line.

the effects of the exchange-hole dipole for XDM, nor the additional n-body contribu-
tions from MBD, are significantly contributing to the dispersion energy for this model
system of oscillators.

In previous work using XDM, we established that the C6 term is responsible for
only ca. 60% of the dispersion binding [156]. One may therefore wonder how MBD
manages accuracy that rivals that of XDM when neglecting higher-order dispersion
terms. To understand this, we consider the damped dispersion energies, which re-
quires an informed choice of damping parameters.

The damping parameters used in any dispersion model are sensitive to the choice
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of base DFT method, since they correct in part for errors in the description of non-
bonded repulsion provided by the exchange-correlation functional, as well as basis-
set incompleteness. To obtain “ideal” damping parameters, we consider the set of
six noble-gas dimers consisting of all combinations of He, Ne, and Ar, studied by
Kannemann [476]. In that work, the PW86PBE exchange-correlation functional [149,
151] with the aug-cc-pV5Z basis set and counterpoise correction [241] was chosen
to give as accurate as possible a treatment of non-bonded repulsion to pair with a
dispersion correction. The optimal parameters were determined by minimizing the
root-mean-square percent error in the binding energies for all six dimers.

The ideal BJ damping parameters for use with XDM were found to be a1 = 0.65

and a2 = 1.68 Å [476]. For the current study, we optimized the β parameter from
the Wu–Yang damping function for both TS and MBD@rsSCS. Here, the TS and
MBD@rsSCS dispersion energies were evaluated with FHI-aims using the PBE func-
tional and tight basis sets. The dispersion energies were then combined with the lit-
erature PW86PBE/aug-cc-pV5Z counterpoise-corrected electronic energies. This en-
sured that the damping functions were parameterized in as similar a way as possible to
allow direct comparison. The optimal damping parameters for TS and MBD@rsSCS
were determined to be βTS = 0.86 and βrsSCS = 0.62 respectively. Lastly, we wanted
to see how TS and MBD@rsSCS compare to XDM-C6, the C6-only contribution to
the damped XDM energy. Using the same methodology, reparameterizing XDM-C6

resulted in optimal BJ damping parameters of a1 = 0 and a2 = 2.30 Å, since a1 must
have a non-negative value.

Using these ideal damping parameters, a comparison of the damped dispersion
energies from XDM, TS, and MBD is shown in Figure 4.4. Interestingly, the MBD,
TS, and XDM damped dispersion energies track each other closely at large internu-
clear separations (>6 bohr). This is also the case for XDM-C6 when the BJ damping
parameters are optimized for the C6-only energy, but not when using the full-XDM
parameterization. At short range, the TS dispersion energy is strongly damped, while
MBD actually provides greater dispersion stabilization than the full XDM dispersion
energy, and is in notably high agreement with the reparameterized XDM-C6 for >4
bohr. Thus, the choice of damping can cause the MBD dispersion energy to resemble
the full XDM dispersion energy rather than only the C6 term, in the same way that
a weaker damping function on XDM-C6 can achieve similar results.

For the trimer and tetramer, the contributions of both the ATM term and the
3-body energy from RPA are included. The ATM contribution to the energy was
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calculated with XDM. For the RPA contribution, each of the n-body contributions
to the correlation energy were extracted from the ACFD-RPA approach for the core-
lation energy of the MBD method. This is described in Section 2.5.2. We compare
these 3-body contributions for undamped and damped trimer and tetramer systems
at all computed separations beyond 4 bohr. To ensure fair comparison between the
RPA energy and MBD, the SCS starting point was used for the undamped ener-
gies, and rsSCS was used for the damped energies. The individual n-body RPA and
MBD energies were compared, and found to be within 1% of each other. Further,
the 2-body RPA energy captured no less than 97.9% of the total many-body energy.
There is remarkably high agreement between the undamped ATM and 3-body RPA
energies, as seen from the nearly superimposed curves in Figure 4.4, differing by no
more than 3.2%. These results agree with our previous finding [80] that the ATM
term represents a negligible contribution to the overall dispersion energy.

4.4.2 Analysis of C6 Behaviour

Next, we analyze the changes in C6 coefficients themselves. The computed C6

coefficients are plotted in Figure 4.5 as a function of internuclear separation for the
dimer, trimer, and tetramer models, with separate plots for the symmetry distinct
(central and terminal) oscillators. Results are shown for the TS and XDM dispersion
models, as well as for the SCS and rsSCS schemes used in MBD with the usual TS
(MBD), free-atom (MBD-Free), or XDM (MBD-XDM) starting points. While the
SCS and rsSCS C6 coefficients do not explicitly appear in the MBD energy expression,
their magnitude is directly related to the dispersion stabilization.

Overall, all of the methods give dispersion coefficients that are responsive to
changes in the local environment of each oscillator. The C6 coefficients all correctly
approach the free-oscillator limit at large separations. They then reach a maximum
value as the separation decreases to between 2–3 bohr. While there is some variation
depending on the particular model system and internuclear separation, the disper-
sion coefficients follow the rough trend of MBD > MBD-XDM > TS > XDM ≫
MBD-Free. Thus, the SCS and rsSCS schemes are surprisingly sensitive to the choice
of starting polarizabilities and dispersion coefficients. This stands in sharp contrast
to the usual self-consistent evaluation of DFT energies, which are typically insensitive
to the choice of starting guess (provided convergence can be reached). A more subtle
trend is that SCS tends to give larger changes in C6 than rsSCS.

The increase in C6 (relative to the infinitely separated limit) is smallest for the
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Figure 4.5: The analysis of C6 for the oscillator chains. For the MBD
methods, solid lines are C6 coefficients derived from SCS polarizabilities and
dashed lines are derived from rsSCS polarizabilities. The vertical lines indi-
cate the equilibrium bond distances for each system.

terminal oscillators, followed by the central oscillator in the trimer and tetramer, with
the latter showing the highest C6 values. This change with environment is captured
by all of the models. The C6 increase between the free oscillators, terminal oscillators,
and central oscillators is an example of what we mean by electronic many-body effects.
Additionally, the higher C6 for the central oscillators of the tetramer, relative to the
trimer, would not be captured by a simple coordination number descriptor.

To connect with the oscillator data, we performed calculations on a similar chem-
ical system: linear argon chains. The geometries were analogous to those shown in
Figure 4.1, with the separation between each Ar atom held fixed at the same Rsep.
These calculations were performed with the XDM, TS, and MBD dispersion models,
all using the PBE density functional [149] and the tight basis sets in the FHI-aims
package [119, 120]. Here, the PBE functional was chosen because it is the recom-
mended GGA to pair with MBD. As such, PBE was used for all calculations in this
study to ensure a fair comparison between dispersion methods, despite the fact that
combining XDM with a dispersionless base functional such as B86bPBE [147, 149]
results in higher accuracy [81]. For these calculations, we also modified the code to
implement MBD-Free, which was expected to give similar results to MBD for noble
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Figure 4.6: Variation in C6 for argon chains, from FHI-aims calculations using
the PBE density functional with tight basis sets. For the MBD methods, the
rsSCS routine was used. The vertical lines indicate the reference equilibrium
separation for the Ar dimer [433].

gases where a free-atom reference is highly intuitive. The computed dispersion coef-
ficients for the argon dimer, trimer, and tetramer are shown in Figure 4.6, where all
MBD methods used the rsSCS routine.

The argon-chain results show that the dependence on surrounding environment is
qualitatively similar to that seen for the quantum harmonic oscillators. The XDM,
TS, and MBD dispersion coefficients again increase beyond their free-atom values as
the internuclear distance is shortened and reach maximum values. However, these
maximum values are obtained at much larger separations of roughly 8–9 bohr, which
is reasonable given the larger atomic size and far weaker binding. The maximum C6

coefficients are again lower for the terminal atoms than the central atoms, although
the results are quite similar for the central atoms of the trimer and tetramer, unlike
for the oscillators.

At short separations in Figure 4.6 (and in some cases in Figure 4.5 as well),
MBD and MBD-Free’s dispersion coefficients show unusual behaviour as they begin
to sharply increase. We believe this is a symptom of a “polarization catastrophe,”
which is a known issue with self-consistent screening. MBD’s SCS routine relies on
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Applequist’s interactive dipole model which predicts the divergence of polarizabilities
at low separation [477]. For chemical systems, the use of cutoffs or damping functions
to address this issue is considered essential [97].

The MBD model attempts to address the issue of excessive polarization by smear-
ing interacting point dipoles into spherical Gaussian charge distributions. This choice
of interaction potential attenuates the polarizability to converge to a finite value at
zero separation [48]. The rsSCS routine further damps the MBD energy at short range
via a Wu–Yang damping function [46]. Despite these efforts, we see that MBD@rsSCS
still suffers from unphysical polarizabilities. Focusing on Figure 4.6’s results for the
central atom in the Ar trimer, MBD-Free exhibits a “polarization catastrophe,” but
not regular MBD. This again illustrates how sensitive the MBD method is to the
starting point and indicates that modifications of MBD to avoid the (rs)SCS scheme
[52] may provide some much-needed stability.

Further, despite the MBD and MBD-Free C6 coefficients being reported at short-
range in Figure 4.5, at separations below the equilibrium bond length, MBD and
MBD-Free typically generated complex-valued energies. This behaviour will be dis-
cussed further in Section 4.4.4 but, as a result, the short-range MBD results presented
above should only be interpreted qualitatively.

4.4.3 Effect of Oscillator Frequency

For the oscillator models, the results shown so far have all used αfree = 9/2 a.u.
and the corresponding ω = 0.4715 a.u. The oscillator frequency controls the spring
constant for the interaction between the electron and nucleus, which then determines
the oscillator polarizability. To investigate how the environmental/electronic many-
body effects change with element, we performed additional calculations for the dimer
model in which the oscillation frequency, ω, was systematically varied. The considered
values of ω correspond to the various starting points discussed in Section 4.3.2. Addi-
tionally, ω = 0.525 was also used to test a higher frequency, corresponding to a more
strongly-bound electron. For each ω, the polarizability, α, was adjusted appropriately
using Eq. (4.3.9).

The C6 results for variable ω are shown in the top row of Figure 4.7. For large
frequencies, the electron is strongly bound to the oscillator (high excitation energy),
resulting in low polarizability. Conversely, for low frequencies, the electron is weakly
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Figure 4.7: Top: Effect of changing ω on C6 on the dispersion corrections
for the oscillator system’s dimers. For the MBD methods, solid lines are C6

coefficients derived from SCS polarizabilities and dashed lines are derived
from rsSCS polarizabilities. Bottom: Variation in C6 for noble-gas dimers
with the internuclear separation ranging from 0.7× to 1.5× the reference
equilibrium distance of the dimer [433]. Calculations were performed with
FHI-aims for various dispersion models, using PBE with tight basis sets. For
the MBD methods, the rsSCS routine was used. The vertical lines indicate
the equilibrium bond distances for each system.

bound to the oscillator (low excitation energy), resulting in high polarizability. There-
fore, we expect larger variability in C6 with environment for more polarizable oscil-
lators, corresponding to small ω. This is exactly what is seen in Figure 4.7 for all
methods, although MBD-Free shows less dependence of C6 on ω values than the other
corrections.

To connect this result with real atomic systems, we also computed dispersion
coefficients for the series of homoatomic noble-gas dimers from He2 to Xe2. The cal-
culations were performed for the TS, XDM, MBD, and MBD-Free dispersion models
with FHI-aims using the tight basis sets and the PBE density functional. The results
are shown in the bottom row of Figure 4.7. Since the noble-gas atoms all have very
strongly bound electrons (high ionization potentials), the results are similar to those
obtained with the oscillators for the highest ω. There is only a modest increase in C6

near the equilibrium separation, relative to the free-atom limit. XDM most clearly
recovers the trend seen for the oscillators, with the variability in C6 increasing with
higher polarizability down the noble-gas group. Further, we note that only XDM
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predicts non-constant C6 gradients near the equilibrium bond distance for both the
oscillator and noble-gas systems, which has implications for the calculation of disper-
sion forces [81]. At short separations, the MBD and MBD-Free results again show
a polarization catastrophe, with more rapid divergence of the dispersion coefficients
occurring for more polarizable elements down the group. Notably, MBD only shows
a polarization catastrophe for Ar2, Kr2, and Xe2, while it occurs for all 5 noble-gas
dimers with MBD-Free.

4.4.4 Connection with Molecular Dimers and Layered
Materials

To this point, we have seen that TS, XDM and MBD all give a consistent descrip-
tion of electronic many-body effects (i.e. changes in C6 for varying atomic positions)
in oscillator and atomic model systems. This stands in sharp contrast with previously
observed behaviour for graphite [104]. In this section, we extend our comparison of
various dispersion models to two molecular dimers (methane dimer and π-stacked
benzene dimer in a parallel-displaced configuration) and two layered, solid-state ma-
terials (graphite and MoS2).

The geometries of the molecular dimers were obtained from the S22×5 bench-
mark [478] and correspond to separations both at and away from equilibrium. The
geometries of the periodic solids were obtained from Refs. [104, 479] and the c lattice
parameter systematically varied relative to the experimental reference value to con-
sider expanded and compressed interlayer separations. Calculations using the PBE
functional, light basis settings, dense integration grids, and each of the TS, XDM,
MBD, and MBD-NL [52] dispersion methods, were performed with FHI-aims. For
brevity, the @rsSCS label on MBD will be implied throughout in this section. For
the layered materials, 12×12×4 k-point meshes were used. The resulting potential
energy surfaces are shown in the top row of Figure 4.8.

Note that the MBD-NL method [52] represents yet another possible starting point
for MBD. In MBD@rsSCS, there is a related problem to the “polarization catastrophe”
where some dipole interaction tensor elements become similar in magnitude to the
inverse values of the polarizabilities when the starting polarizability is too high, typ-
ically occurring at small separations, or in ionic or metallic systems. This behaviour
results in negative eigenvalues, suggesting that these induced dipoles are (unphys-
ically) aligned anti-parallel to the applied field [480], and leads to complex-valued
energies. A number of notable MBD variants that have been proposed to help with
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Figure 4.8: Potential energy curves (top) and changes in dispersion coef-
ficients (bottom) for selected molecular dimers and layered materials, com-
puted using the PBE functional, light basis sets and dense integration grids
with FHI-aims. For MBD, the rsSCS routine was used. Evaluation of the
MBD energies failed to converge for MoS2, so those results are omitted. The
vertical lines indicate the reference equilibrium separation for each system
[478, 479].

this problem include the fractionally ionic variant [50] (MBD/FI), the use of iterative
Hirshfeld partitioning [296, 481] (MBD/HI), or the use of a polarizability functional
[52] (MBD-NL). In MBD-NL, the initial polarizabilities and dispersion coefficients
are taken from the non-local VV10 dispersion model [63, 316]. Unlike other MBD
variants, MBD-NL does not refine the polarizabilities with SCS, thus avoiding the
polarization catastrophe. Instead, the VV10 polarizabilities are refined with cutoffs
and used to obtain the characteristic excitation frequency. The polarizabilities, char-
acteristic excitation frequencies, and the damped long-range dipole potential are then
used compute the MBD-NL energy via the matrix methods described in Section 2.5.2.
This variant of MBD is recommended specifically for layered materials, such as the
transition-metal dichalocogenides, where the rsSCS scheme cannot provide converged
energies from the usual TS starting point.

With each method, homoatomic dispersion coefficients were evaluated at each
point along the PES and their relative values are shown in Figure 4.8 as a function
of intermolecular or interlayer separation. The methane dimer, the parallel-displaced
benzene dimer, and graphite results are all qualitatively similar. XDM and MBD show
similar behaviour to each other, with an initial increase in C6 as the molecules/layers
approach each other, followed by a sharp decrease. Again, this is similar to the results
of these methods for the oscillator models and noble-gas systems. The outlier is the



§4.4. RESULTS AND DISCUSSION 109

Table 4.1: Computed binding energies, in kcal/mol for the molecular dimers
and in meV/Å2 for the layered materials. Literature reference data [478, 479]
is shown for comparison. Also included are mean absolute errors (MAE) for
the S66×8 benchmark [287] of molecular complexes and two benchmarks of
layered materials [38, 479].

System TS MBD MBD-NL XDM Ref.
(CH4)2 0.91 0.66 0.70 0.57 0.53
(C6H6)2 3.91 2.65 2.44 2.46 2.81
Graphite 34.47 21.78 18.82 19.56 18.32
MoS2 38.62 — 14.98 22.01 20.53
S66×8 (kcal/mol) 0.60 0.44 0.43 0.45 —
LM11 (meV/Å2) 12.5 — 5.0 3.7 —
LM26 (meV/Å2) 13.1 — 4.6 4.9 —

TS method, which shows starkly different behaviour for the molecular dimers and
graphite than seen above for the oscillators and noble gases. Specifically, TS shows a
sharp increase in C6 at small separations. It is not immediately clear why TS gives
such different behaviour for molecules than for atomic dimers or chains; the increased
Hirshfeld volumes upon compression may perhaps be due to the presence of covalently
bonded atoms or the greater contact area between the interacting molecules/layers.

For MoS2, only XDM and MBD-NL predict similar changes in C6 with interlayer
separation for both bulk materials. Here, the MBD method strongly over polarizes
and the Mo dispersion coefficients sharply increase for separations near the equilib-
rium displacement. This is because the TS starting point gives very high initial C6

coefficients and polarizabilities for the Mo atoms, as we will see. Conversely, MBD-NL
is well behaved due to having a much lower input polarizability and avoiding the SCS
routine, therefore avoiding these polarization issues for MoS2 and showing a decrease
in C6 at short separations similar to XDM. We note, however, that MBD-NL exhibits
small oscillations in its C6 dispersion coefficients’ curves in Figure 4.8, suggesting that
there may be some numerical instability.

To quantitatively assess the quality of the PES, the computed binding energies
are compared with high-level reference data in Table 4.1. The XDM, MBD, and
MBD-NL results are generally in fairly close agreement, while TS strongly overbinds.
The greatest spread between the methods occurs for MoS2. To provide a better
statistical comparison, we also report mean absolute errors (MAEs) obtained with
the same collection of methods for the binding energies of the S66×8 set of molecular
complexes [287] and the exfoliation energies of Bojrkman’s LM26 set [479] (and its
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Table 4.2: Computed homoatomic C6 dispersion coefficients, in a.u. for single
isolated molecules and selected layered materials at large interlayer separa-
tion. The homoatomic free C6 values for C and S [288], and Mo [480], were
taken from available reference data. Also included are mean absolute percent
errors (MAPE) and mean percent errors (MPE) for a set of 20 homomolecular
C6 dispersion coefficients (MolC6).

System Atom Free TS MBD MBD-NL XDM
CH4 C 46.6 26.0 31.7 27.6 18.7
C6H6 C 46.6 32.6 30.7 28.6 21.4
Graphite C 46.6 35.4 33.3 27.7 20.2
MoS2 Mo 1029 1060 627 260 388
MoS2 S 134.0 132 80.3 101 78.5
MolC6 MAPE (%) – 12.7 13.1 7.3 20.1
MolC6 MPE (%) – 2.5 -3.2 -2.2 -18.2

smaller LM11 subset considered by Tawfik et al. [38]) of layered materials in Table 4.1.
These benchmarks were computed in FHI-aims using the PBE base functional, light
basis settings, and dense integration grids. Again, for layered materials, 12×12×4
k-point meshes were used throughout. MBD, MBD-NL, and XDM all give comparable
performance for the S66×8 benchmark when paired with the PBE base functional.
The interested reader is directed to Ref. [119] for the results with differing functionals
and with the tight basis settings. No MBD result is given for the layered benchmark
since the MBD energy evaluation consistently predicted complex-valued energies for
transition metal dichalcogenides. Here, TS massively overbinds, similar to what was
seen for the specific case of MoS2, while MBD-NL and XDM again give comparable,
good performance.

To evaluate the accuracy of the various methods for homomolecular C6 dispersion
coefficients, we constructed a C6 benchmark using a set of 20 molecules: H2, N2, O2,
Cl2, CO2, methane, CCl4, SiH4, SiF4, SF6, ethyne, ethene, ethane, propene, propane,
butene, butane, pentane, hexane, and benzene. Reference data was collected from
Ref. [326], and computations were performed using FHI-aims with the PBE functional
and tight basis settings. During the initial development of XDM, it was found to give
a mean (absolute) percent error of only 0.3% (3.4%) for the C6 dispersion coefficients
of all combinations of H, He, Ne, Ar, Kr, and Xe [55]. Conversely, for this set of 20
molecules, the results in Table 4.2 show that XDM systematically underestimates the
homomolecular C6 dispersion coefficients, while TS, MBD, and MBD-NL give mean
percent errors much closer to zero. The systematic underestimation of molecular
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C6 dispersion coefficients with XDM, despite its excellent performance for isolated
atoms, is likely because of its use of simplistic volume scaling to obtain isotropic
atomic polarizabilities. Similar to how MBD likely relies on its damping function to
compensate for missing C8 and higher-order dispersion terms, XDM likely relies on
its damping function to compensate for underestimation of C6.

Finally, selected homoatomic dispersion coefficients for the non-hydrogen atoms in
methane, benzene, graphite, and MoS2 are collected in Table 4.2 and show much larger
differences between methods than were seen for the benchmark of 20 homomolecular
C6 coefficients. Particularly for MoS2, the chemical bonding causes large changes
in C6 relative to the free-atomic values, as noted previously [104]. The coefficients
follow the general trend of Free > TS ≈ MBD > MBD-NL > XDM for C, and Free
≈ TS > MBD > MBD-NL ≈ XDM for S and Mo, which explains the trends in MoS2

exfoliation energies in Table 4.1. While there is no reference data for accurate C6

coefficients of Mo and S in MoS2, the XDM and MBD-NL values would be expected
to be the most reliable estimates given the good performance of these two methods
for the exfoliation energy benchmarks (Table 4.1).

Conclusion

In this work, we constructed and variationally optimized wavefunctions for a series
of model systems composed of interacting quantum harmonic oscillators. From these
wavefunctions, we evaluated dispersion coefficients and energies with the XDM, TS,
and several variants of the MBD dispersion methods. The results showed a significant
difference in dispersion energies between XDM, which includes higher-order C8 and
C10 contributions, and the TS and MBD methods that do not. Conversely, when con-
sidering the damped dispersion energies, all give nearly identical results at long range
and, at intermediate range, MBD is in excellent agreement with a reparameterized
version of XDM that uses only the C6 term.

Turning to the dispersion coefficients, the rsSCS modification of MBD seems to
provide a stabilizing effect, reducing the variation of the dispersion coefficients with
surrounding environment. All the dispersion models considered showed similar be-
haviour for the variation in C6 with nuclear separation, although the MBD-based
methods showed evidence of a “polarization catastrophe” at short distances. Quali-
tatively similar results to those for the quantum harmonic oscillators were obtained
for dimers, trimers, and tetramers of Ar atoms, with the MBD-based methods again
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exhibiting a polarization catastrophe at short internuclear separations. We addition-
ally investigated how the dispersion coefficients of two interacting oscillators change
with their vibrational frequency. In general, we found greater variations in C6 with
surrounding environment (i.e. the distance between the coupled oscillators) for lower
vibrational frequencies, which corresponds to higher polarizability. Similar behaviour
was observed for DFT calculations on noble gas dimers, where the polarizability in-
creases down the group.

Finally, we performed calculations on the homomolecular dimers of methane and
benzene, as well as graphite and MoS2 to determine if the results obtained for the
oscillators and noble gases were transferable to larger chemical systems. Overall, we
found similar dependence of the dispersion coefficients on centre-of-mass or interlayer
separation. The exception to this was the TS method, where the dispersion coefficients
would increase sharply at small distances, resembling the polarization catastrophe,
but occurring due to increases in the Hirshfeld atomic volumes. This behaviour would
appear to make the TS dispersion coefficients and polarizabilities a less-than-optimal
starting point for the MBD method.

A key finding of this work is that the SCS/rsSCS schemes used in MBD show a
concerning sensitivity to the choice of input polarizabilities and dispersion coefficients.
While a TS starting point is the usual choice, this is by no means the only option and
it can result in unphysical polarizabilities, and generating complex-valued energies in
cases like MoS2. This occurs because TS gives dispersion coefficients and polarizabil-
ities that are similar to, or higher than, the free-atom values for Mo atoms for the
bulk solid. The NL variant of MBD, which is recommended for layered materials and
metals, avoids these polarization issues, and is suitable for all chemical systems con-
sidered in this work. We therefore recommend MBD-NL over MBD@rsSCS generally.
Perhaps the VV10 polarizability functional used in MBD-NL could also be integrated
into XDM to improve the model’s treatment of dynamic dipole polarizability. Indeed,
this could be an interesting avenue to explore in a future study.

The original purpose of this work was to compare and contrast the different disper-
sion corrections to understand how each accounted for electronic and atomic many-
body effects. Our results show that TS, XDM, and MBD all exhibit roughly the
same magnitude of variation in C6 with changing environment for weak interactions
between oscillators or noble gases, demonstrating that they all capture electronic
many-body effects for these systems. The agreement of TS with XDM-C6 and MBD
for undamped and damped dispersion energies of the oscillator model systems, when
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it shows very different behaviour for molecules and materials, limits our ability to
draw further conclusions.

For the oscillator model systems, we see that XDM-C6 and MBD@rsSCS (when
parameterized similarly) give effectively identical damped dispersion energies for both
intermediate- and long-range interactions. Further, MBD’s 3-body energy contribu-
tion, computed via the ACFD-RPA correlation energy, is in near perfect agreement
with the ATM energy calculated via XDM. In both cases, these 3-body energy con-
tributions proved to be negligible for the model oscillator systems, although MBD’s
3-body contributions are reported to become significant for some supermolecular com-
plexes and biochemical systems [470]. These results suggest that it would be of peda-
gogical interest to study these 3-body contributions for larger systems. For now, this
further confirms our previous conclusion [80] that electronic many-body effects and
the inclusion of higher-order, pairwise dispersion energies represent far more impor-
tant contributions to the physics of London dispersion than the triple-dipole ATM
term. Overall, our findings suggest that quantum harmonic oscillators may be too
simple to assess the performance of dispersion models, since they are missing many
of the intricacies of dispersion interactions in molecular and solid-state systems.
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Chapter 5

Comparison of
Density-Functional Theory
Dispersion Corrections for the
DES15K Database

“Something unknown is doing we don’t know what.” [482]
∼ Sir. Arthur Eddington (1882–1944)

This chapter is adapted from: Nickerson, C. J., Bryenton, K. R., Price, A. J. A.,
& Johnson, E. R. Comparison of Density-Functional Theory Dispersion Corrections
for the DES15K Database. J. Phys. Chem. A, 127, 41, 8712–8722. (2023) [483]

Author contributions: K.R.B. was responsible for the data analysis related to Sec-
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5.1 Introduction

DES15K [484] is a 2021 benchmark collection of high-level quantum mechanical
reference data, containing interaction energies for close to 15,000 different atomic
and molecular dimer geometries. These interaction energies were computed using
basis-set extrapolated MP2 calculations, combined with CCSD(T) calculations using
augmented quadruple-zeta, triple-zeta, or double-zeta basis sets, depending on the
system size [484]. This corresponds to either “gold” or “silver” standards in electronic-
structure theory [199, 204], which have estimated accuracies of ca. 0.1 kcal/mol [198]
or 0.5 kJ/mol [485], although this will naturally be system dependent and may in-
crease for larger molecular dimers [486]. While most benchmarks cover only a narrow
range of systems [285, 314, 478, 487–492], the DES15K benchmark is extremely broad
and covers many intermolecular interaction types, such as dispersion, H-bonding, ion-
molecule, and ion-ion, over a range of geometries from compressed to expanded. Con-
sequently, the DES15K dataset provides an excellent benchmark for comparing the
performance and limitations of the various dispersion corrections for small molecular
systems.

In this study, we present a head-to-head comparison of several of the most popular
dispersion corrections by using them to predict interaction energies for the DES15K
benchmark set. In particular, we study the XDM [55, 57, 156], D3BJ [41, 92], D4
[42], TS [44], MBD [45, 46], and MBD-NL [52] models, providing the first-ever com-
parison of these methods using the same electronic structure code, basis set, and
functional. The breadth of the DES15K benchmark allows us to gain new insight
into the strengths and weaknesses of these dispersion corrections. By considering the
outliers showing the largest deviation from the reference data, we are able to identify
the areas where improvements are most needed. Finally, we apply these dispersion
corrections to a model cation-π complex at stretched and compressed geometries to
further assess how these dispersion methods behave for an example of a problematic
system.
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5.2 Computational Methods

5.2.1 DFT Calculations

Geometries of the 14,651 complexes comprising the DES15K benchmark were
obtained from the .csv file provided in the supporting information of Ref. [484],
along with the reference binding energies, which correspond to the CCSD(T) results
extrapolated to the complete basis-set limit. The geometries, in the more standard
.xyz format, are available in the supplementary material of Ref. [483].

We computed interaction energies for all of the complexes in the DES15K bench-
mark by performing single-point energy calculations on the complex and the two
isolated monomer fragments and evaluating the resulting electronic energy difference.
These calculations used each of the XDM, D3BJ, D4, TS, MBD, and MBD-NL dis-
persion methods, paired with the PBE0 [149, 163, 493] density functional. This is
the recommended hybrid functional for use with TS, MBD, and MBD-NL, and the
damping functions of XDM, D3BJ, and D4 have also been parameterized for use
with PBE0. Using this same functional across the board has the benefit of allowing
comparison of the various dispersion methods on an equal footing.

We have previously argued that correct large-gradient behaviour of the DFT ex-
change functional is important for an accurate description of intermolecular chemistry
[56, 81, 414] and we consequently recommend the use of B86b [147] (as opposed to
PBE) [149] exchange when using the XDM dispersion correction. Given this, we also
tested the XDM dispersion model paired with the B86bPBE0 hybrid functional [119]
to assess the relative importance of changing the base functional compared to the dis-
persion method for this benchmark. It should be noted that B86bPBE0 and PBE0
have the same exact-exchange mixing fraction and correlation functional, and differ
only in replacing PBE with B86b for the semi-local exchange component.

All electronic structure calculations were performed using a modified copy of ver-
sion 230214 of the Fritz Haber Institute – ab initio materials simulations (FHI-aims)
program [120, 494–497]. The calculations used the default settings for a tight basis
for each species, as well as the “atomic ZORA” scalar relativity correction [120]. The
damping function parameters used with XDM were set to the recommended values for
use with the tight basis (a1 = 0.7268, a2 = 1.3825 Å for B86bPBE0 and a1 = 0.4710,
a2 = 2.3857 Å for PBE0), while the default values present in FHI-aims for use with
PBE0 were assigned for TS, MBD, and MBD-NL.
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Notably, the D3BJ and D4 dispersion methods were not yet implemented within
FHI-aims at the time this work was carried out, although D3 has since been imple-
mented [121]. However, as the dispersion energy depends only on the atomic positions
(and not on the electron density) with these two methods, it could be evaluated sep-
arately and added to the uncorrected PBE0 energy obtained from FHI-aims. To
evaluate the D3BJ and D4 dispersion energies, one can use the standalone dftd3 [498]
and dftd4 [499] programs, respectively. These require only the Cartesian coordinates,
damping function parameters, and net charge as input. Note that the ATM term
was not included in either the D3BJ or D4 dispersion energies reported here. This
choice was made since repeating the calculations using D4+ATM showed that it has
a negligible effect on the binding energies, changing the mean (absolute) errors by at
most 0.02 kcal/mol, and not changing the maximum errors, for the full DES15K set
and all subsets considered herein.

For the final part of this study, we performed analogous FHI-aims calculations to
generate potential energy curves for a cation-π complex of Li+ and benzene with C6v

symmetry. Here, the distance between the Li and the centre-of-mass of the benzene
ring was varied from 1–5 Å in 0.1 Å increments. To obtain the C6 coefficients along
this potential with TS, MBD, and MBD-NL, the FHI-aims code was modified by
adding some print statements, while Grimme’s stand-alone dftd3 [498] and dftd4
[499] programs were used to obtain the C6 dispersion coefficients with D3BJ and D4,
respectively.

5.2.2 Correlated-Wavefunction Calculations

To obtain high-level reference data for the Li+–benzene potential energy curve,
we also performed single-point energy calculations with MP2 and CCSD(T) using the
Gaussian program [126]. These calculations used the aug-cc-pVXZ basis sets [248,
500] for C and H and the aug-cc-pCVXZ basis [501, 502] for Li, which we abbreviate
as aXZ. Effectively complete-basis MP2 binding energies were evaluated from basis-
set extrapolation [503] using the aTZ (X=3) and aQZ (X=4) results. Higher-order
correlation effects were included by adding the difference between the CCSD(T) and
MP2 binding energies at the aTZ level:

∆E = ∆E(MP2/[aTZ,aQZ]) + ∆E(CCSD(T)/aTZ)−∆E(MP2/aTZ) . (5.2.1)

Frozen cores were not employed, and the final reference binding energies were taken
as an equal weighting of the results with and without counterpoise correction [241].
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5.3 Results and Discussion
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Figure 5.1: Histograms showing the error distributions obtained with each
functional and dispersion correction. The data has been split into neutral
(green) and ionic (purple) complexes. Negative errors indicate overbinding
and positive errors indicate underbinding.

5.3.1 Analysis of the Full Benchmark

Figure 5.1 shows histograms of the error distributions for the computed binding
energies comprising the DES15K benchmark, obtained with each of the seven pairings
of density functional and dispersion correction considered. The results for the overall
data set are decomposed into separate subsets of neutral and ionic complexes to better
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reveal the differing behaviours of our tested methods. From the histograms, we see
that all of the methods perform quite well for the neutral complexes where, in general,
we see narrow peaks with the errors clustered roughly symmetrically about zero. For
the ionic complexes, however, we see that all of the methods tend to give larger errors
and considerably overbind many of the complexes.

The error statistics for the full DES15K set, as well as the neutral and ionic subsets,
are summarized in Table 5.1. The errors for the neutral complexes are comparable
to those for other, smaller intermolecular interaction benchmarks, such as S22×5 and
S66×8 [119]. For these neutral complexes, we see that TS displayed the largest MAE
(in agreement with our previous work [119]), while all other dispersion methods gave
similar errors to each other. Specifically, when paired with PBE0, the XDM, D3BJ,
D4, MBD, and MBD-NL models all gave mean absolute errors (MAEs) of 0.49–0.50
kcal/mol. We also observe that the choice of base density functional had a larger
impact on the results than the choice of dispersion method, as seen from the decrease
in MAE from 0.49 to 0.40 kcal/mol with XDM upon changing the functional from
PBE0 to B86bPBE0. Additionally, this change in base functional has the effect of
shifting the highest peak to better centre the error distribution in Figure 5.1 for the
neutral complexes.

Table 5.1: Error statistics for the full DES15K benchmark set and for selected
subsets, all in kcal/mol.∗

Functional Dispersion Neutral (n=10,263) Ionic (n=4,388) Full (n=14,651)
MAE ME RMS MAX MAE ME RMS MAX MAE ME RMS MAX

B86bPBE0 XDM 0.40 0.03 0.62 3.78 1.13 -1.03 1.57 7.49 0.62 -0.29 1.01 7.49
PBE0 XDM 0.49 0.00 0.77 5.87 1.31 -1.22 1.80 7.85 0.74 -0.36 1.18 7.85
PBE0 D3BJ 0.50 -0.27 0.80 5.87 1.58 -1.54 2.04 9.34 0.83 -0.64 1.30 9.34
PBE0 D4 0.49 -0.23 0.79 5.86 1.48 -1.43 1.96 7.17 0.79 -0.59 1.26 7.17
PBE0 TS 0.61 -0.01 0.90 5.89 1.33 -1.21 1.75 8.26 0.83 -0.37 1.22 8.26
PBE0 MBD 0.49 -0.16 0.78 5.87 1.55 -1.52 2.09 17.20 0.81 -0.57 1.32 17.20
PBE0 MBD-NL 0.50 -0.21 0.81 5.88 1.56 -1.52 2.09 10.63 0.82 -0.60 1.33 10.63

Functional Dispersion
Ionic, No Metals Alkali Cations Alkaline Earth Dications

(n=3,426) (n=907) (n=55)
MAE ME RMS MAX MAE ME RMS MAX MAE ME RMS MAX

B86bPBE0 XDM 1.12 -1.01 1.57 6.62 1.04 -0.97 1.34 5.67 3.30 -3.30 3.91 7.49
PBE0 XDM 1.28 -1.18 1.79 7.21 1.25 -1.22 1.58 6.22 3.71 -3.71 4.35 7.85
PBE0 D3BJ 1.51 -1.46 1.96 7.01 1.67 -1.65 2.09 6.33 4.58 -4.58 5.20 9.34
PBE0 D4 1.49 -1.45 1.98 7.17 1.28 -1.21 1.60 6.17 3.75 -3.75 4.17 7.11
PBE0 TS 1.19 -1.04 1.57 6.43 1.73 -1.71 2.09 5.93 3.79 -3.79 4.45 8.26
PBE0 MBD 1.33 -1.29 1.75 6.71 2.22 -2.22 2.86 17.20 4.25 -4.25 5.05 9.46
PBE0 MBD-NL 1.37 -1.31 1.80 6.66 2.11 -2.10 2.60 8.12 4.90 -4.90 5.73 10.63
∗ n indicates the number of complexes present in each (sub)set; MAE: mean absolute error; ME:

mean error; RMS: root-mean-square error; MAX: maximum absolute error.
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The ionic complexes are where we observed the highest degree of error among
the tested dispersion methods. In particular, the maximum errors from MBD and
MBD-NL seen in Table 5.1 are significantly larger than with the other dispersion
methods. This prompted us to further decompose the set of ionic complexes into
three subsets: those that contain no metal cations, those that contain alkali metal
cations (Li+, Na+, K+), and those that contain alkaline earth metal dications (Mg2+,
Ca2+). The error statistics for these further subsets are also reported in Table 5.1.
This decomposition shows that, like the neutral complexes, the errors for the ionic
complexes without metals are fairly comparable with all of the methods considered.
While D3BJ and D4 perform similarly for the ionic complexes without metals, D4
does give lower errors compared to D3BJ for the metal-containing complexes due to
its dependence on partial atomic charges. Further, we see some much larger errors
for the complexes containing metal cations and dications with MBD and MBD-NL
compared to the other methods; we will return to this observation later in this work.

From Table 5.1, we see that the MAEs and RMS errors are much higher for the
dications than for the other two classes of ionic complexes. This observation is consis-
tent with the findings of a previous study [504] where we assessed the performance of
several XDM-corrected functionals for the SSI set [505] of pairs of interacting amino-
acid side chains and also found large systematic errors for dications. While, in that
work, the DFT methods overestimated the repulsion between two monocations, here
they are overestimating the binding between a dication and a neutral molecule. The
large amount of error that we observe for the dications can be attributed to a need
for an improved description of polarization and electrostatic interactions within den-
sity functionals, which we believe to be an important area for further research. It is,
of course, possible that this error may be corrected with more complex meta-GGA,
range-separated hybrid, or double-hybrid density functionals. However, a survey of
the vast range of possible base functionals now available is not our aim and is beyond
the scope of this study, which is focused on dispersion corrections.

5.3.2 Examination of Outliers

To get a sense as to the nature of the complexes responsible for the largest errors,
the signed errors for each of the tested methods were plotted against the reference
binding energies. These plots are shown in Figure 5.2, where the results are grouped
into the same subsets used in Table 5.1.

For the neutral complexes, we see that the largest errors occur for systems with
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Figure 5.2: Scatter plots showing the errors obtained with each functional
and dispersion correction for each system in the benchmark set, as a function
of the reference binding energies.

highly-compressed separations, i.e. the systems with positive binding energies. The
TS method, in particular, appears to be susceptible to this kind of error, likely due
to the steep onset of its WY damping function that zeros the dispersion energy and
results in too little dispersion stabilization at compressed geometries. Also, at com-
pressed geometries, the repulsive part of the potential becomes important, explaining
the improved behaviour of B86bPBE0 (which has a more accurate repulsive term [56,
81, 414]), relative to PBE0, when paired with XDM.

Also apparent from Figure 5.2 is the significant overbinding seen for the already
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Figure 5.3: Structures of the complexes exhibiting the maximum errors listed
in Table 5.1. From left to right: the complex of Mg2+ with phenol gives the
maximum error for PBE0-XDM and PBE0-MBD-NL; the complex of Mg2+
with cyclohexane gives the maximum error for B86bPBE0-XDM, PBE0-
D3BJ, PBE-D4, and PBE0-TS; the complex of Li+ with cyclohexane gives
the maximum error for PBE0-MBD.

strongly bound complexes involving the alkaline earth dications. For these com-
plexes, D4 appears to provide somewhat improved performance relative to the other
dispersion corrections. However, the alkaline earth dication complexes still exhibit
the largest errors for all methods considered, except for MBD. Depending on the
dispersion correction, the largest errors were observed for either the interaction of
Mg2+ with cyclohexane, or Mg2+ with phenol (see Figure 5.3). As noted above, this
is primarily due to systematic overbinding from PBE0 (or B86bPBE0) even in the
absence of dispersion. Similar, although less severe, overbinding is also apparent for
the other strongly bound ionic complexes (i.e. those with binding energies of greater
than ca. 60 kcal/mol in magnitude).

Finally, by looking at the blue points on the right-hand side of Figure 5.2, we ob-
serve that the maximum errors obtained with MBD arise from alkali-metal complexes
with positive, or slightly negative, binding energies. Examination of these structures
shows that they correspond to compressed geometries, which experience a repulsive
potential. One would not expect large amounts of dispersion stabilization in such com-
plexes due to the small atomic size and low polarizabilities of alkali-metal cations.
However, for several of these compressed complexes, the MBD dispersion energies
are greater than the corresponding TS dispersion energies by more than 5 kcal/mol,
and by as much as 11.8 kcal/mol for the compressed complex of Li+ with cyclo-
hexane shown in Figure 5.3. Prediction of large dispersion energies for compressed
alkali-metal complexes is also a problem for MBD-NL, although to a lesser extent.
Here, the maximum increase in dispersion stabilization relative to the TS method is
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5.1 kcal/mol. This behaviour seems unphysical and prompted us to investigate its
origins in more detail for a simple model system.

5.3.3 Model Cation-π Complex

To investigate the unexpected behaviour of the MBD-based dispersion methods
for compressed geometries of alkali-metal complexes in more detail, we consider the
example of the Li+–benzene complex with C6v symmetry. This model system was
selected for several reasons. First, there is a long history of studying such cation-π
complexes in the DFT and computational chemistry literature [506–508] due to their
importance in biochemistry and materials science [509]. Additionally, this complex
is already present within the DES15K set and showed the fourth largest increase in
dispersion energy going from TS to MBD. Finally, the high symmetry means that we
need only consider the interaction between the lithium and one of the six equivalent
carbon atoms, or one of the six equivalent hydrogen atoms, to capture the entirety of
the dispersion energy.

Calculations were performed to generate potential energy curves for the Li+–
benzene complex by systematically varying the distance between the Li cation and
the centre-of-mass of the benzene ring. Figure 5.4 displays the results for each dis-
persion method by plotting the error in the computed binding energy relative to
our correlated-wavefunction reference data. Since the same base density functional
(PBE0) is used in all cases, the differences between the six curves are entirely due
to the approximations used to compute the dispersion energies, which are also plot-
ted as a function of distance in the figure. The results show a sharp divergence in
the MBD dispersion energy at compressed distances, beyond the equilibrium sepa-
ration. This appears to be non-physical as dispersion interactions involving the Li+

cation should be quite weak due to its tightly bound electrons and low polarizability.
Similarly, MBD-NL predicts a large dispersion stabilization for compressed distances;
however, here we see that the dispersion energy levels out, approaching a constant
value, instead of diverging as seen for MBD.

The divergence of the MBD dispersion energy as R → 0 made us wonder if it
was experiencing a polarization catastrophe, as seen previously for noble-gas dimers,
trimers, and tetramers at compressed geometries [315]. To investigate this possibil-
ity, we also plot the heteroatomic C6 dispersion coefficients for the Li–C and Li–H
interactions as a function of distance in Figure 5.4. The results show that the TS and
MBD dispersion coefficients are fairly similar, which is not unexpected since MBD
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Figure 5.4: Errors in the computed binding energies, relative to correlated
wavefunction reference data, and computed dispersion energies for a C6v Li+–
benzene complex as a function of the distance between the cation and the
benzene ring’s centre of mass (top). Also shown are the heteroatomic C6

dispersion coefficient between the Li and C or H atoms (middle), and the
corresponding damping function (bottom). For XDM, D3BJ, and D4, this is
the BJ damping function for the C6 term using the PBE0 parameters while,
for TS, MBD, and MBD-NL, it is the WY damping function. The dashed
vertical line indicates the reference equilibrium distance.
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uses TS as the starting point for its rsSCS scheme. However, this observation rules
out the possibility that MBD experiences a polarization catastrophe for this system.

The most striking feature of the C6 plots is that the D3BJ and D4 methods give
a massive dispersion coefficient that decreases sharply once the separation falls below
a certain threshold. This behaviour can be explained by the dependence of the D3BJ
and D4 methods on the coordination number of the atom. At large separations,
the Li is modelled as an uncoordinated neutral atom, which is highly polarizable
and capable of strong dispersion interactions. It is only when the Li–C distances
are sufficiently small that the coordination number increases and the Li is correctly
modelled as a cation, yielding a much lower dispersion coefficient. It is the sharp
decrease in dispersion coefficient from 2.5 Å < R < 3.0 Å that causes the sudden
damping of the dispersion energy over this same distance range.

In contrast to D3BJ and D4, the other dispersion methods yield low dispersion
coefficients at large distances due to these models’ dependence on the SCF electron
density. The trend in dispersion coefficients at separations larger than 3 Å in Fig-
ure 5.4 is D3BJ > D4≫ TS ∼ MBD > XDM > MBD-NL, which explains the trends
in the asymptotic dispersion energy. It is our opinion that MBD-NL is likely giving
the most reasonable treatment of the Li cation’s dispersion coefficients through its
polarizability functional, while the other methods are likely somewhat overestimating
the C6 due to their use of the free neutral-atom reference polarizability for Li, as
opposed to a free cation reference.

The behaviour of the C6 coefficients alone does not explain the much larger disper-
sion stabilization predicted by MBD and MBD-NL compared to the other methods,
particularly since MBD-NL consistently gives the lowest dispersion coefficients. This
prompted us to consider the behaviour of the damping functions, which are also
plotted for the Li–C and Li–H interactions in Figure 5.4. At short separations, the
XDM, D3BJ, and D4 methods are strongly damped due to their use of BJ damping
functions. The TS dispersion energy is also very strongly damped, with the WY
damping function having a sudden onset in the range 2.5 Å < R < 3.0 Å. While
MBD and MBD-NL also use WY damping functions, their parameters were chosen
to make the damping far more gradual than for TS. It appears that this choice may
be a problem for the present system, with incomplete damping of only ca. 70-80%
of the Li–C dispersion energy at compressed geometries. As the dispersion energy
diverges as −C6/R

6, and the Li–C distances fall below the sum of their covalent radii,
this is likely insufficient. Additionally, less than 40% of the Li–H dispersion energy
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is damped with MBD, and less than 5% is damped with MBD-NL. This latter result
is likely sufficient to explain the large dispersion stabilization predicted for MBD-NL
at short separations, despite yielding relatively small dispersion coefficients. Thus,
the large errors observed with the MBD and MBD-NL methods for alkali-cation com-
plexes at compressed geometries seem to be due to insufficient damping for dispersion
interactions involving these cations.

5.4 Conclusion

In this study, we used the recent DES15K [484] benchmark of neutral and charged
intermolecular complexes, at expanded and compressed geometries, to assess the per-
formance of five popular dispersion corrections within density-functional theory. By
using the same electronic-structure code, density functional, basis sets, and integra-
tion grids, this represents the first head-to-head comparison of the XDM [55, 57,
156], D3BJ [41, 92], D4 [42], TS [44], MBD [45, 46], and MBD-NL [52] dispersion
corrections. Furthermore, the size of this benchmark and the breadth of chemical
systems present within it give us a high level of confidence in our findings and reveals
some unexpected errors not seen for narrower data sets. It should be noted, however,
that the DES15K set is limited to relatively small, gas-phase molecular dimers and
significant errors with one or more density-functional dispersion corrections can and
do occur for systems not sampled here, including supermolecular complexes [486],
inorganic solids [38, 479], and surface adsorption [510, 511].

For the neutral complexes, and ionic complexes without metal cations, the XDM,
D3BJ, D4, MBD, and MBD-NL dispersion methods all performed similarly. For these
types of systems, we found no strong reason to choose any of these methods over any
other. Indeed, the choice of base functional matters more for computational accuracy
than the choice of dispersion correction. This was demonstrated by the fact that
B86bPBE0-XDM gave lower errors than PBE0-XDM for complexes at compressed
geometries due to better treatment of non-bonded repulsion. It is our opinion that a
more accurate treatment of non-bonded repulsion should be an ongoing aim in DFT
development. We additionally found that systems containing alkaline earth metal
dications pose a consistent problem for both of the base functionals considered here,
although it is possible that other base functionals may perform better.

MBD and MBD-NL were found to give consistently larger errors than obtained
with the other dispersion methods for complexes containing alkali cations and alkaline



§5.4. CONCLUSION 127

earth dications. Analysis of the outliers revealed that MBD and MBD-NL tend to sig-
nificantly overbind these species, particularly at compressed geometries. We therefore
decided to investigate this problem further by studying a model cation-π complex.
This showed that the error is not a result of a polarization catastrophe, but rather,
seems to be a problem with the dispersion energy evaluation, likely due to an overly
weak damping function. Presently, we do not recommend MBD-based methods for
intermolecular chemistry involving metal cations. It is possible that MBD/FI [50], the
fractionally ionic variant of MBD, may show improved performance for such systems.
However, the MBD/FI dispersion correction has yet to be implemented in FHI-aims,
preventing a fair comparison in this work. While the worst errors occur for highly
compressed geometries that are not encountered in most thermochemistry studies,
compressed geometries do arise in molecular dynamics simulations or when modelling
systems at high applied pressure. A particular application that may prove prob-
lematic would be modelling intercalation of Li (or other alkali metals) into graphite
anodes for Li-ion battery applications [512–516].

As a final remark, this work demonstrates how analysing the outliers from large
benchmarks can provide valuable insight into where popular methods succeed and
fail. It is by examination of the outliers that benchmarking studies can provide value
and new physical insight, although this is, unfortunately, often overlooked.
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Chapter 6

The Exchange-Correlation
Dipole Moment Dispersion
Method

“I think there is a moral to this story, namely that it is more important
to have beauty in one’s equations than to have them fit experiment. It
seems that if one is working from the point of view of getting beauty in
one’s equations, and if one has really a sound insight, one is on a sure line
of progress.” [517]
∼ Prof. Paul A. M. Dirac (1902–1984)

This chapter is adapted from: Bryenton, K. R., & Johnson, E. R. The exchange-
correlation dipole moment dispersion method. Submitted To: Phys. Chem. Chem.
Phys., (2025) [244]

Author contributions: K.R.B. developed the mathematical model, wrote the software,
generated all data, and wrote the first draft of the manuscript.
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6.1 Introduction

The XDM model uses second-order perturbation theory to obtain the dispersion
energy in terms of atomic multipole-moment integrals and polarizabilities [78, 518].
One key approximation is that the multipole moments are taken to be those of a
reference electron and its associated DFA exchange hole [55], which serves as a con-
venient and simple proxy for the full exchange-correlation (XC) hole. Indeed, shortly
after the formulation of XDM, three papers sought to provide a more rigorous link be-
tween the XC hole and the London dispersion energy [519–521]. The rationale for the
good performance of a dispersion model based on the DFA exchange-hole multipole
moments, without further correlation terms, is that the chosen Becke–Roussel model
[16] is inherently local and confines the hole to a region of roughly atomic size. This
implicitly accounts for the effects of non-dynamical correlation (NDC) [170], which
serves to localise the highly non-local exact exchange hole and produce a localised
XC hole [331], as illustrated in Figure 6.1. Thus, NDC is expected to account for
the vast majority of the total correlation contribution to the XC hole, while the more
local, dynamical correlation (DC) is thought to have only a small contribution [55]
and has been neglected in XDM to date. However, given the high accuracy achieved
by existing DFA dispersion models, inclusion of the DC contribution is becoming
increasingly relevant.

Additionally, Becke recently showed [183] that XDM fails to accurately predict the
binding energies of two alkali-metal clusters (Li8 and Na8) in the ALK8 subset of the
GMTKN55 thermochemistry benchmark [280]. The error was traced to the Becke–
Johnson (BJ) damping function [156] used in XDM (as well as in the D3(BJ) and D4
dispersion models) to damp the dispersion energy to a small negative value at short
interatomic separations. An alternative damping function based on atomic numbers,
Z, was proposed and found to provide good accuracy for these metal clusters, and the
GMTKN55 benchmark as a whole [183]. Notably, the Z-dependent damping function
is simpler, relying on only one empirical parameter for use with a given DFA, as
opposed to the two parameters used in BJ-damping. However, the performance of
Z-damping has not yet been assessed on solid-state systems or on molecular systems
beyond those comprising the GMTKN55 data set.

In this chapter, dynamical correlation is added to XDM dispersion through the
use of a real-space correlation-hole model [135, 522], yielding the exchange-correlation
dipole moment (XCDM) dispersion method. The effects of dynamical correlation on
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Figure 6.1: Sketch (modelled after H2 from Ref. [331]) of the exact exchange
hole and non-dynamical correlation hole in a diatomic molecule, the sum
of which is approximated by the DFA exchange hole. Also shown is the
dynamical correlation hole and its sum with the DFA exchange hole to give
the DFA exchange-correlation hole. Note that the exchange holes have a
normalization of -1, while the correlation holes have a normalization of 0.

Exact−X

+

NDC

=

Exact−X + NDC

≈ DFA−X

DFA−X

+

DC

=

DFA−XC

the resulting atomic and molecular dispersion coefficients are quantified for the first
time. The performance of XDM and XCDM, paired with both BJ- and Z-damping,
is assessed for selected isolated-molecule and periodic-solid benchmarks. Overall,
XCDM is found to outperform XDM for computation of molecular dispersion coef-
ficients, as well as for all molecular benchmarks, although it significantly overbinds
layered materials. XDM with Z-damping appears to be a Pauling point [523], pro-
viding consistently reliable results for all benchmarks considered with a minimum of
empiricism.

6.2 Theory

6.2.1 Inclusion of Dynamical Correlation: XCDM

As previously stated, since XDM uses the BR hole model it is able to capture
the effects of non-dynamical correlation as well as exchange. However, the BR model
does not account for dynamical correlation, so it must be added. This is intended; it
has long been argued that the role of DFA exchange functionals is to also capture this
non-dynamical contribution to correlation, and that dynamical correlation should be
captured explicitly through dedicated correlation functionals [522, 524]. We consider
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the same-spin (σσ) and opposite-spin (σσ′ for σ ̸= σ′) dynamical correlation holes
proposed by Becke [135]:

hCσσ(r, s) =
s2 (s− zσσ)Dσ(r)

6 (1 + zσσ/2)
F (γσσs) , (6.2.1)

hCσσ′(r, s) =
(s− zσσ′) ρσ′(r)

1 + zσσ′
F (γσσ′s) . (6.2.2)

Here, z is the correlation length, which is the radial distance from the reference
electron at which the correlation hole becomes zero. This length is determined using
the inverse of the spin-indexed exchange potentials,

zσσ = 2cσσ|UXσ|−1 , (6.2.3)

zσσ′ = cσσ′
(
|UXσ|−1 + |UXσ′|−1

)
, (6.2.4)

where the dimensionless quantities cσσ = 0.88 and cσσ′ = 0.63 were obtained from fits
to atomic correlation energies [522]. For the case of the BR exchange functional, the
exchange potential is [16]

|UXσ| =
1

bσ

(
1− e−x − 1

2
x e−x

)
. (6.2.5)

Returning to Eq. (6.2.1), Dσ = τσ − τwσ is the difference between the exact kinetic-
energy density,

τσ =
∑
i

|∇ψiσ|2 , (6.2.6)

written in terms of occupied Kohn–Sham orbitals, ψiσ, and the von Weizsäcker ap-
proximation [318],

τwσ =
1

4

(∇ρσ)2

ρσ
. (6.2.7)

The prefactor is 1/4, as opposed to 1/8, to be commensurate with our definition of
the kinetic-energy density where the usual 1/2 factor is omitted. Finally, F (γs) is a
function that describes the hole shape and involves an adjustable parameter to enforce
normalization.

In his work, Becke suggested three forms for this normalization function [135]:

F1(x) = sech(x) , (6.2.8)

F2(x) = (1 + x) e−x , (6.2.9)
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F3(x) = e−x
2

. (6.2.10)

If the exchange and exchange-correlation holes both normalize to -1 electrons, then
the correlation hole must normalize to zero. Thus, the first step is to solve for the
value of γ in these functions to enforce the zero normalization constraint of∫

hC(r, s)s
2 sin(θ) ds dθ dϕ = 0 . (6.2.11)

For the same-spin hole, it can be shown that

γσσ,1 =
Ψ(5)(1/4)−Ψ(5)(3/4)

360π5zσσ
, (6.2.12)

γσσ,2 =
35

6 zσσ
, (6.2.13)

γσσ,3 =
8

3
√
π zσσ

, (6.2.14)

and for the opposite-spin hole

γσσ′,1 =
Ψ(3)(1/4)−Ψ(3)(3/4)

16π3zσσ′
, (6.2.15)

γσσ′,2 =
15

4 zσσ′
, (6.2.16)

γσσ′,3 =
2√

π zσσ′
, (6.2.17)

where Ψ(n)(z) = dn

dzn
Γ′(z)
Γ(z)

is the polygamma function, not to be confused with a wave-
function.

The correlation hole models presented above are all spherically symmetric about
the reference point (as the correlation energy depends only on the spherical average)
and will, therefore, not possess a dipole moment. However, the actual correlation holes
will not be spherically symmetric in general. While the spherically symmetric hole is
centred about the reference electron at position, r, one can envision an asymmetric
hole shifted by some displacement, d, towards the nearest nucleus (where there is more
electron density to deplete) that would give the same spherical average. This is indeed
the case for the BR exchange hole, as illustrated in Figure 6.2, where the magnitude
of this shift, dX, is determined from the BR exchange-hole dipole moment. However,
for the correlation hole, we use its radial size as a proxy for the extent of polarisation,
dC. The first scalar moments of the same- and opposite-spin dynamical correlation
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Nucleus Ri

b = dX (Dipole)

ri (Electron)

dXC

hX (Hole Centre)

hXC

Figure 6.2: An illustration of the Becke–Roussel (BR) exchange hole, adapted
from Ref. [80]. The nucleus is at position Ri and its reference electron is a
distance ri = |r −Ri| away. A dipole moment is formed between the refer-
ence electron and the centre of its associated exchange hole. Also depicted
is the BR exchange-correlation hole, which is shifted slightly further towards
the nucleus, increasing the dipole moment strength compared to using only
the exchange hole.

holes are ultimately used to shift the hole even closer to the nucleus, as illustrated
in Figure 6.2, increasing the dipole strength. The resulting exchange-correlation-hole
dipole moment is used to calculate the XCDM dispersion coefficients. The validity of
this model will be assessed by testing its performance for molecular and solid state
systems.

The first scalar moment of the correlation hole,

dC(r) ≈
∫
hC(r, s) s ds , (6.2.18)

should provide a measure of the average distance between the reference electron and
hole centre and will be used to approximate the correlation-hole dipole moment. The
quality of this approximation is assessed for the BR exchange-hole dipole moments
in Appendix C.1. Using Eq. (6.2.18), our same- and opposite-spin correlation-hole
dipole moment contributions are then

dCσσ(r) =

[
gσσ z

7
σσ

2 + zσσ
Dσ(r)

]
, (6.2.19)

dCσσ′(r) =

[
gσσ′ z5σσ′

1 + zσσ′
ρσ′(r)

]
, (6.2.20)

where the value of the dimensionless constant g depends on the chosen normalization
function, F , and is thus a function of γ. XCDM was tested using each normalization
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function on a molecular C6 benchmark (see Section 6.3.1), and the values from the
sech-type form of Eq. (6.2.8) were ultimately chosen, specifically gσσ = 0.01243 and
gσσ′ = 0.5360.

Finally, the correlation-hole contributions are combined with the exchange-hole
dipole contribution to form the σ-spin exchange-correlation dipole, given by

dXCσ(r) = dXσ(r) + dCσσ(r) + dCσσ′(r) (6.2.21)

≈ bσ +

[
gσσ z

7
σσ

2 + zσσ
Dσ

]
+

[
gσσ′ z5σσ′

1 + zσσ′
ρσ′

]
, (6.2.22)

and ri − dXCσ ≥ 0 is now enforced. The addition of correlation deepens the total
XC hole compared to the exchange hole. In the limit of two opposite point charges,
the dipole strength is maximized. Thus, the addition of dynamical correlation (which
localizes the hole) should increase the dipole strength such that dXC ≥ dX. This would
shift the location of dXC closer to the nucleus, as illustrated in Figure 6.2. This result
is substituted into the multipole-moment integrals in order to evaluate the XCDM
dispersion coefficients.

Figure 6.3 shows the radial distribution of the exchange hole, correlation hole, and
total XC hole about a reference electron for three positions within an isolated helium
atom. Naturally, all three holes are deeper when the reference electron is closer to the
nucleus, as the overall electron density is higher. Addition of dynamical correlation
deepens the overall hole near the reference point, but its effect is rather short range
and limited by the correlation length, which is ca. 1 a.u. in this particular example.
The figure also shows the magnitudes of the exchange-, correlation-, and XC-hole
dipole moments. Due to the localised nature of the dynamical correlation hole about
the reference electron, it gives rise to a small first scalar moment. Thus, the XC-
hole dipole moment is only slightly larger than the exchange-hole dipole moment,
justifying the previous neglect of the dynamical correlation contribution in XDM.
However, the dynamical correlation contribution is non-negligible, and its inclusion
does result in a ca. 10% decrease in the mean absolute percent error (MAPE) in
molecular C6 dispersion coefficients. Further, as shown in Table 6.1, the XCDM mean
percent error (MPE) all but vanishes, eliminating the systematic underestimation of
the molecular C6 dispersion coefficients observed with XDM. Tabulated MAPE and
MPE values for the F2 and F3 normalization functions, as well as the rounded mean
of all three normalization functions, can be found in Table C.1.
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Figure 6.3: The exchange hole, opposite-spin correlation hole, and combined
XC hole are plotted as a function of the distance from the reference electron,
s. The associated dipole moment strengths are indicated with coloured bars
along the s-axis. Results are shown for the helium atom, with the reference
electron at three selected displacements, r (in bohr), from the nucleus, as
shown in the inset.

6.2.2 Damping Functions

Conventionally, XDM uses the Becke–Johnson (BJ) damping function [156], which
is also used in the D3(BJ) and D4 dispersion methods of Grimme and co-workers.
The BJ-damping function is

fBJ
n (Rij) =

Rn
ij

Rn
ij +Rn

vdW,ij

, (6.2.23)

where RvdW,ij is the sum of approximate van der Waals radii of atoms i and j. It is
determined as

RvdW,ij = a1Rc,ij + a2 , (6.2.24)

where a1 and a2 are empirical parameters that are not element-dependent but are
fitted for use with a particular combination of density functional and basis set. Rc,ij

is a “critical” interatomic distance at which successive terms in the perturbation the-
ory expansion of the dispersion energy become equal. If the dispersion energy only
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Table 6.1: Results for the MolC6 benchmark of homomolecular C6 coeffi-
cients, computed using XDM and XCDM in FHI-aims [120] using tight
basis settings. Mean percent errors (MPE) and mean absolute percent errors
(MAPE) are shown for the B86bPBE and PBE functionals, as well as their
25% and 50% hybrid variants.

XDM XCDM
Functional MAPE MPE MAPE MPE
B86bPBE 18.4 -16.4 8.5 2.7
B86bPBE0 19.6 -18.1 8.6 0.6
B86bPBE50 17.0 -14.5 9.0 -1.2
PBE 18.1 -16.1 8.4 3.3
PBE0 19.4 -17.9 8.5 1.1
PBE50 16.6 -14.0 8.9 -0.9

includes the C6 and C8 terms, then

Rc,ij =

√
C8,ij

C6,ij

. (6.2.25)

However, if the C10 term is also included in the dispersion energy, two other possible
definitions for Rc,ij arise:

Rc,ij =


√

C10,ij

C8,ij

4

√
C10,ij

C6,ij

. (6.2.26)

In XDM, the value of Rc,ij is taken to be the average of these three results.

Becke recently proposed an alternative damping function for use with XDM that,
unlike BJ damping, involves only one empirical fit parameter [183]. In this work, it
will be referred to as Z-damping, due to the dependence on the atomic number. The
Z-damping function is

fZ
n (Rij) =

Rn
ij

Rn
ij + zdamp

Cn,ij

Zi+Zj

, (6.2.27)

where Zi and Zj are the atomic numbers of atoms i and j, respectively. This definition
was chosen because the resulting contribution to the correlation energy in the united-
atom limit would be

lim
Rij→0

(
Cn,ij

Rn
ij + zdamp

Cn,ij

Zi+Zj

)
=
Zi + Zj
zdamp

, (6.2.28)

and atomic correlation energies are roughly proportional to atomic number. Similar
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to BJ damping, the single empirical parameter, zdamp, is atom-independent and fitted
for use with a particular density functional and basis set. A typical value of zdamp is
around 105 Ha−1.
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Figure 6.4: Comparison of BJ- and Z-damping functions. The plots use XDM
data for the free atoms only, computed with the B86bPBE functional and
tight basis settings using FHI-aims.

To illustrate the differences in damping functions, BJ- and Z-damping are com-
pared for homonuclear interactions between Li, Na, Ne, and Ar atoms in Figure 6.4.
The Li and Na calculations are spin-polarized, with a net spin of 1 electron. For
simplicity, the curves use only data for the free atoms, which omit changes in dis-
persion coefficients with internuclear separation that would be observed in the dimer
systems due to varying electron densities. The results in Figure 6.4 show that Z-
damping consistently reduces the magnitude of the dispersion energy compared to
BJ-damping. However, this effect is fairly minor for Ne and Ar, while there is a
very large increase in damping strength for Li and Na. This allows correction of the
overbinding seen with BJ-damping for the Li8 and Na8 clusters, while preserving high
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accuracy for main-group elements. With BJ-damping, the magnitudes of the dis-
persion energies in the united-atom limit follow the trend Na>Li>Ar>Ne, but this
changes to Ar>Na≈Ne>Li for Z-damping. The latter appears more physical because,
in the united-atom limit, the dispersion energy would become a correlation energy
and should increase with the number of electrons and, hence, atomic number.

6.3 Data Sets

To evaluate the performance of XDM and XCDM, both with BJ- and Z-damping, a
comprehensive list of benchmarks has been selected for testing. These are categorised
into three groups: those used to optimize parameters for dispersion coefficients and
damping functions, finite-molecule benchmarks, and periodic-solid benchmarks. The
benchmark content, geometry sources, and reference data quality are summarised
below.

6.3.1 C6 Benchmark and Fit Set

MolC6: Benchmark of 20 homomolecular C6 dispersion coefficients originally
studied by Becke and Johnson [326]. Systems include H2, N2, O2, Cl2, CO2, methane,
CCl4, SiH4, SiF4, SF6, ethyne, ethene, ethane, propene, propane, butene, butane, pen-
tane, hexane, and benzene. Reference values were obtained from experimental dipole
oscillator strength (DOS) data and subsequently refined using the dipole oscillator
strength distribution (DOSD) method [87, 326, 525–530]. These C6 reference values
were used to assess the accuracy of XCDM relative to XDM and to guide the optimal
determination of the gσσ and gσσ′ parameters, as described in Section 6.2.1.

KB49: Binding energies of 49 molecular dimers with reference values from basis-
set extrapolated CCSD(T) calculations [323]. Dimer geometries are available from the
refdata GitHub repository [531]. The BJ-damping parameters, a1 and a2 (in Å), as
well as the Z-damping parameter, zdamp, were fitted separately for XDM and XCDM
for each combination of DFA and basis set. Optimal parameters were determined by
minimising the root-mean-square percent error (RMSPE) for the KB49 set and may
be found in Table C.2 and Table C.3.

6.3.2 Molecular Benchmarks

GMTKN55: A collection of 55 individual benchmarks spanning the thermo-
chemistry of small and large molecules, reaction barriers, and both intramolecular
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and intermolecular non-covalent interactions (NCI). Typically, error metrics are re-
ported for seven categories: “Basic + Small”, “Iso + Large”, “Barriers”, “Intermolecular
NCI”, “Intramolecular NCI”, “All NCI”, and GMTKN55 as a whole. The interested
reader is directed to Ref. [280] for detailed information regarding the individual bench-
marks. Geometries for FHI-aims may be obtained from the gmtkn55-fhiaims GitHub
repository [532].

Due to the wide range of energy scales of the component benchmarks within
the GMTKN55, the overall error for the set is reported as a weighted mean abso-
lute deviation (WTMAD). Several definitions for such a weighted error have been
proposed. The first proposed metric, WTMAD-1, is not commonly used. In this
scheme, each subset is assigned an arbitrary weight, denoted wi, where wi = 10 when
|∆E|i < 7.5 kcal/mol, wi = 0.1 when |∆E|i > 75 kcal/mol, and wi = 1 otherwise.
The WTMAD-1 is then calculated as

WTMAD-1 =
1

Nbench

Nbench∑
i=1

wi ·MADi . (6.3.1)

The most widely used metric for the GMTKN55 benchmark is the WTMAD-2, in-
troduced in Ref. [280] and defined as

WTMAD-2 =

Nbench∑
i=1

Ni

Ntotal
· |∆E|mean

|∆E|i
·MADi , (6.3.2)

where the sum runs over all 55 benchmarks. Here, Ni is the number of data points
in the ith benchmark, |∆E|i is the average reference energy for that benchmark,
Ntotal =

∑Nbench
j=1 Nj, |∆E|mean is the average of all |∆E|i values (approximately 56.84

kcal/mol if all 55 subsets are considered), and MADi is the mean absolute deviation
between the computed and reference data. Additionally, Whittmann et al. recently
proposed the WTMAD-3 weighting scheme, which is identical to WTMAD-2 except
that it attenuates the weights for a subset to be no more than 1% of the total reactions
considered [533].

As shown in Table C.4, all three of these metrics result in a number of benchmarks
having a disproportionately large contribution to the overall WTMAD, while others
have near-zero contribution. Upon review, we determined that calculating weights
based on the MAD relative to the reference energy |∆E|i was not representative. For
example, IL16’s average reference energy is 109.04 kcal/mol—171 times larger than
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its mean MAE across our methods of 0.63 kcal/mol—resulting in severe undercontri-
bution (0.05%) in WTMAD-2. Subsets such as PA26 (0.21%) and DIPCS10 (0.04%)
are similarly affected. There also exist cases where the inverse is true and the ratio
is small, causing overcontribution of subsets such as PCONF21 (4.5%), HEAVY28
(4.7%), and BH76 (9.6%).

To address these issues, we propose yet another metric, WTMAD-4. This scheme
is identical to WTMAD-1 in its construction, but the weights are based on the magni-
tudes of expected errors rather than on the absolute energy scales. As a result, each
benchmark contributes meaningfully and appropriately to the overall WTMAD-4,
with contributions ranging approximately between 1.0 to 3.5%. The weights are
given by

wi =



50 ACONF, RG18

25 ADIM6, Amino20x4, BUT14DIOL,
HEAVY28, ICONF, MCONF, S66

10 BHROT27, HAL59, IL16, PCONF21,
PNICO23, RSE43, S22, SCONF, UPU23

5 AHB21, CARBHB12, CDIE20,
CHB6, ISO34, PArel, TAUT15

2.5 AL2X6, BH76, BH76RC, BHPERI,
BSR36, FH51, G21EA, HEAVYSB11,
IDISP, INV24, ISOL24, NBPRC,
PA26, YBDE18

1 ALK8, ALKBDE10, BHDIV10, DARC,
DIPCS10, G21IP, G2RC, PX13,
RC21, W4-11, WATER27, WCPT18

0.5 C60ISO, DC13, MB16-43, SIE4x4

(6.3.3)

Considerations for each subset, such as its total fraction of reactions within its cate-
gory, and the quality of its reference data, were taken into account when determining
the appropriate weights. For additional information on the reasoning and construc-
tion of WTMAD-4, the reader is directed to Appendix C.4.

6.3.3 Solid-State Benchmarks

X23: Lattice energies of 23 molecular crystals [99, 295], using updated “X23b”
reference energies [534]. Geometries are available from the refdata repository [531].
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Unlike the previous benchmarks, X23 requires geometry optimizations with each func-
tional and basis combination considered.

HalCrys4: Lattice energies of four halogen crystals—Cl2, Br2, I2, and ICl [535].
These lattice energies are compared to back-corrected experimental results from
Ref. [536]. As with the X23, geometries are optimised for each reported functional
and basis set. Geometries are available from the refdata repository [531].

ICE13: Absolute lattice energies of ice polymorphs [537] (Abs), along with their
relative energy differences (Rel) using diffusion Monte Carlo (DMC) reference data
[196]. ICE13 requires geometry optimizations for all systems except the isolated water
molecule, which uses a fixed geometry. Geometries are available from the refdata

repository [531].

LM26: Exfoliation energies of 26 layered materials, predominantly transition-
metal dichalcogenides, but also including graphite and hexagonal boron nitride [479].
We also provide statistics for the LM11 subset studied by Tawfik [38]. Reference
data was obtained using the random-phase approximation (RPA), and geometries
may be obtained from the Inorganic Crystal Structure Database [538]. Since small
deviations in the in-plane lattice constant, a, do not significantly affect the equilibrium
interlayer separation and binding energy, the in-plane lattice constants are fixed to
their experimental values. The binding energies and c lattice constant are determined
by unit-cell relaxation [38] or interpolation [315, 479].

6.4 Computational Methods

Unless otherwise stated, all calculations were performed using version 250425 of
FHI-aims (commit b38a7049) [119, 120, 162, 494–497, 539]. As noted above, the BJ-
and Z-damping coefficients were determined for each functional and basis combination
by least-squares fitting to minimise the RMSPE for the KB49 benchmark set of in-
termolecular binding energies. Parameters for the XDM(BJ), XDM(Z), XCDM(BJ),
and XCDM(Z) dispersion corrections, optimised for all combinations of eleven density
functionals and five basis sets, are included in Table C.2 and Table C.3.

Herein, we will focus on only nine representative functionals, using data near
the basis-set limit to avoid any conflating effects of basis-set incompleteness errors.
At the GGA level of theory, we considered the PBE [148–150] and B86bPBE [147]
functionals. At the global hybrid level, we selected six GGA-based hybrids including
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B3LYP [134, 165, 540–542], popular for molecular thermochemistry, PBE0 [163],
popular in solid-state chemistry, and our recommended B86bPBE0 [119]; we also used
their analogues with 50% exact exchange—BHLYP [164], PBE50, and B86bPBE50—
which should exhibit reduced delocalization error [161]. Finally, we also considered
the range-separated GGA-based hybrid LC-ωPBE (ω = 0.4 bohr−1) [166, 167], which
has previously demonstrated excellent performance on GMTKN55 as a minimally
empirical functional when paired with the D3(BJ) dispersion correction [280]. Our
focus is limited to methods with simple functional forms as this is consistent with
an “Occam’s Razor” approach to DFA development. We explicitly do not consider
any exchange-correlation functionals involving empirically fit parameters, with the
exception of B3LYP, which involves three parameters and was fit to the G1 [543, 544]
thermochemistry set only. We similarly do not consider any double-hybrid functionals
due to their reliance on virtual orbitals.

For GMTKN55, all FHI-aims calculations used the tight basis, except for subsets
containing anions. HB21, BH76, BH76RC, and G21EA used tier2_aug2 for all
atoms; IL16 used tier2_aug2 for all O, F, S, and Cl atoms; and WATER27 used
tier2_aug2 for O atoms only for reactions involving anions, as this basis caused
linear dependencies in the SCF for some of the larger, neutral water clusters. In all
cases, the damping parameters were kept at the same values optimised for the tight

basis settings as these are already sufficiently converged as to approach the basis-set
limit. As some SCF convergence problems were encountered for the range-separated
hybrid functionals in FHI-aims (see Appendix C.3), the LC-ωPBE data were obtained
in combination with the aug-cc-pVTZ basis set using the Gaussian16 program [126],
with the dispersion corrections applied ad hoc using the postg code [124].

Turning to the solid-state, only FHI-aims calculations were performed and only
the two GGA and four global-hybrid functionals were considered (B3LYP and BH-
LYP were omitted as the asymptotic constraint used in the construction of the B88
exchange functional [134] is not relevant for solid-state systems). For the X23, ICE13,
and HalCrys4 benchmarks, GGA calculations used both tight and lightdenser [243]
basis settings. The latter is our recommended basis for most solid-state calculations,
particularly geometry optimizations, although there will be some residual basis-set
incompleteness error. As hybrid calculations with the tight basis require prohibitive
amounts of memory, only lightdenser calculations were performed. Hybrid results
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Table 6.2: Timing comparisons for XDM and its variants are reported as the
mean of the percent van der Waals (vdW) time per system. For the “1 SCF
Step” column, each GMTKN55 system was reinitialized from a converged
SCF using the elsi_restart feature, and was allowed to converge—typically
one SCF step—using the B86bPBE0 hybrid functional and tight basis set-
tings. For the “1 Opt Step” column, each system in the X23 benchmark was
started from a pre-converged geometry, thus a single geometry optimization
step was calculated. The results combine data from PBE, B86bPBE, and
their associated 25% and 50% hybrid functionals, all using the lightdenser
basis.

Method 1 SCF Step 1 Opt Step
XDM(BJ) 9.42% 3.20%
XDM(Z) 9.16% 3.20%
XCDM(BJ) 9.44% 3.24%
XCDM(Z) 9.17% 3.28%

with the tight basis were approximated using an additive basis set correction eval-
uated at the converged GGA/lightdenser geometries [119, 545]:

E(hybrid/tight) ≈ E(hybrid/lightdenser)

+ E(GGA/tight)

− E(GGA/lightdenser) . (6.4.1)

For the LM26 benchmark (and its LM11 subset), only GGA calculations using the
lightdenser and tight basis settings were performed. Hybrid results are not re-
ported due to SCF convergence issues, likely arising due to the small band gaps in
these semiconducting materials.

Lastly, we highlight the computational efficiency of the XDM-based post-SCF
dispersion corrections. As shown in Table 6.2, these corrections account for only
a small fraction of the total CPU time compared to even a single SCF step. The
increased overhead to compute XCDM is negligible relative to XDM, and Z-damping
is slightly quicker than BJ-damping, although not enough to be significant during a
geometry optimization.
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6.5 Results and Discussion

6.5.1 Molecular Benchmarks

The focus of this section is the GMTKN55 set, comprised of 55 diverse molecular
benchmarks. The summarized results are presented below, while full statistics for each
benchmark with all functionals and dispersion corrections, as well as the WTMAD
values for each category, are provided in Appendix C.5. A recent study by Becke
demonstrated the improved performance of Z-damping compared to BJ-damping for
alkali metal clusters in the ALK8 benchmark when paired with a double-hybrid func-
tional [183]. However, in that work, the Z-damping parameter was fitted to the
GMTKN55 itself, which may have introduced a confounding variable. Here, we fit-
ted XDM(Z) to the canonical KB49 set and extended the comparison to a range of
common, minimally empirical, density functionals.

Figure 6.5 shows the best-performing dispersion correction among XDM(BJ),
XDM(Z), XCDM(BJ), and XCDM(Z) for each functional and benchmark alongside
the corresponding MAE. While XCDM(BJ) clearly performs better for most systems,
Z-damping shows clear improvements for specific cases, including ALK8 (dissocia-
tion and other reactions of alkaline compounds), HEAVYSB11 (dissociation energies
in heavy-element compounds), YBDE18 (bond-dissociation energies in ylides), and
much of the “Iso+Large” category (reaction energies for large systems and isomer-
ization reactions). LC-ωPBE also tends to pair better with Z-damping, although
further testing is needed to see if this is broadly applicable to range-separated hybrid
functionals.

To quantify the differences between the four dispersion corrections, the MAE
difference of XDM(Z), XCDM(BJ), and XCDM(Z) compared to XDM(BJ) for each
benchmark is shown in Figure 6.6. The B86bPBE0 and LC-ωPBE functionals were
selected for this assessment because B86bPBE0 is representative of most other global
hybrids tested, while LC-ωPBE should reduce delocalization error due to its range
separation. As expected, Z-damping alleviates the issues with alkali metal clusters
and substantially improves performance on the ALK8 set, lowering the MAE by
>6 kcal/mol with B86bPBE0. However, the ALK8 set is not an outlier for BJ-
damping when paired with LC-ωPBE, indicating that there is considerable interplay
between the base functional and dispersion damping for this data set. Additionally,
XCDM(BJ) at least partially alleviates the overbinding of ALK8, although not to
the same extent as Z-damping. It is also notable that the large improvement in
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Figure 6.5: Minimum MAEs, in kcal/mol, obtained for each benchmark
within the GMTKN55 set for each DFA considered. The dispersion correction
yielding this MAE is indicated by the colour. WTMAD-2 and WTMAD-4
results for the entire benchmark are also shown. Thick black lines partition
GMTKN55 into its composite categories: (from top to bottom) “Basic +
Small”, “Iso + Large”, “Barriers”, “Intermolecular NCI”, and “Intramolecular
NCI”.
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Figure 6.6: MAE differences, in kcal/mol, relative to XDM(BJ) results for
each GMTKN55 benchmark, with the three new XDM variants. Data is
shown only for the two generally best-performing functionals: B86bPBE0 and
LC-ωPBE. The red/green colours indicate increases/decreases in the MAE
for a particular data set. The WTMAD-2 and WTMAD-4 differences for
the entire benchmark are also shown. Thick black lines partition GMTKN55
into its composite categories: (from top to bottom) “Basic + Small”, “Iso +
Large”, “Barriers”, “Intermolecular NCI”, and “Intramolecular NCI”.
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the ALK8 MAE with Z-damping does not carry over to the WTMAD values, likely
due to it providing slightly worse performance for most of the other benchmarks. It
would perhaps be desirable to consider a weighted root-mean-square deviation, or
some other metric that would reward consistency across the subsets while punishing
extreme outliers more harshly in its evaluation.

The largest worsening of performance seen with Z-damping is for the WATER27
set, where the MAD rose by>1 kcal/mol with B86bPBE0, showing increased overbind-
ing relative to BJ-damping. This is partially due to delocalization error in the base
functional as WATER27 exhibits cooperative hydrogen bonding, in many cases in-
volving ions; the observed overbinding is consistent with the ICE13 benchmark results
in Section 6.5.2 as well. However, worsening performance with Z-damping, relative
to BJ-damping, is also seen for WATER27 with LC-ωPBE. Perhaps the (Zi + Zj)

term appearing in the Z-damping function (Eq. (6.2.27)) is somewhat too weak for
hydrogen, and this could be investigated in future work.

In addition to our four XDM variants, we also evaluated the performance of the
MBD family of DCs available in FHI-aims (TS, MBD@rsSCS, and MBD-NL), and
compare with literature D3(BJ) results [280]. Due to the limited availability of damp-
ing parameters, only the PBE and PBE0 DFAs were considered. WTMAD values
and per-category breakdowns are provided in Appendix C.5. Qualitatively, the TS
method appears to struggle with the Iso+Large category and D3(BJ) with the reac-
tion barriers, while MBD@rsSCS, MBD-NL, XDM, and XCDM are more consistently
accurate across all categories. XCDM(BJ) yields the best results of any of the DCs
for the GMTKN55, according to both WTMAD-2 and WTMAD-4 metrics.

To this point, we have focused on comparing only the various dispersion cor-
rections, but the overall performance for the GMTKN55 is heavily reliant on the
choice the underlying base density functional. The WTMAD-2 and WTMAD-4 re-
sults obtained for all nine functionals with the XDM(BJ), XDM(Z), XCDM(BJ), and
XCDM(Z) dispersion corrections are collected in Table 6.3. As expected, the GGA
functionals show larger errors than the hybrid and range-separated hybrid function-
als. B86b exchange generally outperforms PBE exchange, which reinforces our pre-
vious conclusion as to the importance of using a dispersionless DFA in combination
with post-SCF dispersion corrections [81]. The best performing methods overall are
B86bPBE0-XCDM(BJ) and LC-ωPBE-XCDM(Z), with the WTMAD-4 favouring the
former and WTMAD-2 favouring the latter, due to its greater weighting of the BH76
set. It is particularly notable that B86bPBE0 consistently achieves the minimum error
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Table 6.3: WTMAD-2 and WTMAD-4 results in kcal/mol for the GMTKN55
benchmark with selected functionals and dispersion corrections.

WTMAD-2 XDM(BJ) XDM(Z) XCDM(BJ) XCDM(Z)
PBE 10.40 10.78 10.06 10.70
B86bPBE 9.38 10.00 9.10 9.87
PBE0 6.55 6.96 6.23 6.88
B86bPBE0 5.78 6.43 5.59 6.29
B3LYP 6.27 6.88 5.95 6.76
PBE50 6.06 6.44 5.86 6.37
B86bPBE50 5.67 6.20 5.60 6.11
BHLYP 5.72 6.09 5.60 6.08
LC-ωPBE 5.48 5.51 5.67 5.44

WTMAD-4 XDM(BJ) XDM(Z) XCDM(BJ) XCDM(Z)
PBE 8.99 9.10 8.71 9.05
B86bPBE 8.13 8.52 7.97 8.42
PBE0 6.06 6.12 5.79 6.06
B86bPBE0 5.34 5.73 5.23 5.60
B3LYP 6.12 6.44 5.82 6.37
PBE50 6.92 6.95 6.74 6.90
B86bPBE50 6.50 6.74 6.48 6.66
BHLYP 7.06 7.16 7.08 7.25
LC-ωPBE 5.98 5.92 6.20 5.85

on the MB16-43 “mindless benchmarking” set, yielding MAEs of 13.6–14.0 kcal/mol
for all four dispersion corrections considered. For comparison, it has been noted that
“MADs for MB16-43 usually exceed 15 kcal/mol for most dispersion-corrected hybrid
DFAs [280].” This strongly indicates that the B86bPBE0 functional, in combination
with any XDM or XCDM dispersion correction, captures the relevant physics well.

While we recommend the new WTMAD-4 going forward, use of the WTMAD-2
metric allows comparison of the results in Table 6.3 with previous literature [280,
281]. Our results on GMTKN55 show consistently strong performance for both
GGA-based global hybrids and range-separated hybrids. While lower WTMAD-2
values can be obtained by functionals with 10 or more fit parameters [280], these
have much more complicated functional forms, relying on power-series expansions
and either range-separation or meta-GGA ingredients. While fitting no parameters
in the base DFAs whatsoever, our results rank 2nd through 6th among all GGA-based
global hybrids, surpassed only by revPBE0-D3(BJ)/def2-QZVPP(D), which achieved
a WTMAD-2 of 5.43 [281]. Despite being slightly higher, the WTMAD-2 of 5.59
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with B86bPBE0-XCDM(BJ)/tight is notable for a number of reasons. First, the
strong performance of D3(BJ) and D4 on GMTKN55 can be partially attributed to
the large overlap between their damping parameterization set (S22, S22+, ACONF,
SCONF, PCONF, CCONF, ADIM6, RG6) and GMTKN55 itself, whereas XDM
and XCDM are parameterized using the external KB49 set. Second, the tight

basis set in FHI-aims includes fewer functions than the typical def2-QZVPP(D)
basis for this benchmark (thanks to using numerical atom-centred orbitals, rather
than Gaussian-type orbitals), yet delivers comparable performance [121]. Finally,
the B86bPBE0-XCDM(BJ)/tight functional yields results comparable to the best
minimally empirical range-separated hybrids: LC-ωhPBE-D3(BJ)/(aug-)def2-QZVP
with a WTMAD-2 of 5.56 [280] and, now, LC-ωPBE-XCDM(Z)/aug-cc-pVTZ with
a WTMAD-2 of 5.44.

6.5.2 Solid-State Benchmarks

While both XCDM and Z-damping appear to be consistently reliable across the
GMTKN55, it is crucial to also examine their performance in the solid state. There-
fore, we examine the following solid-state benchmarks: the molecular crystal struc-
tures of X23, HalCrys4, ICE13-Abs, and ICE13-Rel, as well as the layered materials of
LM26. For the molecular crystal structures, tabulated results for XDM(BJ), XDM(Z),
XCDM(BJ), and XCDM(Z) using the basis-set correction of Eq. (6.4.1) are presented
in Table 6.4.

Conventionally, only results from the largest basis set are reported to avoid con-
founding variables such as error cancellation. However, as shown in Appendix C.5,
the various DCs also perform with exceptional accuracy and consistency for the
molecular crystal benchmarks with the lightdenser basis setting, rivalling—or even
exceeding—the basis-set-corrected results in Table 6.4. In particular, XCDM(BJ)
gives MAEs for the X23 set of 0.50-0.65 kcal/mol across all functionals considered.
This performance is worth noting, as these benchmarks are indicative of a method’s
effectiveness for crystal structure prediction (CSP). In CSP workflows, basis-set cor-
rections are often used only for final energy refinement due to time and computational
constraints; in practice, geometry optimizations and preliminary energy ranking typ-
ically employ a smaller basis such as lightdenser.

Looking at the basis-set corrected data for X23 specifically, we see that XDM(BJ),
XCDM(Z), and XDM(Z) performed similarly, while XCDM(BJ) performed slightly
better. The signed mean errors (shown in Appendix C.5) reveal that XDM(BJ)
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Table 6.4: Mean absolute errors, in kcal/mol, for the X23, HalCrys4, and
ICE13 (absolute and relative) lattice-energy benchmarks. All results are
shown for tight basis settings at lightdenser geometries; for the hybrid
functionals, this involved the basis-set correction of Eq. (6.4.1).

X23 HalCrys4 ICE13-Abs ICE13-Rel
XDM XCDM XDM XCDM XDM XCDM XDM XCDM

Functional BJ Z BJ Z BJ Z BJ Z BJ Z BJ Z BJ Z BJ Z
PBE 1.13 0.92 0.63 0.98 5.49 4.12 5.97 4.73 1.44 2.10 1.43 2.13 0.82 0.61 0.83 0.59
B86bPBE 0.70 0.81 0.63 1.20 4.70 5.03 5.66 5.68 1.56 1.88 1.29 1.87 0.52 0.41 0.60 0.40
PBE0 1.00 0.66 0.53 0.74 1.61 0.57 1.99 0.59 0.43 0.50 0.43 0.52 0.48 0.29 0.49 0.29
B86bPBE0 0.48 0.61 0.65 1.19 1.21 0.86 1.84 1.30 0.30 0.36 0.40 0.35 0.31 0.17 0.36 0.17
PBE50 0.87 0.75 0.60 0.79 1.78 3.78 1.19 3.38 1.30 0.69 1.33 0.66 0.21 0.24 0.22 0.25
B86bPBE50 0.51 0.73 0.73 1.24 1.10 3.36 0.87 2.90 1.25 0.73 1.37 0.73 0.18 0.33 0.19 0.34

underbound on average, where XCDM(BJ) and XDM(Z) both shifted the mean er-
ror closer to zero. Combining both into XCDM(Z) overcorrected and led to slight
overbinding. For the ICE13 and HalCrys4 datasets, hybrid functionals tend to out-
perform GGAs, due to reduction of delocalization error [161]. ICE13, which involves
co-operative hydrogen-bonding networks, and HalCrys4, which involves halogen bond-
ing, are paradigmatic examples of systems affected by this error. While XDM(BJ)
and XCDM(BJ) performed equivalently for HalCrys4, we note that Z-damping per-
formed better for 25% hybrids, and worse for 50% hybrids, indicating an interplay
between dispersion binding and delocalization error in the base DFA. Also, there was
an improvement for the relative ICE13 lattice energies for Z-damping when paired
with B86bPBE0 and PBE0, which may be beneficial for polymorph ranking.

The performance of XDM(Z) with the 25% hybrid functionals on all four molecular-
crystal benchmarks is notable. There is only slight degradation for X23 and ICE13-
Abs relative to BJ-damping, a small improvement for ICE13-Rel, and a large net
improvement for HalCrys4 (which contains heavier elements). This performance is
impressive considering that one empirical parameter was eliminated from the damp-
ing function. To unify our GMTKN55 and molecular-crystal results, we have com-
piled the WTMAD-4 and the basis-set-corrected solid-state (X23, ICE13, ICE13-Rel,
HalCrys4) data for the PBE and B86bPBE GGA functionals, and their 25% and
50% hybrid counterparts Figure 6.7. The results highlight the greater importance of
exact-exchange mixing than the choice of dispersion correction. Exactly which XDM
variant is the best performing depends on the base functional and benchmark set,
but we recommend XDM(Z) as a good general method for both molecular and solid-
state applications due to its overall reliability and need for only a single damping
parameter.
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Figure 6.7: A scatter plot showing the GMTKN55 WTMAD-4 values (in
kcal/mol) on the x-axis, and the overall mean absolute error (MAEs) for
the basis-set-corrected solid-state data from Table 6.4 on the y-axis. XDM
is indicated by circles and XCDM by diamonds; solid and hollow shapes
denote BJ- and Z-damping respectively. The overall MAE was computed as
the mean of all individual reaction errors across all four benchmarks.

Table 6.5: Mean absolute errors, in kcal/mol/cell, for the LM26 benchmark
and Tawfik’s subset, LM11, calculated using the tight basis set in FHI-aims.
Analogous results in meV/Å2 units are given in Table C.16.

B86bPBE PBE
Method LM11 LM26 LM11 LM26
XDM(BJ) 1.5 2.0 1.3 1.8
XDM(Z) 1.4 2.0 1.0 1.4
XCDM(BJ) 3.6 4.2 3.3 4.0
XCDM(Z) 3.3 4.0 2.5 3.1

Finally, we turn to the layered materials benchmark presented in Table 6.5, where
XDM(Z) yields notable improvements over XDM(BJ), consistent with its good be-
haviour in the GMTKN55 for metal clusters. Unfortunately the XCDM methods ex-
hibit markedly worse performance. Our analysis reveals that XDM slightly overbinds
these layered materials, and this error is exacerbated by the dynamical correlation
contributions introduced in XCDM. We attribute this to two main factors. First,
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XDM relies on a semi-empirical treatment of atom-in-molecule polarizabilities de-
rived via a Hirshfeld partitioning of the electron density. While this approximation
is valid for most molecular systems—as evidenced by the excellent performance on
MolC6—it tends to overestimate polarizabilities for metals, such as those within the
LM26 benchmark. Second, our use of the first scalar moment of the correlation hole
to approximate the correlation-hole dipole moment may be much less valid for layered
materials and metals than for molecular systems. As illustrated in Figure C.1 for the
case of the BR exchange hole, this approximation is exact in the exponentially decay-
ing density tails far from atoms or molecules, but is poorer in bonding regions, which
will account for far more of the integration grid points in inorganic solids. A final (but
likely lesser) factor is that the canonical implementation of the XDM method neglects
the Axilrod–Teller–Muto (ATM) three-body dispersion term [276, 277]. This omis-
sion was intentional due to the ATM term contributing negligibly to the dispersion
binding of intermolecular complexes when combined with XDM, coupled with the
added computational complexity of summing over atomic trimers [80, 91]. However,
the ATM term is known to be repulsive for equilateral and right-angle atom configu-
rations, while maximally attractive in linear arrangements [276]. Perhaps neglect of
dynamical correlation and use of approximate atomic polarizabilities previously offset
the missing repulsion from the ATM term for these layered materials.

6.6 Summary

This chapter improves the dispersion physics of the XDM model, introducing new
variants that include dynamical correlation effects and address previous overbinding
of metal clusters. It is also the first to test the XDM (and MBD) methods for the
GMTKN55 data set, enabling a direct, head-to-head comparison of the most widely-
used dispersion corrections on a comprehensive benchmark for general main-group
thermochemistry, kinetics, and non-covalent interactions. Additionally, we identified
unintended behaviour in previous WTMAD weighting schemes and have introduced
WTMAD-4 to ensure each benchmark within GMTKN55 is treated fairly.

XDM and its variants performed extremely well for molecular systems, with the
results typically being more sensitive to the choice of base functional than dispersion
correction. B86bPBE0 is generally the best exchange-correlation functional among
those tested and, despite its simplicity, gives WTMAD values on par with the best
minimally empirical global and range-separated hybrids in the literature [280, 281]
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when paired with any of our XDM variants. We attribute the exceptional performance
of B86bPBE0 to its adherence to known physical limits [81].

Comparing the dispersion corrections, the canonical XDM(BJ) method showed
strong results in all cases with the exception of the ALK8 benchmark, which origi-
nally motivated the study into Z-damping. XDM(Z) completely resolved this error
and, despite eliminating one empirical parameter, it still performed on par with other
leading dispersion corrections on GMTKN55. Notably, it yielded our third lowest
WTMAD-2 when paired with LC-ωPBE. The inclusion of dynamical correlation ef-
fects in XCDM eliminated the systematic underestimation of molecular dispersion
coefficients, giving improved agreement with available reference data. Consequently,
XCDM(BJ) was the most accurate dispersion method tested for molecular systems,
providing the lowest WTMAD values when paired with most DFAs considered. How-
ever, its drawback is its poor performance on the layered-material benchmark, LM26,
which we attribute to the semi-empirical treatment of XDM polarizabilities and over-
estimation of the correlation-hole dipole contributions, causing inflated dispersion co-
efficients for metals, and possibly to the omission of the Axilrod–Teller–Muto (ATM)
three-body term. In contrast, XDM(Z) was consistently accurate for all solid-state
benchmarks, including LM26 and LM11. It may be an example of a Pauling point
[523] for the XDM methods, rarely the best but consistently reliable across the widest
range of systems. With only one fit parameter, B86bPBE0-XDM(Z) is an excellent
choice for a simple, minimally empirical density functional.
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Chapter 7

Conclusions

“One never notices what has been done; one can only see what remains to
be done.” [546]
∼ Prof. Marie Curie (1867–1934)

The work presented in this thesis establishes the exchange-hole dipole moment
(XDM) model as a leading approach to modelling dispersion interactions within
density-functional theory (DFT). This model has demonstrated its ability to cap-
ture the physics of London dispersion, to deliver best-in-class energies across many
diverse systems, and has a stable implementation that avoids crashes that affect
some competing methods. In addition, new, physics-guided implementations of XDM
were introduced, incorporating the missing contributions from dynamical correlation
(XCDM), and reducing empiricism by using a one-parameter damping function based
on atomic numbers that uses only one tunable parameter. These developments were
rigorously tested and implemented in open-source software.

7.1 Dissertation Summary

The dissertation began in Chapter 1 with a historical and qualitative overview of
dispersion in density-functional theory, tracing how the early ideas of van der Waals
and London were incorporated into the pioneering work of Hohenberg, Kohn, and
Sham over half a century ago. Dispersion was introduced through the principles of
second-order perturbation theory, and the equations of Eisenshitz and London were
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derived from first principles. Early empirical dispersion corrections of Cohen, Pack,
and Scoles were discussed, followed by an overview of modern dispersion methods
developed by Grimme; Tketchenko and Scheffler; and Johnson and Becke.

The second chapter focuses on the theory that supports and provides the frame-
work for the thesis. Chapter 2 begins by outlining the mathematics of Kohn–Sham
DFT, introducing the concepts of quantum mechanical exchange and correlation, and
describing the self-consistent field (SCF) process. A detailed discussion of Perdew’s
ladder of density functional approximations (DFA) to the exchange-correlation en-
ergy follows. Here, we discuss Hartree–Fock, the local-density approximation (LDA),
generalized-gradient approximations (GGAs), meta-GGAs, various types of hybrid
functionals, and post-Kohn–Sham correlation methods such as random-phase approx-
imations and double-hybrid functionals. Methods beyond DFT are also presented,
including Møller–Plesset perturbation theory (MP2), coupled-cluster theory (CC),
and diffusion Monte Carlo (DMC), discussed in the context of their use as reference
data for benchmarking DFT techniques in both molecular systems and the solid state.
The section continues by exploring the application of DFT to periodic solids, detailing
crystal lattice structures, k-space, plane waves, and the Brillouin zone. Techniques
that make periodic DFT calculations practical—such as the use of atomic pseudopo-
tentials, the projector-augmented wave (PAW) method, and numerical atom-centred
orbitals (NAOs)—are discussed, along with the nomenclature of commonly used basis
sets in the literature. The mathematical treatment of forces, stresses, strains, and
deformations is also presented. The mathematical frameworks of popular post-SCF
dispersion corrections are presented in full, including the Grimme-D series (D1, D2,
D3(0), D3(BJ), and D4); Tkatchenko’s many-body dispersion methods (TS, TS@SCS,
MBD, MBD@rsSCS, and MBD-NL); and the exchange-hole dipole moment (XDM)
model of Becke and Johnson. Finally, the chapter closes with a discussion of delocal-
ization error.

To lay the groundwork for the development of more accurate dispersion correc-
tions, a comprehensive understanding of what is being corrected (i.e., the base density
functional) is required. This challenge is compounded by the fact that, over the past
few decades, hundreds of density functional approximations have been developed.
This has earned the current state of development the nickname “density-functional
zoo” among many in the field. Chapter 3 discusses the role of the base density
functional in the context of dispersion-corrected (DC) DFT. The requirements for
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ensuring that the base functional and dispersion correction are individually as accu-
rate as possible in their respective treatments of non-bonded repulsion and dispersion
attraction were presented. We showed why the base functional should be dispersion-
less, numerically stable, and involve minimal delocalization error. For the dispersion
correction, we explained that it should be damped to a finite quantity at small inter-
nuclear separations, account for higher-order contributions such as quadrupole and
octupole effects, and the that dispersion coefficients should dynamically respond to
changing chemical environments via electronic many-body effects. However, capturing
many-body effects complicates the form of the dispersion coefficients, which necessar-
ily become non-constant. To calculate the dispersion forces and stresses, derivatives
of these coefficients must be taken. Presently, all post-SCF dispersion corrections
assume these are constant in order to simplify the expressions. This assumption
was shown to break down, leading to false minima in geometry optimizations and
variable-cell relaxations, especially for ionic and network solids. We posit that the
development of dispersion corrections and density functionals is best guided through
physics-based approaches, with the goal of achieving accurate, minimally empirical
DC-DFT that does not rely on error cancellation. B86bPBE-XDM was presented as
a minimally-empirical method that adheres to these principles.

Now that the requirements for accurate dispersion-corrected DFT have been es-
tablished, and a suitable DFA to pair with XDM has been proposed, we wanted to
deepen the investigation into the dispersion correction itself. Recent literature has
highlighted the importance of many-body effects in dispersion and raised questions as
to which corrections accurately capture them. Chapter 4 responds to these questions,
and a model system of variationally-optimized quantum harmonic oscillators is con-
structed to study electronic and atomic many-body effects. The XDM, Tkatchenko–
Scheffler (TS), and many-body dispersion (MBD) corrections were applied to this
model system, with leading-order atomic three-body contributions calculated explic-
itly via both Axilrod–Teller–Muto (ATM) and random-phase approximation (RPA)
techniques. These two techniques agreed on the amount of three-body dispersion
energy, while also showing that this contribution was negligible relative to the total
dispersion energy. Further, the undamped TS and MBD energies closely followed
the C6-only contribution to the XDM energy, implying that MBD did not capture
significant atomic many-body effects for this system, nor did it capture higher-order
quadrupolar or octupolar contributions. Next, the dispersion coefficients themselves
were considered for the model oscillator systems, argon chains, and noble gas dimers
He2 through Xe2. Here, we observed the “polarization catastrophe” that plagues the
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MBD methods, where the behaviour of the C6 coefficients at compressed geometries
becomes erratic, and at even shorter separations, the MBD dispersion energy be-
comes complex-valued. To address these polarization issues, we tested MBD-Free
and MBD-XDM, which use free-atom and XDM starting points, respectively, for the
range-separated SCS method. Unfortunately, neither starting point resolved these
issues, which were present in both cases. In contrast, the XDM model behaves con-
sistently across these systems. Finally, we studied benchmarks of molecular dimers
and layered materials, and included the new MBD-NL variant that uses a semi-local
polarizability functional in place of SCS. Overall, TS overbound across all systems,
MBD crashed due to polarization catastrophes in layered materials, and XDM and
MBD-NL performed similarly well. Clearly, XDM proved its ability to consistently
capture electronic many-body effects, while atomic many-body effects were negligible
in these model systems. Further, XDM displayed high accuracy and stability across
all systems considered.

Chapter 5 presents the first-ever head-to-head comparison of leading post-SCF dis-
persion corrections using the same code and basis set, including Becke and Johnson’s
XDM; Tkatchenko’s TS, MBD, and MBD-NL; and Grimme’s D3(BJ) and D4 cor-
rections. The selected benchmark for this comparison was DES15K, which contains
an impressive 14,651 noncovalently bonded, small molecular complexes. The scope
of this benchmark is broad, covering dispersion, hydrogen bonding, ion–molecule,
and ion–ion intermolecular interactions across compressed and expanded geometries.
The electronic-structure code used for this study was the Fritz Haber Institute ab
initio materials simulation (FHI-aims) program. Calculations employed the well-
converged tight numerical atom-centred orbital (NAO) all-electron basis set, and
PBE0 and B86bPBE0 hybrid functionals. For neutral and ionic complexes with-
out metal ions, all methods, with the exception of TS, performed similarly. The
analysis of outliers proved especially revealing, showing how MBD and MBD-NL sig-
nificantly overbound complexes of organic molecules with alkali cations and alkaline
earth dications, particularly at compressed geometries. This issue was traced not to
polarization catastrophies, but rather to the dispersion energy evaluation itself, likely
due to their weak damping functions. Ultimately, B86bPBE0-XDM delivered best-
in-class performance, followed by PBE0-XDM. These results reinforce and validate
the physics-guided principles outlined in the previous two chapters.

The preceding chapters establish XDM as a leading post-SCF dispersion correc-
tion, notable not only for its accuracy and stability, but also its ability to correctly
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capture the intricate physics of London dispersion. This forms a solid foundation
for further development. Chapter 6 introduces a new physics-guided variant, the
exchange-correlation dipole moment (XCDM) model, which supplements the XDM
exchange-hole dipole moment with missing contributions from same- and opposite-
spin dynamical correlation holes. We show that this inclusion all but eliminates
XDM’s systematic 15-20% underestimation of molecular C6 dispersion coefficients.
We also studied Z-damping, a one-parameter damping function based on atomic num-
bers, recently proposed by Becke to address overbinding in Li8 and Na8 clusters ob-
served with Becke–Johnson (BJ) damping. XCDM and Z-damping were implemented
in both FHI-aims and postg, and comprehensively tested for molecular and solid-state
systems. For molecular systems, we used the GMTKN55 benchmark of general main-
group thermochemistry, kinetics, and non-covalent interactions, and compared to the
D3, TS, MBD, and MBD-NL dispersion corrections. Notably, this marks the first
time that either XDM or MBD has been tested for GMTKN55. Z-damping resolved
the issues seen with alkali metal clusters, and pairs well with the LC-ωPBE functional
for both XDM and XCDM. Meanwhile, XCDM(BJ) was the most accurate dispersion
method tested on GMTKN55, providing the lowest weighted mean absolute deviation
(WTMAD) values when paired with most of the DFAs considered in the study. We
also identified unintended behaviour in previous WTMAD weighting schemes and
introduced the WTMAD-4, which is a new scheme based on relative errors seen for
typical, minimally-empirical functionals to ensure each benchmark within GMTKN55
is treated fairly. For the solid state, we examined the performance of XCDM and Z-
damping on five benchmarks consisting of molecular crystals and layered materials.
When paired with the lightdenser basis, XCDM(BJ) performed accurately and
consistently for molecular-crystal benchmarks, rivalling or even exceeding the basis-
set-corrected results. This performance suggests a possible use-case for XCDM(BJ)
in crystal structure prediction (CSP), where preliminary energy rankings typically
employ a smaller basis such as lightdenser and basis-set corrections are only used
for final refinement. However, XCDM(BJ)’s drawback is its poor performance for
layered materials, which we attribute to the semi-empirical treatment of polarizabil-
ities. Finally, XDM(Z) may represent a Pauling point for the XDM methods: while
it is rarely the most accurate, it is consistently reliable across all systems. With only
one fit parameter, B86bPBE0-XDM(Z) is an excellent choice for a simple, reliable,
minimally empirical density functional.
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7.2 Future Work

There are a number of avenues that could be explored to continue the development
of the XDM methods.

7.2.1 Improvement of Dispersion Forces in XDM

The current implementations of post-SCF dispersion forces, including XDM, as-
sume that the dispersion coefficients are constant with respect to changing atomic
positions and lattice vectors. While this assumption is reasonable for most systems,
we showed in Chapter 3 that it can cause dispersion corrections to converge to false
minima during geometry optimizations and variable-cell relaxations, particularly for
ionic or network solids. XDM is disproportionately affected by this assumption com-
pared to other dispersion corrections due to typically having steeper gradients in its
dispersion coefficients near equilibrium geometries. This poor assumption also results
in force–energy inconsistencies that prevent accurate dispersion treatment in molecu-
lar dynamics. The underlying mathematics for this correction to the XDM dispersion
forces has already been developed (see Appendix B.3); however, its implementation
hinges on access to the derivatives of the Hirshfeld weights. Unfortunately, none of
the codes in which XDM is currently available contain a working implementation of
these requisite Hirshfeld weight derivatives.

7.2.2 Continued Development of XDM and XCDM

XDM’s largest remaining source of empiricism comes from its semi-empirical treat-
ment of atom-in-molecule polarizabilities. Unfortunately, this is also one of the largest
sources of error, causing an overprediction of dispersion coefficients for metals and
leading to overbinding. As shown in Chapter 6, this issue was compounded when the
exchange-hole dipole moment was supplemented with contributions from same- and
opposite-spin correlation functionals. One potential solution would be to adopt the
approach used in MBD-NL: employing a polarizability functional (such as VV10’s)
alongside local electron-density descriptors to correct errors in XDM’s polarizability.

XCDM’s poor performance on layered materials is partially explained by its semi-
empirical polarizabilities, but this is unlikely the full story. Certainly, while the
transition-metal species in LM26 likely suffer from polarizability-related issues, this
does not explain the decreased performance and overbinding observed for graphite. In
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fact, the MolC6 benchmark is heavily weighted towards systems that contain carbon,
where XCDM successfully eliminated the systematic underestimation of C6 coeffi-
cients. This suggests that there could be an additional interlayer energy contribution
that is not explained by the C6 coefficients themselves. One plausible source could be
the neglected Axilrod–Teller–Muto three-body dispersion term. This term is known to
be attractive for linear configurations, but repulsive in right- and equilateral-triangle
configurations. In principle, this term would cause a slight increase the equilibrium
layer separation and reduce the interlayer binding energy.

Regarding the Z-damping function, while a slight worsening of performance was
observed, this is not unexpected given it has one fewer tunable parameter. However,
examination of outliers revealed that the largest error increase was for the WATER27
set. When paired with B86bPBE0, the MAD increased by over 1 kcal/mol compared
to BJ-damping. Although this may partly stem from delocalization error in the base
density functional, the issue persisted (albeit, to a lesser degree) with LC-ωPBE,
which is expected to perform well for these systems. Further investigation revealed
that systems with numerous hydrogen atoms exhibited larger changes in dispersion
energy relative to BJ-damping. Perhaps the (Zi + Zj) term appearing in the Z-
damping function is too weak for very light nuclei such as hydrogen, and this should
be investigated.

7.2.3 Expanded XDM and XCDM Implementation

As mentioned in Chapter 1, the current state of XDM implementation is as follows:

“XDM has been implemented in several codes: Quantum ESPRESSO [56, 99,
111], CASTEP [112], Q-Chem [113, 114], NWChem [115, 116], SIESTA [117, 118],
and recently FHI-aims [119–121]. Also, work is ongoing to implement XDM in
AMS (ADF) [122] by A. F. Rumson and E. R. Johnson. Further, XDM can be
applied ad hoc for any quantum-chemical code that writes .molden, .wfn, or
.wfx files via postg [123], maintained by Alberto Otero-de-la-Roza and recently
updated [124] to incorporate new features introduced in this thesis. Dozens of
codes support the .molden format [125], with popular examples including Gaus-
sian [126], ORCA [127], TURBOMOL [128], Psi4 [129], PySCF [130], Q-Chem
[113, 114], NWChem [115, 116], XTB [131], and AMS (ADF) [122].”

As of the time of writing, XCDM and Z-damping are currently only implemented
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in postg and FHI-aims. It would be beneficial to port these features to the other codes
that already support XDM to improve accessibility for the community. While postg
technically broadens the range of codes that support XDM, it also creates a barrier
by requiring users to rely on an external tool. Ideally, XDM and XCDM would be
natively supported by popular codes such as VASP, ORCA, and Gaussian. However,
this is a lower priority (unless requested) until further theoretical developments to
XDM and XCDM are complete.

Lastly, to further improve accessibility, the number of supported functionals could
be expanded to include most or all of LibXC [547]. Although fitting XDM to hundreds
of functionals across various basis sets would be a significant undertaking from high-
throughput and data management perspectives, the KB49 benchmark consists of
small molecular dimers and, therefore, would not require prohibitive CPU time.
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Appendix A

Chapter 1 Supplement

In Chapter 1 we discussed how, using 2nd-order perturbation theory, it is possible
to derive the interaction energy of London dispersion forces for two atoms with in-
ternuclear separation R, and show this energy is proportional to R−6 +O(R−8). The
multipole expansion of this dispersion energy has the form

Edisp = −C6

R6
− C8

R8
− C10

R10
− · · · (A.0.1)

where the C6 term accounts for dipole-dipole interactions, the C8 coefficient accounts
for dipole-quadrupole interactions, and the C10 coefficient accounts for quadrupole-
quadrupole and dipole-octupole interactions.

To supplement Section 1.2, Appendix A.1 will give a detailed derivation of an in-
teracting hydrogen dimer from a perturbation theory perspective [66–69]. This section
will explicitly derive the approximate interaction Hamiltonian given by Eq. (1.2.3),
demonstrate why the first-order energy of Eq. (1.2.3) is zero, and derive Eq. (1.2.5).
Appendix A.2 will detail how to arrive at Eq. (1.2.6) following the closure approxi-
mation, and will show how to use Eq. (1.2.6) together with Eq. (1.2.5) to obtain a
highly-accurate approximation for the C6 coefficient of hydrogen. Appendix A.3 will
derive the asymptotic interaction between oscillating dipoles using methods similar
to that shown in Refs. [68, 69].
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A.1 The Dispersion Interaction for the
Hydrogen Dimer

Consider two interacting hydrogen atoms with an internuclear separation R≫ a0,
where a0 is the Bohr radius. Let (x1, y1, z1) and (x2, y2, z2) represent the coordinates
of electrons 1 and 2 with respect to nuclei A and B respectively. The Hamiltonian
for the H2 dimer is

Ĥ = ĥA + ĥB + ĤI , (A.1.1)

where ĥA+ ĥB are single-particle Hamiltonian for particles A and B respectively, and

ĤI =
e2

4πϵ0

[
− 1

r1B
− 1

r2A
+

1

r12
+

1

R

]
(A.1.2)

captures the interacting terms of the Hamiltonian. The goal shall be to derive the
dispersion energy expression for this system both numerically and in terms of the
polarizability of the hydrogen atom. For the problem at hand, it is convenient to
define position vectors

r1A = x1̂i + y1̂j + z1k̂ , r2A = x2̂i + y2̂j + (z2 +R)k̂ ,

r2B = x2̂i + y2̂j + z2k̂ , r1B = x1̂i + y1̂j + (z1 −R)k̂ , (A.1.3)

where r = |r|. The 1/r12 term is troublesome for numeric integration, so we will
eliminate it. Using the definitions from Eq. (A.1.3), this interaction Hamiltonian
may instead be written as

ĤI =
e2

4πϵ0

1

R

[
− R√

x21 + y21 + (z1 −R)2
− R√

x22 + y22 + (z2 +R)2

+
R√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1 +R)2
+ 1

]
(A.1.4)

and we may then write these rational terms in the form (1 + x)−n. Let

(1 +X1)
−1/2 =

R√
x21 + y21 + (z1 −R)2

, (A.1.5)

(1 +X2)
−1/2 =

R√
x22 + y22 + (z2 +R)2

, (A.1.6)

(1 +X3)
−1/2 =

R√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1 +R)2

, (A.1.7)
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then X1, X2, and X3 may be written in terms of r1A and r2B where applicable:

X1 =
r21A − 2z1R

R2
, (A.1.8)

X2 =
r22B + 2z2R

R2
, (A.1.9)

X3 =
r21A + r22B + 2R(z2 − z1)− 2(x1x2 + y1y2 + z1z2)

R2
. (A.1.10)

After substituting Eqs. (A.1.5) to (A.1.10) into Eq. (A.1.4), the binomial series
expansion

(1 + x)−n = 1− nx+ n(n+ 1)

2!
x2 − · · · , x < 1 , (A.1.11)

may be used to write an approximate expression for our interacting Hamiltonian,

ĤI =
e2

4πϵ0

1

R

(
− [1 +X1]

−1/2 − [1 +X2]
−1/2 + [1 +X3]

−1/2 + 1

)
≈ e2

4πϵ0

1

R

(
−
[
1− 1

2
X1 +

3

8
X2

1

]
−
[
1− 1

2
X2 +

3

8
X2

2

]
+

[
1− 1

2
X3 +

3

8
X2

3

]
+ 1

)
=

e2

4πϵ0

1

R

(
−

[
1− 1

2

r21A − 2z1R

R2
+

3

8

(
r21A − 2z1R

R2

)2
]

−

[
1− 1

2

r22B + 2z2R

R2
+

3

8

(
r22B + 2z2R

R2

)2
]

+

[
1− 1

2

r21A + r22B + 2R(z2 − z1)− 2(x1x2 + y1y2 + z1z2)

R2

+
3

8

(
r21A + r22B + 2R(z2 − z1)− 2(x1x2 + y1y2 + z1z2)

R2

)2
]
+ 1

)
, (A.1.12)

where we have only taken the first three terms from the expansion in Eq. (A.1.11).
Grouping these terms by powers of R−n yields the approximate interaction Hamilto-
nian for two interacting electric dipoles,

ĤI =
e2

4πϵ0R

[
1

R2
(x1x2 + y1y2 + z1z2) +

3 · 4R2

8R4
(−2z1z2) + · · ·

]
=

e2

4πϵ0R3

[
(x1x2 + y1y2 + z1z2) +

3

2
(−2z1z2) + · · ·

]
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=
e2

4πϵ0R3
[(x1x2 + y1y2 − 2z1z2) + · · · ] , (A.1.13)

where the R−4 and R−5 terms from Eq. (A.1.12) were omitted. Eq. (A.1.13) corre-
sponds to Eq. (1.2.3), and thus completes its derivation.

To calculate the interaction energy we need to consider the ground state wavefunc-
tion where ψ = 1sA(1) ·1sB(2) = |1, 1⟩ is written in terms of the hydrogen 1s orbitals.
Upon applying first-order perturbation theory to the interaction Hamiltonian from
Eq. (A.1.13), it is shown that the first-order energy is

E ′ =
〈
ψ
∣∣∣ĤI

∣∣∣ψ〉
≈
〈
1, 1

∣∣∣∣ e2

4πϵ0R3
(x1x2 + y1y2 − 2z1z2)

∣∣∣∣1, 1〉
=

e2

4πϵ0R3

(
⟨1|x1|1⟩ ⟨1|x2|1⟩+ ⟨1|y1|1⟩ ⟨1|y2|1⟩ − 2 ⟨1|z1|1⟩ ⟨1|z2|1⟩

)
= 0 , (A.1.14)

because the integrands are odd functions. Thus, this problem requires second-order
perturbation theory where the ground state energy is expressed as

E ′′ =
∑
m,n ̸=1

∣∣∣〈1, 1∣∣∣ĤI

∣∣∣m,n〉∣∣∣2
E

H2
1,1 − E

H2
m,n

, (A.1.15)

where the zeroth-order energy for the hydrogen dimer is

EH2
m,n = −1

2

[
1

m2
+

1

n2

]
(A.1.16)

in Hartree atomic units. Thus, the second-order energy can be expressed as

E ′′ =
∑
m,n ̸=1

∣∣∣〈1, 1∣∣∣ĤI

∣∣∣m,n〉∣∣∣2(
−1

2

[
1
12

+ 1
12

])
−
(
−1

2

[
1
m2 +

1
n2

])
= −

∑
m,n ̸=1

2m2n2

2m2n2 −m2 − n2

∣∣∣∣〈1, 1∣∣∣∣ e2

4πϵ0R3
(x1x2 + y1y2 − 2z1z2)

∣∣∣∣m,n〉∣∣∣∣2 ,
(A.1.17)

and thus completes the derivation of Eq. (1.2.5).
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A.2 Approximate Hydrogen-Dimer
Interaction Energy

The closure (or Unsöld) approximation [77] applied to Eq. (A.1.15) obtains an
approximate second-order energy of the form

E ′′ =
∑
m,n ̸=1

∣∣∣〈1, 1∣∣∣ĤI

∣∣∣m,n〉∣∣∣2
E

H2
1,1 − E

H2
m,n

≈ − 1

∆EA +∆EB

∑
m,n ̸=1

∣∣∣〈1, 1∣∣∣ĤI

∣∣∣n,m〉∣∣∣2
= − 1

∆EA +∆EB

∑
m,n ̸=1

〈
1, 1
∣∣∣ĤI

∣∣∣m,n〉〈m,n∣∣∣ĤI

∣∣∣1, 1〉
= − 1

∆EA +∆EB

〈
1, 1
∣∣∣Ĥ2

I

∣∣∣1, 1〉 . (A.2.1)

Here, ∆E is the mean excitation energy for either particle. Substituting in Eq. (A.1.13)
into Eq. (A.2.1) gives a second-order correction of the form

E ′′ ≈ −1
∆EA +∆EB

〈
1, 1

∣∣∣∣∣
[

e2

4πϵ0R3
(x1x2 + y1y2 − 2z1z2)

]2∣∣∣∣∣1, 1
〉

=
−e4

(4πϵ0)
2 R6

⟨1, 1|x21x22 + y21y
2
2 + 4z21z

2
2 + 2x1x2y1y2 − 4x1x2z1z2 − 4y1y2z1z2|1, 1⟩

∆EA +∆EB

= −2

3

e4

(4πϵ0)
2R6

⟨1|r2|1⟩2

∆EA +∆EB
, (A.2.2)

where the odd terms have vanished, the index on r was dropped as the particles
are symmetric, and we have employed the fact that ⟨1|x2|1⟩ = ⟨1|y2|1⟩ = ⟨1|z2|1⟩ =
⟨1|r2|1⟩ /3. Using the hydrogen 1s orbital, ψ1s = e−r/a0/

√
π a30, the expectation value

of Eq. (A.2.2) may now be computed:

〈
1
∣∣r21∣∣1〉 =

〈
e−r/a0√
π a30

∣∣∣∣∣r2
∣∣∣∣∣ e−r/a0√

π a30

〉

=
1

π a30

∫ ∞

r=0

∫ π

θ=0

∫ 2π

ϕ=0

e−2r/a0r4 sin(θ) dr dθ dϕ

= 3a20 . (A.2.3)

To further simplify Eq. (A.2.2), consider that the upper bound of EH2
1,1 − EH2

m,n is
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−3/4 when m = n = 2, and monotonically decreases to −1 for increasing values of
m or n. Thus, we may approximate our mean excitation energies to be the hydrogen
ionization energy, ∆EA = ∆EB ≈ I ≈ 0.5 a.u., and our ground-state’s second-order
energy becomes

E ′′ ≈ −6/R6 (A.2.4)

in Hartree atomic units, where e = 4πϵ0 = a0 = 1 a.u.

A.3 Interaction Between Two Oscillating
Dipoles

Consider that two oppositely charged particles in a dipole, interacting with each
other according to a harmonic oscillator potential,

V (r) =
ksr · r

2
=

1

2
ks
(
x2 + y2 + z2

)
, (A.3.1)

where r = (x, y, z) is the radial distance from the positive charge to the negative
charge in Cartesian coordinates, and ks is the spring constant. Let two identical
dipoles be separated by a distance R. Via Eq. (A.1.13), the potential energy may be
written as

V =
1

2
ks
(
x21 + y21 + z21

)
+

1

2
ks
(
x22 + y22 + z22

)
+
e2

R3
(x1x2 + y1y2 − 2z1z2) (A.3.2)

where e is the charge on each end of the dipoles, and higher order terms in the
expansion of Eq. (A.1.13) are ignored. To solve the Schrödinger equation for this
potential, the following substitutions are made for convenience

X± = (x1 ± x2) /
√
2 , (A.3.3)

Y± = (y1 ± y2) /
√
2 , (A.3.4)

Z± = (z1 ± z2) /
√
2 . (A.3.5)

Substituting Eqs. (A.3.3) to (A.3.5) into Eq. (A.3.2) permits the Schrödinger equation
to be separable into six equations

− ℏ2

2m
∂2X±ψX± +

1

2

(
ks ±

e2

R3

)
X2

±ψX± = EX±ψX± , (A.3.6)
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− ℏ2

2m
∂2Y±ψY± +

1

2

(
ks ±

e2

R3

)
Y 2
±ψY± = EY±ψY± , (A.3.7)

− ℏ2

2m
∂2Z±ψZ± +

1

2

(
ks ∓

2e2

R3

)
Z2

±ψZ± = EZ±ψZ± , (A.3.8)

where ∂α ≡ ∂/∂α. These separated equations fall under the more general harmonic
form V (x) = (a x+ b)2 which has been solved in previous works [548, 549]. With

substitutions of a =
√

(ks ± e2

R3 )/m and b = 0, the energy eigenvalues of Eqs. (A.3.6)
and (A.3.7) are given by

En =
ℏ
2
(2n+ 1)

√(
ks ±

e2

R3

)
/m , n ∈ N . (A.3.9)

Similarly, with a =
√

(ks ∓ 2e2

R3 )/m and b = 0, the energy eigenvalues of Eq. (A.3.8)
are given by

En =
ℏ
2
(2n+ 1)

√(
ks ∓

2e2

R3

)
/m , n ∈ N . (A.3.10)

By taking n = 0, we see the lowest energy of the system of two interacting dipoles is

E =
ℏ
2

√
ks
m

[
2

(√
1 +

e2

ksR3
+

√
1− e2

ksR3

)
+

√
1 +

2e2

ksR3
+

√
1− 2e2

ksR3

]
,

(A.3.11)
which may be expanded using the binomial series expansion,

√
1 + x = 1+ 1

2
x− 1

8
x2+

· · · , when e2/(ksR
3) << 1. Employing this expansion up to second order yields a

ground-state energy of

E = 3hν0 −
3

4
hν0

e4

k2sR
6
, (A.3.12)

where ν0 =
√
ks/m/(2π) is the natural frequency of the oscillators and the linear

terms from the binomial expansion have cancelled. It can be seen from this equation
that as R decreases, so too does the energy, showing that this is an attractive force.

We now want to write this energy in terms of the dipole polarizability, α. Polar-
izability is defined via m = αE where m = er is the induced dipole moment with
respect to an electric field E. The net force on the oscillator will be an attractive
force from the electric field, and a repulsive force from Hooke’s law. Thus

F = eE − kr = eE − ks
e
m . (A.3.13)
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We assume the oscillators are at equilibrium so F = 0. Then, Eq. (A.3.13) may be
rearranged to derive a polarizability of α = e2/k. Because we have assumed a system
of two identical dipoles, the polarizabilities of these dipoles will be the same (i.e.
αA = αB). Finally, the energy of interaction between these two oscillators in their
ground states may be expressed in terms of the polarizability α as

E = −3

4

hν0α

R6
, (A.3.14)

which largely resembles the London dispersion formula from Eq. (1.2.10).
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Appendix B

Chapter 2 Supplement

B.1 Common Unit Conversion Factors

Table B.1: Conversion factors between common energy units used in elec-
tronic structure theory to six significant figures. Units include: Hartree
(Ha.), electronvolt (eV), kilocalorie per mole (kcal/mol), kilojoule per mole
(kJ/mol), and wavenumber (cm−1). To convert from a row unit to a column
unit, multiply by the corresponding table entry. For-commonly used units of
length, note that 1 Å = 10−10 m ≈ 1.88973 bohr. Values were obtained from
Ref. [324].

Ha. eV kcal/mol kJ/mol cm−1

Ha. 1 27.2114 627.510 2625.50 219475
eV 3.67493×10−2 1 23.0605 96.4853 8065.54

kcal/mol 1.59360×10−3 4.33641×10−3 1 4.18400 349.755
kJ/mol 3.80880×10−4 1.03643×10−3 2.39006×10−1 1 83.5935

cm−1 4.55634×10−6 1.23984×10−4 2.85914×10−3 1.19627×10−3 1

B.2 The Born–Oppenheimer Approximation

At no point has the kinetic energy of the nuclei been considered throughout this
work. This is because we have made the Born–Oppenheimer approximation, where all
nuclei are assumed to be effectively stationary compared to the electrons, thus having
zero kinetic energy [474]. This approximation recognizes that the mass of even the
lightest nuclei is three orders of magnitude larger than the mass of the electron. If
the nucleus and electron have similar momentum, then the electron should be able
to adiabatically react to any changing nuclear positions. For the hydrogen atom, the
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fractional energy correction is estimated to be on the order of 0.01%. For a proton
in a hydrogen bond between two nitrogen atoms, the fractional energy correction is
still only on the order of 2% [550].

However, this stationary-nuclei approximation will break down whenever electrons
are unable to adiabatically adapt to changing nuclear positions, such as in relativistic
conditions or during proton-transfer transition states [551]. In recent years, some
researchers have presented methods to carry out DFT calculations without relying on
the BO approximation [552]. However, these issues are not present for the systems
considered within this thesis, thus the approximation remains valid and shall be
utilized throughout.

B.3 DFT Dispersion Forces & Stresses

B.3.1 Assessment of Stress Errors with FHI-aims

In Section 2.5.3, we indicated that the current implementation of forces and
stresses in XDM is insufficient. This was then shown explicitly in Chapter 3, where
we optimized the geometry of some selected materials with cubic unit cells (CO2, Dia-
mond, Si, Cu, Ni, GaAs, MgO, NaCl) with the planewave code, Quantum ESPRESSO
(QE) [111]. First, we performed a variable-cell relaxation on the materials where we
assumed constant dispersion coefficients. Then, the lattice constants (alatt in Å) were
manually adjusted to scan over a range of geometries about equilibrium. Later, we
reran the same systems in FHI-aims [120], which uses numerical atom-centred or-
bitals. The purpose of this was twofold: (i) to compare TS and XDM results on the
same structures and (ii) to test if the same issues we saw in the planewave code (QE)
are also present in a numerical atom-centred basis code (FHI-aims).

From Table B.2, we confirm our previous conjecture that similar errors seen in
XDM geometry optimizations would be present with TS, although to a lesser degree.
For XDM, we believe that the errors were reduced with FHI-aims compared to QE
due to the quick decay of the basis functions. However, the issues were still present. In
Table B.3, we see that TS vastly overestimates the C6 coefficients compared to XDM,
which is the cause of TS’s systematic overbinding problem. XDM’s C6,ij is dependent
on both volume and moment integrals, while TS’s C6,ij is dependent only on the
volume integrals. Volume integrals tend to be less sensitive to geometry changes than
moment integrals [80, 98], explaining why TS’s errors in C6 are lower than those of
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XDM. For XDM, the C6 coefficients were smaller in QE than they were in FHI-aims.
This is perhaps because the multipole moment integrals capture the core regions
in FHI-aims, which are missing in QE due to the use of pseudopotentials. This is
consistent with the fact that the observed differences in C6 are larger for atoms with
large cores (e.g. Ni, Cu) compared to atoms with small cores (e.g. C, O).

Table B.2: A comparison of the lattice-constant (alatt in Å) errors and cor-
responding energy errors (∆E in eV) for selected materials with cubic unit
cells, as computed by TS and XDM using FHI-aims (FHI) [120], and XDM
in Quantum ESPRESSO (QE) [111]. amin

latt is the minimum-energy lattice
constant obtained via a manual scan. arel

latt is the lattice constant obtained
by a variable-cell relaxation assuming constant dispersion coefficients. ∆E
is the corresponding energy error of the variable-cell relaxation. The FHI-
aims calculations used numerical atom-centred orbital basis sets with light
settings, the PBE functional [149, 150], with the same k-point meshes used
in the Quantum ESPRESSO calculations as discussed in Chapter 3, with
one exception: XDM FHI-aims relaxation of NaCl was computed using a
primitive lattice with a 9×9×9 k-point grid.

TS (FHI) XDM (FHI) XDM (QE)

Material amin
latt arel

latt ∆E amin
latt arel

latt ∆E amin
latt arel

latt ∆E

CO2 5.93 5.93 <.001 5.93 5.93 <.001 5.69 5.66 0.001
Diamond 3.57 3.56 0.008 3.57 3.56 0.002 3.57 3.56 0.009

Si 5.49 5.46 0.007 5.49 5.44 0.011 5.46 5.42 0.020
GaAs 5.71 5.73 0.004 5.71 5.67 0.023 5.71 5.66 0.036

Ni 3.41 3.41 <.001 3.48 3.45 0.016 3.51 3.47 0.034
Cu 3.54 3.54 <.001 3.61 3.56 0.021 3.62 3.58 0.026

NaCl 5.40 5.40 <.001 5.56 5.55 0.007 5.52 5.44 0.040
MgO 4.22 4.20 0.005 4.26 4.22 0.012 4.23 4.19 0.036
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Table B.3: A comparison of selected cubic solids’ heteroatomic C6 coefficient
sensitivity to cell compression for TS and XDM using FHI-aims (FHI) and
Quantum ESPRESSO (QE). The C6 column gives the dispersion coefficient
at the energy-minimum geometry given in Table B.2 for the respective atoms
(and material) given in the left-most column. The |∆C6| column computes
the magnitude of the difference of C6 between 5% compressed and 5% ex-
panded geometries. Calculations were performed as for Table B.2, and all
values are in atomic units.

TS (FHI) XDM (FHI) XDM (QE)

Bond (Material) C6 |∆C6| C6 |∆C6| C6 |∆C6|

C-O (CO2) 19.80 1.2 15.63 2.0 15.10 .17
C-C (Diamond) 38.55 .96 15.42 3.8 14.16 3.6
Si-Si (Si) 271.9 6.9 129.1 27. 99.50 24.

Ga-As (GaAs) 302.1 6.9 184.7 34. 156.5 31.
Ni-Ni (Ni) 361.7 14. 136.3 26. 112.2 24.

Cu-Cu (Cu) 295.2 2.5 144.9 30. 105.7 19.
Na-Cl (NaCl) 220.3 7.4 87.38 12. 75.53 9.5
Mg-O (MgO) 67.01 .50 25.82 5.8 26.60 5.4
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B.3.2 Improved XDM Force Expressions

This section develops new formulae for XDM forces that explicitly account for the
variation in dispersion coefficients with atom positions and cell dimensions. We start
from Eq. (2.5.75)

EXDM = −1

2

∑
L

∑
i ̸=j′

∑
n=6,8,10

CXDM
n,ij

Rn
ij +Rn

vdw,ij
(B.3.1)

and we wish to derive a force expression analogous to Eq. (2.5.76) but without the
assumption that the dispersion coefficients are constant. First, the derivative with
respect to interatomic distance is taken. The αth component (where α is one of x, y,
or z) to the force on atom k is given by

FXDM
k,α = −∂E

XDM

∂xk,α
, (B.3.2)

where xk,α is the αth component of the atomic position of atom k. The first step will
be to take the derivative of the Becke–Johnson damping function. For simplicity, we
will consider the derivative of the denominator above:

∂

∂xk,α

[
fBJ
n

Rn
ij

]
=

∂
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[
1
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= −
n
(
Rn−1
ij

∂Rij

∂xk,α
+Rn−1

vdw,ij
∂Rvdw,ij

∂xk,α

)
(
Rn
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)2 . (B.3.5)

The derivatives of the interatomic distance, Rij = |xi − xj +Ra|, are given by

∂Rij

∂xi,α
=

(xi − xj +Ra)α
Rij

, (B.3.6)

∂Rij

∂xj,α
= −

(xi − xj +Ra)α
Rij

, (B.3.7)

where (. . .)α indicates the αth component and Ra is the lattice vector. We note that
for interatomic distance derivatives

∂Rij

∂xi,α
= − ∂Rij

∂xj,α
. (B.3.8)
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Now we take the derivative of the van der Waal’s radius,

∂Rvdw,ij

∂xk,α
=
∂ (a1Rc,ij + a2)

∂xk,α

= a1
∂Rc,ij

∂xk,α
, (B.3.9)

where a1 and a2 are XDM’s empirical damping parameters. The derivative of the
critical damping radius, Rc,ij, is

∂Rc,ij

∂xk,α
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where the XDM superscripts on the dispersion coefficients are implied, and the primed
notation indicates a partial derivative with respect to xk,α.

We now take the derivatives of the CXDM
n,ij dispersion coefficients. We recall their

forms as given in Section 2.5.3 as

CXDM
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Here, the polarizabilities, αi, and multipole moment integrals, ⟨M2
m⟩ℓ, are both de-

pendent on the atomic positions. The derivatives follow:
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The derivative of the general multipole moment is
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where the derivatives of the Hirshfeld weights, ωi, are already known [553]. The
derivatives of the polarizability and volume elements are given by

∂αi
∂xk,α

=
∂

∂xk,α

[
vi
vfree
i

αfree
i

]
=
αfree
i

vfree
i

∂vi
∂xk,α

, (B.3.19)



§B.3. DFT DISPERSION FORCES & STRESSES 222

and

vi =
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ρ(r) |r − xi|3wi(r)dr
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which we express as a sum over integration weights, wjint. Then taking the derivative
yields
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The derivative of |rj − xi|3wi(rj) may be expanded as a product rule,
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The second term is the derivative of the Hirshfeld weight, as in Eq. (B.3.18), and the
derivative in the first term is given by
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The mathematical framework above eliminates the previous assumption of constant
dispersion coefficients, which has been shown to introduce systematic errors. The
same mathematical framework can be applied to obtain improved XDM dispersion
contributions for stress, yielding expressions analogous to Eq. (2.5.77). Implementa-
tion of these formulae improves the consistency between dispersion forces and energies,
enabling more accurate geometry optimisations and high-accuracy molecular dynam-
ics. This approach is also transferable to other post-SCF dispersion corrections that
rely on similar assumptions.
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Appendix C

Chapter 6 Supplement

C.1 XCDM’s Use of the First Scalar Moment

The BR correlation hole used in this work comes from the spherically symmetric
B88 real-space correlation model [135], but using the BR exchange functional to
determine the correlation lengths [522]. This spherical symmetry means that the BR
correlation hole will not have a dipole moment. However, the real correlation hole
is not spherically symmetric in general, similar to how the BR exchange hole is not
symmetric, but its spherical average is used to compute exchange energies.

While the spherically symmetric hole is centred about the reference electron at
some distance r from the nearest nucleus, one can envision a shifted hole centred at
r− (dX + dC) that is not spherically symmetric due to polarization effects, but would
give the same spherical average. The magnitude of dX is determined from the BR
exchange-hole dipole moment. However, for the correlation hole, we use its radial size
(the first scalar moment) as a proxy for the extent of polarisation, dC.

Here, we assess whether the use of the first scalar moment,

dX(r) ≈
∫
hX(r, s) s ds , (C.1.1)

is a good approximation for the BR exchange hole, where we can compare with the
result dX(r) = b used in XDM. For the BR model, the spherically averaged hole,
expressed as a positive quantity, is [16]

hXσ(r, s) =
a

16πbs

[
(a|b− s|+ 1) e−a|b−s|
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−(a|b+ s|+ 1) e−a|b+s|
]
. (C.1.2)

The first scalar moment can be shown to be

µX =

∫
hX(r, s)sds =

4 + a2b2 − (4 + ab) e−ab

a2b

=
b

x2
[
4 + x2 − (4 + x) e−x

]
(C.1.3)

which simplifies to µX = b = dX in the limit a → ∞. A comparison of µ and b is
shown in Figure C.1 for the He atom using an variational, exponential wavefunction,
as well as for He, H2, and N2 using both LDA and HF electron densities obtained from
the Numol program [434]. The results confirm that the approximation of dX = µX is
exact for the BR exchange hole in the density tails far from atoms, although µX > dX

in bonding regions.

C.2 XCDM Dimensional Analysis

We consider the units of cσσ and cσσ′ . From Eq. (2.5.72), it is clear that a has
units of 1/length and b units of length and so x is dimensionless, consistent with
Eqs. (6.2.19) and (6.2.20). Then, UX = 1/b[1 − exp(−x) − 0.5x exp(−x)] has units
of 1/length. The correlation length z, by definition, has units of length [135]; thus
c is dimensionless. For gσσ′ , we consider Eq. (2.5.71), which states dXC =

gσσ′z5

1+z
ρ −

r. Since dXC has units of length and from gσσ′×length5

length × 1
length3 it follows that gσσ′

is dimensionless. Similarly for gσσ, we first examine Dσ,the difference in kinetic
energy densities, where τ = (∇ρ)2

ρ
= (1/length4)2

1/length3 = 1/length5 (dropping ℏ/2m in atomic

units). Thus, from Eq. (2.5.70), gσσz7

1+z
D = gσσ×length7

length × 1
length5 and therefore gσσ is also

dimensionless.

C.3 Damping Function Parameterization

Tabulated values of the optimal a1, a2 (Å), and zdamp for XDM and XCDM,
along with the associated mean absolute error (MAE) and mean absolute percent
error (MAPE), are provided in Table C.2. The functionals considered are B86bPBE,
B86bPBE0, B86bPBE50, PBE, PBE0, PBE50, B3LYP, BHLYP, HSE06 [168] (ω =

0.11 bohr−1), LC-ωPBE (ω = 0.2 bohr−1), and LC-ωPBEh (ω = 0.4 bohr−1 &
20% HF), while the basis sets are light, lightdense, lightdenser, intermediate,



§C.4. ANALYSIS OF WTMAD CONTRIBUTIONS 225

and tight. We note that the XDM(BJ) damping parameters are very slightly dif-
ferent from those reported in Ref. [119] due to some code modifications; the cur-
rent values are recommended for FHI-aims version 240314 and later. Additional
fits using the tier2_aug2 basis were also performed for B86bPBE, PBE, LC-ωPBE
(ω = 0.2 bohr−1), and LC-ωPBEh (ω = 0.4 bohr−1 & 20% HF).

Unfortunately, SCF convergence could not be achieved for some systems using
LC-ωPBE and LC-ωPBEh with FHI-aims, particularly within the GMTKN55 sub-
sets of C60ISO, MCONF, PCONF, and UPU23. We note, however, that addressing
SCF convergence issues with range-separated functionals is an active area of devel-
opment within the FHI-aims community. Thus, to be able to report range-separated
hybrid results, some additional calculations were performed using the Gaussian16
program [126]. In these calculations, damping parameters for XDM(BJ), XDM(Z),
XCDM(BJ), and XCDM(Z) were optimised for use with the PBE0 and LC-ωPBE
(ω = 0.4 bohr−1) functionals in combination with with the aug-cc-pVTZ basis set.
The XDM(BJ), XDM(Z), XCDM(BJ), and XCDM(Z) dispersion corrections were
applied ad hoc using the postg code [124].

C.4 Analysis of WTMAD Contributions

A recent work proposed the WTMAD-3 weighting scheme which attenuates the
weights for a subset to be no more than 1% of the total reactions considered [533].
Some GMTKN55 subsets have dozens of reaction energies, while others contain only
a handful. Because the more commonly used WTMAD-2 weights by the number of
systems equally across all subsets, it introduces a bias toward subsets with larger
numbers of reactions. To address this, the WTMAD-3 attenuates the weights for a
subset to be no more than 1% of the total reactions out of the subset; for the full
set of 55 subsets, this limits each subset’s weight to 15 systems. The WTMAD-3 is
calculated via

WTMAD-3 =

Nbench∑
i=1

Ndamp
i

Ntotal
· |∆E|total

|∆E|i
·MADi , (C.4.1)

where Ndamp
i = max(0.01×Ntotal , Ni). When calculating the per-category values for

GMTKN55’s WTMAD-2 and WTMAD-3, a fixed value of |∆E|total = 56.84 kcal/mol
is used across all categories, while Ntotal is rescaled per category.

WTMAD-1.5 is also introduced, which attempts to address the same issues as
WTMAD-3, but by fully removing the dependence on the number of subsets. This
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results in a combination of WTMAD-1 and WTMAD-2 methods, and is calculated
as

WTMAD-1.5 =
1

Nbench

Nbench∑
i=1

|∆E|total

|∆E|i
·MADi . (C.4.2)

To determine the contributions of each subset to the overall WTMAD values, we
first calculated the mean MAD for each GMTKN55 subset by averaging the MAD
values across our 36 combinations of functionals and dispersion corrections. The
results, collected in Table C.4, show that none of these four treatments fairly weighted
all subsets across the entire GMTKN55. We determined that the dynamic weights—
ratios ofNi/Ntotal to account for the number of reactions, and MADi/|∆E|i to account
for error relative to average reference energy—resulted in numerous systems being
over- or under-represented in the WTMAD error. For WTMAD-2 specifically, the
largest disparity observed was for PBE-D3(BJ), where BH76 contributed to 14.26%
of the WTMAD-2, while DIPCS10 contributed only 0.02%—a 713-fold difference in
scale. Although dynamic weights allow for easy expansion and transferability to other
benchmarks, we could not find a dynamic weighting scheme that fairly represented
all systems within GMTKN55.

Our analysis of the disparities in WTMAD-2 led to the formulation of WTMAD-4,
defined as

WTMAD-4 =
1

Nbench

Nbench∑
i=1

wWTMAD-4
i ·MADi . (C.4.3)

This weighting scheme is identical to WTMAD-1 in its construction, but the weights
are chosen such that each benchmark contributes roughly evenly (between 1.1% and
3.5%) to the overall WTMAD-4. We then examined the subsets within each of the five
categories to determine if their weights should be adjusted based on three criteria: (i)
qualitatively based on how representative they are of their category, (ii) the fraction
of reactions they represent within the category, and (iii) the quality of the reference
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data compared to others in the same category. The final weights are given by

wi =



50 ACONF, RG18

25 ADIM6, Amino20x4, BUT14DIOL,
HEAVY28, ICONF, MCONF, S66

10 BHROT27, HAL59, IL16, PCONF21,
PNICO23, RSE43, S22, SCONF, UPU23

5 AHB21, CARBHB12, CDIE20,
CHB6, ISO34, PArel, TAUT15

2.5 AL2X6, BH76, BH76RC, BHPERI,
BSR36, FH51, G21EA, HEAVYSB11,
IDISP, INV24, ISOL24, NBPRC,
PA26, YBDE18

1 ALK8, ALKBDE10, BHDIV10, DARC,
DIPCS10, G21IP, G2RC, PX13,
RC21, W4-11, WATER27, WCPT18

0.5 C60ISO, DC13, MB16-43, SIE4x4

(C.4.4)

As an example, BH76 contains 40% of the reactions in the “Barrier” category,
while having reference data of approximately equivalent quality to the other subsets
in this category. Thus, its weight was increased from the 0.2 bin to 0.5. At our
discretion, the following benchmarks were given increased weight: MB16-43, W4-11,
RSE43, BH76; while the following were given decreased weight: AL2X6, C60ISO,
G21IP. Table C.4 shows the percent contributions to the total weighted MAD under
the various WTMAD schemes for each subset in GMTKN55. The percentage change
of the “Basic+Small” and “Barriers” categories between WTMAD-2 and WTMAD-4 is
notable. However, we consider this shift in weight towards thermochemistry desirable
and representative for general chemistry applications.

C.5 Tabulated Data
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Figure C.1: Plots comparing the computed BR exchange-hole dipole moment
(b), with the first scalar moment (

∫
hX(r, s) s ds) of the BR exchange hole

for He, H2, and N2. The nuclei in H2 and N2 are placed at z = ±0.7 and
z = ±1.04 (in a.u.) respectively, and exchange-hole contributions are shown
for the nucleus at the positive position as the reference point r is varied along
the z-axis. Calculations were performed either with a variational, exponential
density, or with HF or LDA densities from Numol. The black line shows
the ri − dX ≥ 0 limit, which is enforced for all quantities.
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Figure C.2: Scatter plots show the GMTKN55 WTMAD-4 values (in kcal/-
mol) on the x-axis, and both the averaged and overall mean absolute errors
(MAEs) for the basis-set-corrected and lightdenser solid-state data on the
y-axis. XDM is indicated by circles and XCDM by diamonds; solid and
hollow shapes denote BJ- and Z-Damping respectively. The average MAE
was computed as the average of the four benchmark MAEs, while the overall
MAE was computed as the mean of all individual reaction errors across all
four benchmarks.
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Table C.1: The mean absolute percent error (MAPE) and mean percent
error (MPE) for the MolC6 benchmark of homomolecular C6 coefficients are
shown for each normalization function considered for XCDM. All data was
calculated with FHI-aims [120] using both the lightdenser and tight basis
sets for the B86bPBE and PBE functionals, as well as their associated 25%
and 50% hybrid counterparts. Also shown is an XCDM parameterization
based on the rounded mean of all three normalization functions, F1, F2, F3,
as well as XDM data for comparison.

F1(x) lightdenser tight
Functional MAPE MPE MAPE MPE
PBE 8.6 5.5 8.4 3.3
B86bPBE 8.5 4.9 8.5 2.7
PBE0 8.7 5.8 8.5 1.1
B86bPBE0 8.6 5.3 8.6 0.6
PBE50 8.8 6.0 8.9 -0.9
B86bPBE50 8.7 5.8 9.0 -1.2

F2(x) lightdenser tight
Functional MAPE MPE MAPE MPE
PBE 9.4 6.9 8.6 4.6
B86bPBE 9.1 6.3 8.6 4.0
PBE0 9.5 7.1 8.3 2.3
B86bPBE0 9.3 6.7 8.4 1.9
PBE50 9.8 7.4 8.5 0.4
B86bPBE50 9.6 7.1 8.6 0.1

F3(x) lightdenser tight
Functional MAPE MPE MAPE MPE
PBE 20.8 19.8 18.8 17.0
B86bPBE 20.2 19.1 18.2 16.4
PBE0 21.0 20.0 16.7 14.6
B86bPBE0 20.6 19.5 16.3 14.1
PBE50 21.3 20.3 14.8 12.5
B86bPBE50 21.0 20.0 14.6 12.2

Mean: 0.02 & 0.6 lightdenser tight
Functional MAPE MPE MAPE MPE
PBE 11.9 10.3 10.4 8.0
B86bPBE 11.4 9.7 10.0 7.3
PBE0 12.1 10.6 9.0 5.7
B86bPBE0 11.8 10.2 8.8 5.2
PBE50 12.4 10.9 8.4 3.6
B86bPBE50 12.2 10.6 8.4 3.4

XDM lightdenser tight
Functional MAPE MPE MAPE MPE
PBE 15.1 -12.2 18.1 -16.1
B86bPBE 15.5 -12.6 18.4 -16.4
PBE0 14.7 -12.0 19.4 -17.9
B86bPBE0 14.9 -12.2 19.6 -18.1
PBE50 15.6 -12.4 16.6 -14.0
B86bPBE50 16.0 -12.9 17.0 -14.5
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Table C.2: Optimal XDM and XCDM BJ-damping (a1 and a2) and Z-
Damping (zdamp) parameters for selected functionals calculated using version
250425 of FHI-aims [119, 120, 162, 494–497, 539], commit b38a7049. The
mean absolute errors (MAE, in kcal/mol) and mean absolute percent errors
(MAPE) for the KB49 fit set are also shown. The values of ω used for HSE
and LC-ωPBEh were 0.11 and 0.20 bohr−1 respectively. If the a1 BJ-damping
parameter was negative, it was set to zero and a2 was optimized under that
constraint.

XDM(BJ) XDM(Z) XCDM(BJ) XCDM(Z)
Functional a1 a2(ang) MAE MAPE zdamp MAE MAPE a1 a2(ang) MAE MAPE zdamp MAE MAPE

light
B86bPBE 0.5772 1.9027 0.49 13.6 113812 0.56 15.6 0.6299 2.0037 0.46 12.7 128057 0.52 14.6
PBE 0.2086 3.3113 0.62 17.6 195103 0.70 20.1 0.3375 3.1266 0.57 16.0 211728 0.67 19.3
B86bPBE0 0.2330 3.0772 0.30 8.6 146570 0.37 9.8 0.2232 3.3246 0.30 9.1 164382 0.34 9.3
PBE0 0.0000 4.0356 0.40 10.9 227147 0.48 13.0 0.0000 4.2125 0.38 10.5 247457 0.46 12.5
B3LYP 0.4922 1.9577 0.27 7.0 76047 0.41 10.1 0.2129 3.0078 0.25 7.5 88511 0.34 8.6
B86bPBE-50x 0.0000 4.0471 0.26 7.9 233058 0.35 10.0 0.0000 4.2466 0.29 9.3 256780 0.34 9.9
PBE-50x 0.0000 4.2524 0.33 8.9 326565 0.42 11.5 0.0000 4.4442 0.33 9.1 352651 0.42 11.4
BHLYP 0.0000 3.8449 0.33 8.8 163245 0.47 12.8 0.0000 4.0297 0.31 8.7 181833 0.45 12.4
HSE 0.0000 4.0661 0.46 12.0 239528 0.54 14.2 0.0000 4.2409 0.43 11.4 259900 0.52 13.7
LC-ωPBEh-00x 0.3117 2.7533 0.35 9.3 128736 0.38 10.6 0.3797 2.7680 0.34 9.1 145050 0.37 10.1
LC-ωPBEh-20x 0.2084 3.2019 0.26 7.2 162118 0.30 8.3 0.2953 3.1529 0.28 8.5 181335 0.30 8.5

lightdense
B86bPBE 0.6893 1.5815 0.53 14.9 118327 0.60 16.9 0.7800 1.5878 0.50 14.0 132553 0.56 15.9
PBE 0.3280 2.9685 0.66 18.8 203179 0.74 21.2 0.4874 2.7116 0.61 17.3 219712 0.71 20.4
B86bPBE0 0.4611 2.4173 0.35 10.0 155058 0.41 11.3 0.5597 2.3821 0.35 10.4 172992 0.39 10.8
PBE0 0.1817 3.5163 0.45 12.5 241315 0.53 14.3 0.3072 3.3530 0.43 11.9 261696 0.51 13.9
B3LYP 0.5777 1.7232 0.31 8.2 79788 0.44 11.0 0.3681 2.5860 0.29 8.7 92375 0.38 9.9
B86bPBE-50x 0.0521 3.9424 0.30 8.7 252984 0.37 10.3 0.1073 3.9862 0.32 9.9 277103 0.36 10.2
PBE-50x 0.0000 4.3141 0.37 9.9 357356 0.45 12.2 0.0000 4.5037 0.36 9.9 383792 0.45 12.1
BHLYP 0.0000 3.8868 0.35 9.7 175059 0.47 12.6 0.0000 4.0711 0.32 9.3 194020 0.45 12.3
HSE 0.1617 3.6063 0.51 13.5 253830 0.58 15.4 0.2966 3.4101 0.48 12.8 274207 0.56 14.9
LC-ωPBEh-00x 0.4124 2.4657 0.39 10.3 136727 0.42 11.7 0.5021 2.4300 0.38 10.4 153271 0.40 11.2
LC-ωPBEh-20x 0.3815 2.6951 0.30 8.1 174490 0.34 9.2 0.4983 2.5822 0.31 9.3 194077 0.32 9.1

lightdenser
B86bPBE 0.6881 1.5789 0.53 14.9 116996 0.60 17.0 0.7731 1.6013 0.50 14.1 131105 0.56 15.9
PBE 0.3275 2.9627 0.66 18.9 200770 0.74 21.2 0.4832 2.7163 0.61 17.3 217181 0.71 20.4
B86bPBE0 0.4545 2.4309 0.35 9.9 153336 0.41 11.3 0.5445 2.4188 0.34 10.4 171142 0.39 10.9
PBE0 0.1775 3.5217 0.45 12.4 238489 0.53 14.3 0.2973 3.3737 0.42 11.8 258739 0.51 13.9
B3LYP 0.5816 1.7060 0.32 8.2 78928 0.44 11.1 0.3692 2.5767 0.29 8.6 91407 0.38 9.9
B86bPBE-50x 0.0330 3.9929 0.30 8.7 250118 0.37 10.3 0.0692 4.0891 0.32 9.8 274099 0.36 10.2
PBE-50x 0.0000 4.3052 0.37 9.9 353058 0.45 12.2 0.0000 4.4945 0.36 9.9 379358 0.45 12.1
BHLYP 0.0000 3.8799 0.36 9.7 173138 0.47 12.6 0.0000 4.0636 0.32 9.2 191978 0.45 12.3
HSE 0.1579 3.6101 0.51 13.5 250809 0.58 15.4 0.2876 3.4284 0.48 12.8 271056 0.56 14.9
LC-ωPBEh-00x 0.4044 2.4840 0.39 10.4 135037 0.43 11.8 0.4896 2.4599 0.38 10.4 151439 0.40 11.3
LC-ωPBEh-20x 0.3699 2.7245 0.30 8.1 172337 0.34 9.2 0.4816 2.6247 0.31 9.2 191773 0.32 9.1

intermediate
B86bPBE 0.5550 1.9356 0.44 11.9 111561 0.50 13.5 0.5064 2.3267 0.42 11.6 125779 0.46 12.7
PBE 0.2856 3.0526 0.56 15.7 190929 0.64 18.1 0.3345 3.1085 0.53 14.4 207676 0.61 17.3
B86bPBE0 0.1564 3.2861 0.29 8.3 143700 0.34 8.9 0.0000 3.9540 0.31 9.5 161864 0.33 9.1
PBE0 0.0243 3.9447 0.38 10.2 222695 0.45 11.8 0.0000 4.1994 0.38 10.1 243612 0.43 11.5
B3LYP 0.4120 2.1684 0.26 6.3 74190 0.37 8.5 0.0757 3.3789 0.26 8.0 86675 0.33 8.0
B86bPBE-50x 0.0000 4.0234 0.28 8.7 230518 0.33 9.9 0.0000 4.2346 0.31 10.3 255698 0.33 10.0
PBE-50x 0.0000 4.2363 0.32 9.1 323677 0.41 11.4 0.0000 4.4376 0.34 9.8 351727 0.40 11.3
BHLYP 0.0000 3.8224 0.31 8.4 161458 0.45 12.1 0.0000 4.0148 0.32 9.1 180866 0.43 12.0
HSE 0.0321 3.9537 0.43 11.2 235387 0.51 12.9 0.0087 4.2039 0.42 11.0 256348 0.49 12.6
LC-ωPBEh-00x 0.3083 2.7542 0.32 7.9 126720 0.33 8.6 0.2000 3.2992 0.34 8.8 143146 0.32 8.6
LC-ωPBEh-20x 0.0570 3.6558 0.25 7.2 159185 0.28 7.7 0.0000 4.0230 0.29 8.8 178851 0.29 8.2

tight
B86bPBE 0.9004 0.7808 0.39 11.0 96089 0.43 12.1 1.0379 0.6748 0.36 10.4 109207 0.38 11.0
PBE 0.5124 2.2588 0.49 14.0 162373 0.56 16.3 0.7306 1.8435 0.45 12.6 177910 0.53 15.3
B86bPBE0 0.7284 1.3781 0.32 8.4 108291 0.38 9.1 0.9321 1.0594 0.30 8.3 123250 0.34 8.4
PBE0 0.4713 2.3855 0.40 10.3 162110 0.48 12.0 0.6999 1.9465 0.36 9.3 179250 0.45 11.3
B3LYP 0.6791 1.2394 0.27 6.4 59992 0.40 8.9 0.6271 1.6680 0.24 7.3 70838 0.31 6.8
B86bPBE-50x 0.5908 1.9047 0.36 8.3 131706 0.43 9.4 0.8237 1.4876 0.33 8.2 149034 0.40 8.8
PBE-50x 0.4233 2.5711 0.41 9.5 173943 0.50 11.1 0.6592 2.1147 0.37 8.7 192993 0.47 10.6
BHLYP 0.2877 2.7329 0.35 8.2 106257 0.51 11.5 0.2889 2.9460 0.29 7.1 121070 0.46 10.6
HSE 0.4523 2.4809 0.45 11.2 173227 0.52 12.9 0.6873 2.0193 0.41 10.1 190628 0.49 12.2
LC-ωPBEh-00x 0.7358 1.3088 0.26 6.9 106223 0.28 7.6 0.8467 1.2583 0.27 7.6 120890 0.25 6.9
LC-ωPBEh-20x 0.6823 1.5353 0.24 5.9 118151 0.30 6.9 0.8475 1.3178 0.26 7.1 134162 0.27 6.5

tier2_aug2
B86bPBE 0.8663 0.8411 0.38 10.7 95323 0.42 11.8 0.9772 0.8049 0.37 10.6 108366 0.37 10.6
PBE 0.4734 2.3536 0.48 13.7 160030 0.54 15.8 0.6706 1.9851 0.44 12.4 175488 0.51 14.9
LC-ωPBEh-00x 0.7387 1.2975 0.26 6.8 104587 0.27 7.4 0.8070 1.3745 0.28 7.8 119121 0.25 6.7
LC-ωPBEh-20x 0.7161 1.4251 0.25 6.1 116762 0.29 6.9 0.8718 1.2417 0.26 7.3 132649 0.26 6.4
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Table C.3: Optimal XDM and XCDM BJ- (a1 and a2) and Z- (zdamp) damp-
ing parameters for selected functionals, calculated using Gaussian 16 [126],
and postg release: XCDM(Z) [124]. The mean absolute errors (MAE, in kcal/-
mol) and mean absolute percent errors (MAPE) for the KB49 fit set are also
shown. LC-ωPBE used ω = 0.4 bohr−1. For XCDM(BJ)’s fit to LC-ωPBE,
the optimal a2 damping coefficient was negative, so it was set to zero and a1
was optimized under that constraint.

XDM(BJ) XDM(Z) XCDM(BJ) XCDM(Z)
Functional a1 a2(ang) MAE MAPE zdamp MAE MAPE a1 a2(ang) MAE MAPE zdamp MAE MAPE

aug-cc-pvtz
PBE0 0.4186 2.6791 — 10.4 189594 0.47 12.0 0.7051 2.0701 0.38 10.1 206696 0.44 11.4
LC-ωPBE 1.0149 0.6755 — 7.3 138857 0.19 6.2 1.3618 0.0000 0.28 9.7 156059 0.21 6.9
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Table C.4: Percent contributions to the total weighted MAD using all the
WTMAD schemes for each GMTKN55 subset. The number of systems in
each subset, Nsyst, and WTMAD-4 weights, wi, are also indicated. The level
of theory and mean reference energy for each benchmark can be obtained
from Ref. [280]. The percent contributions were calculated by dividing each
term in the WTMAD summations by their respective total values. The
MAD values for each subset were taken as the mean of all 36 combinations
of nine functionals (PBE, B86bPBE, PBE0, B86bPBE0, B3LYP, PBE50,
B86bPBE50, BHLYP, LC-ωPBE) and four dispersion corrections (XDM(BJ),
XDM(Z), XCDM(BJ), XCDM(Z)) studied in the Chapter 6.

Subset Nsyst wi WTMAD-1 WTMAD-2 WTMAD-3 WTMAD-1.5 WTMAD-4
Basic + Small

AL2X6 6 2.50 0.80 0.16 0.39 0.69 1.19
ALK8 8 1.00 3.30 0.51 0.93 1.64 1.98
ALKBDE10 10 1.00 0.35 0.42 0.61 1.08 2.08
BH76RC 30 2.50 1.26 2.16 2.08 1.84 1.89
DC13 13 0.50 4.35 1.26 1.40 2.47 1.30
DIPCS10 10 1.00 0.20 0.04 0.05 0.09 1.18
FH51 51 2.50 1.37 2.75 2.64 1.38 2.05
G21EA 25 2.50 1.57 1.43 1.37 1.46 2.36
G21IP 36 1.00 0.18 0.31 0.30 0.22 1.09
G2RC 25 1.00 2.71 1.61 1.55 1.65 1.62
HEAVYSB11 11 2.50 1.38 0.32 0.42 0.74 2.07
NBPRC 12 2.50 1.28 0.68 0.81 1.44 1.92
PA26 26 2.50 0.13 0.21 0.20 0.21 1.90
RC21 21 1.00 2.15 1.54 1.48 1.88 1.29
SIE4x4 16 0.50 5.97 3.46 3.32 5.52 1.79
TAUT15 15 5.00 4.88 2.93 2.82 4.99 1.46
W4-11 140 1.00 0.46 2.58 2.48 0.47 2.78
YBDE18 18 2.50 1.70 0.76 0.73 1.07 2.54

Total: 34.0 23.1 23.6 28.8 32.5
Iso + Large

BSR36 36 2.50 1.32 3.58 3.44 2.54 1.98
C60ISO 9 0.50 0.40 0.44 0.71 1.26 1.19
CDIE20 20 5.00 4.94 2.97 2.85 3.80 1.48
DARC 14 1.00 2.66 1.40 1.44 2.55 1.59
ISO34 34 5.00 0.71 2.03 1.95 1.52 2.13
ISOL24 24 2.50 1.75 2.34 2.25 2.49 2.62
MB16-43 43 0.50 0.96 1.22 1.17 0.72 2.88
PArel 20 5.00 5.95 3.14 3.01 4.01 1.78
RSE43 43 10.00 0.58 4.03 3.87 2.39 3.49

Total: 19.3 21.2 20.7 21.3 19.1
Barriers

BH76 76 2.50 1.92 9.58 9.20 3.22 2.88
BHDIV10 10 1.00 1.82 0.49 0.71 1.25 1.09
BHPERI 26 2.50 1.44 2.19 2.11 2.15 2.16
BHROT27 27 10.00 2.45 1.29 1.24 1.22 1.47
INV24 24 2.50 0.85 0.78 0.75 0.83 1.27
PX13 13 1.00 2.45 1.16 1.29 2.29 1.47
WCPT18 18 1.00 1.90 1.20 1.15 1.70 1.14

Total: 12.8 16.7 16.4 12.7 11.5
Intermolecular NCI

ADIM6 6 25.00 0.85 0.19 0.45 0.79 1.28
AHB21 21 5.00 0.53 0.60 0.58 0.73 1.58
CARBHB12 12 5.00 4.81 1.17 1.41 2.49 1.44
CHB6 6 5.00 0.66 0.18 0.43 0.76 1.97
HAL59 59 10.00 3.27 5.13 4.93 2.22 1.96
HEAVY28 28 25.00 1.71 4.70 4.52 4.29 2.56
IL16 16 10.00 0.03 0.05 0.05 0.08 1.69
PNICO23 23 10.00 2.55 1.68 1.61 1.86 1.53
RG18 18 50.00 0.57 2.17 2.09 3.09 1.72
S22 22 10.00 2.04 0.75 0.72 0.87 1.23
S66 66 25.00 1.56 2.30 2.21 0.89 2.34
WATER27 27 1.00 0.24 0.97 0.93 0.92 1.43

Total: 18.8 19.9 19.9 19.0 20.7
Intramolecular NCI

ACONF 15 50.00 0.43 0.43 0.41 0.73 1.28
Amino20x4 80 25.00 1.29 5.17 4.96 1.65 1.93
BUT14DIOL 64 25.00 1.32 3.69 3.54 1.47 1.98
ICONF 17 25.00 1.62 1.03 0.98 1.54 2.42
IDISP 6 2.50 1.37 0.71 1.70 3.01 2.06
MCONF 51 25.00 1.21 1.51 1.45 0.76 1.81
PCONF21 18 10.00 3.28 4.45 4.27 6.31 1.97
SCONF 17 10.00 1.95 0.88 0.84 1.32 1.17
UPU23 23 10.00 2.59 1.27 1.22 1.41 1.55

Total: 15.0 19.1 19.4 18.2 16.2
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Table C.5: Mean absolute deviation (MAD) values (kcal/mol) for each bench-
mark in GMTKN55 for the XDM(BJ) dispersion correction for selected func-
tionals. All results were calculated in FHI-aims [120] as described in the
computational methods in the Chapter 6, except LC-ωPBE (ω = 0.4 bohr−1)
which was calculated using Gaussian 16 [126], and postg release: XCDM(Z)
[124].

Subset PBE B86bPBE PBE0 B86bPBE0 B3LYP PBE50 B86bPBE50 BHLYP LC-ωPBE
AL2X6 1.65 2.19 1.33 0.91 3.41 2.26 1.84 1.49 1.04
ALK8 13.60 6.67 15.56 9.43 10.24 17.55 12.97 32.02 3.42
ALKBDE10 6.02 5.81 5.01 5.33 4.12 12.50 12.88 12.73 5.48
BH76RC 4.18 3.70 2.16 1.95 2.00 2.79 2.81 3.59 2.37
DC13 9.38 8.84 8.60 7.94 10.03 11.94 11.28 9.14 11.40
DIPCS10 4.40 3.94 3.19 3.24 4.87 4.66 4.83 7.20 3.26
FH51 3.12 3.10 2.66 2.42 2.42 4.25 4.03 1.84 3.56
G21EA 3.26 3.33 2.59 2.62 2.57 4.68 4.68 5.03 2.86
G21IP 3.79 3.91 3.63 3.76 3.92 4.35 4.40 4.41 4.59
G2RC 6.72 6.15 6.66 5.97 2.72 8.65 8.12 4.23 5.97
HEAVYSB11 3.55 3.19 1.23 1.58 3.12 2.59 3.02 5.77 4.47
NBPRC 2.28 2.08 2.79 2.28 2.28 4.00 3.63 2.54 3.28
PA26 1.85 2.46 2.15 2.80 2.19 3.36 3.70 2.70 2.81
RC21 6.55 5.95 5.28 4.74 2.48 5.49 5.09 2.26 4.75
SIE4x4 23.46 23.40 14.20 14.10 17.91 5.41 5.31 7.28 9.59
TAUT15 1.76 1.73 1.10 1.05 1.09 0.82 0.75 0.55 0.94
W4-11 15.46 13.11 3.49 3.88 3.28 14.63 16.07 19.82 4.20
YBDE18 5.12 5.15 1.18 1.67 4.85 3.82 4.01 6.10 2.51
BSR36 3.49 3.46 3.38 3.18 3.18 3.31 3.12 4.14 1.83
C60ISO 11.12 10.89 2.26 2.25 2.58 11.27 11.40 11.44 16.78
CDIE20 1.69 1.65 1.25 1.21 0.97 0.94 0.91 0.63 0.90
DARC 3.88 4.35 3.28 2.55 7.34 9.69 9.15 3.20 10.10
ISO34 1.57 1.52 1.43 1.30 1.62 1.98 1.86 1.24 1.90
ISOL24 4.75 4.76 2.21 1.99 5.16 3.95 3.76 3.39 5.90
MB16-43 24.70 21.81 15.52 13.67 25.30 18.95 18.06 26.25 22.39
PArel 1.81 1.76 1.18 1.07 1.10 1.46 1.37 1.25 1.00
RSE43 2.99 2.80 1.47 1.34 1.72 0.46 0.43 0.49 0.58
BH76 9.24 8.81 4.24 3.92 5.18 1.82 1.81 2.15 1.62
BHDIV10 8.61 8.11 4.65 4.27 3.27 1.74 1.63 2.91 1.57
BHPERI 5.86 5.82 2.76 2.63 1.19 1.86 1.83 4.73 2.50
BHROT27 0.44 0.41 0.55 0.52 0.39 0.75 0.73 0.55 0.58
INV24 2.42 2.32 1.07 1.02 0.91 2.36 2.39 2.42 2.20
PX13 11.68 10.85 6.23 5.53 4.32 1.56 1.25 2.59 4.87
WCPT18 9.01 8.34 4.17 3.62 2.37 2.27 2.19 3.66 2.53
ADIM6 0.09 0.09 0.19 0.18 0.10 0.34 0.33 0.04 0.14
AHB21 1.21 0.84 1.40 1.12 0.61 1.85 1.69 1.21 0.65
CARBHB12 1.69 1.57 1.28 1.18 0.84 1.07 0.99 0.52 0.55
CHB6 0.58 0.44 1.34 1.15 1.50 2.17 2.03 2.62 1.51
HAL59 1.21 0.99 0.67 0.56 0.57 0.41 0.37 0.32 0.58
HEAVY28 0.50 0.25 0.36 0.21 0.18 0.28 0.21 0.26 0.32
IL16 0.65 0.35 0.49 0.34 0.40 0.50 0.44 0.68 1.34
PNICO23 1.01 0.78 0.73 0.59 0.23 0.61 0.52 0.21 0.30
RG18 0.24 0.10 0.11 0.05 0.15 0.04 0.05 0.06 0.13
S22 0.52 0.39 0.48 0.38 0.29 0.57 0.49 0.46 0.34
S66 0.39 0.31 0.36 0.29 0.27 0.41 0.37 0.35 0.21
WATER27 7.61 7.09 5.25 4.51 6.09 3.90 3.19 3.74 1.64
ACONF 0.08 0.12 0.10 0.04 0.17 0.14 0.06 0.13 0.09
Amino20x4 0.32 0.33 0.26 0.25 0.21 0.32 0.31 0.29 0.31
BUT14DIOL 0.43 0.56 0.23 0.30 0.52 0.11 0.14 0.17 0.09
ICONF 0.36 0.34 0.29 0.27 0.31 0.42 0.41 0.45 0.34
IDISP 3.45 3.03 2.13 1.69 3.52 3.12 2.95 4.08 3.91
MCONF 0.49 0.41 0.26 0.22 0.19 0.12 0.15 0.19 0.33
PCONF21 1.50 0.97 1.09 0.73 0.45 0.78 0.56 0.44 0.47
SCONF 0.64 0.98 0.21 0.38 0.47 0.17 0.13 0.51 0.32
UPU23 0.60 0.44 0.56 0.50 0.45 0.64 0.61 0.73 0.70
WTMAD-1 5.76 5.23 4.01 3.54 3.65 4.05 3.72 3.82 3.45
WTMAD-2 10.40 9.38 6.55 5.78 6.27 6.06 5.67 5.72 5.48
WTMAD-3 5.59 4.95 3.68 3.17 3.40 3.46 3.18 3.17 3.21
WTMAD-1.5 10.79 9.54 7.18 6.16 6.70 6.96 6.39 6.51 6.35
WTMAD-4 8.99 8.13 6.06 5.34 6.12 6.92 6.50 7.06 5.98
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Table C.6: Mean absolute deviation (MAD) values (kcal/mol) for each bench-
mark in GMTKN55 for the XDM(Z) dispersion correction for selected func-
tionals. All results were calculated in FHI-aims [120] as described in the
computational methods in the Chapter 6, except LC-ωPBE (ω = 0.4 bohr−1)
which was calculated using Gaussian 16 [126], and postg release: XCDM(Z)
[124].

Subset PBE B86bPBE PBE0 B86bPBE0 B3LYP PBE50 B86bPBE50 BHLYP LC-ωPBE
AL2X6 1.61 1.49 1.21 1.21 2.88 1.89 1.86 2.76 1.85
ALK8 3.13 2.86 3.27 3.04 1.89 3.92 3.75 3.87 2.67
ALKBDE10 6.05 5.87 5.07 5.36 4.17 12.60 12.94 13.02 5.50
BH76RC 4.21 3.77 2.20 1.97 1.92 2.83 2.85 3.60 2.39
DC13 8.57 8.27 8.63 8.01 9.20 12.20 11.68 9.74 12.03
DIPCS10 4.57 4.01 3.29 3.33 4.75 4.71 4.86 7.37 3.19
FH51 3.06 2.97 2.84 2.61 2.12 4.51 4.32 2.09 3.73
G21EA 3.20 3.36 2.64 2.64 2.54 4.74 4.71 5.38 2.86
G21IP 3.81 3.93 3.66 3.78 3.92 4.36 4.42 4.47 4.59
G2RC 6.66 6.09 6.63 6.02 2.58 8.66 8.29 4.46 6.09
HEAVYSB11 3.30 2.91 0.99 1.14 2.70 2.57 2.76 6.30 3.46
NBPRC 2.27 1.94 3.02 2.62 2.28 4.30 4.02 2.88 3.64
PA26 2.07 2.54 2.57 3.15 2.68 3.73 4.09 3.46 2.90
RC21 6.86 6.23 5.65 5.11 2.81 5.85 5.47 2.28 4.98
SIE4x4 23.56 23.42 14.30 14.17 18.00 5.51 5.40 7.44 9.60
TAUT15 1.81 1.78 1.12 1.10 1.19 0.77 0.71 0.56 0.97
W4-11 15.51 13.11 3.46 3.77 3.34 14.55 15.97 19.78 4.20
YBDE18 5.20 5.09 1.17 1.36 4.48 3.66 3.85 6.05 2.48
BSR36 3.14 2.26 3.09 2.44 2.34 3.09 2.68 4.27 0.73
C60ISO 10.85 10.90 2.30 2.29 2.48 11.63 11.65 12.19 16.56
CDIE20 1.65 1.55 1.21 1.13 0.86 0.90 0.86 0.60 0.89
DARC 3.23 3.30 4.08 3.61 5.93 10.46 10.07 2.26 11.09
ISO34 1.53 1.44 1.45 1.31 1.49 2.01 1.90 1.16 1.91
ISOL24 4.42 4.25 2.14 1.99 4.46 4.34 4.23 2.97 6.37
MB16-43 23.10 21.78 15.03 14.00 26.18 20.74 20.33 38.12 20.39
PArel 1.84 1.76 1.20 1.11 1.04 1.50 1.43 1.23 1.04
RSE43 2.86 2.62 1.34 1.17 1.44 0.40 0.39 0.45 0.57
BH76 9.32 9.01 4.33 4.07 5.40 1.83 1.79 2.12 1.62
BHDIV10 8.62 8.25 4.65 4.34 3.19 1.79 1.73 2.97 1.75
BHPERI 6.03 5.96 2.96 2.81 1.19 1.93 1.91 4.60 2.41
BHROT27 0.45 0.43 0.56 0.54 0.42 0.75 0.74 0.57 0.58
INV24 2.43 2.27 1.08 1.02 0.90 2.38 2.41 2.43 2.21
PX13 11.96 11.18 6.51 5.88 4.83 1.78 1.51 2.16 5.09
WCPT18 9.21 8.56 4.38 3.86 2.69 2.49 2.43 3.37 2.66
ADIM6 0.10 0.20 0.02 0.09 0.33 0.15 0.10 0.17 0.09
AHB21 1.27 1.16 1.45 1.32 0.90 1.89 1.79 1.24 0.72
CARBHB12 1.76 1.60 1.36 1.24 0.91 1.15 1.07 0.57 0.58
CHB6 0.65 0.60 1.43 1.38 1.70 2.24 2.19 2.54 1.81
HAL59 1.44 1.47 0.88 0.90 1.01 0.57 0.59 0.53 0.56
HEAVY28 0.71 0.76 0.55 0.59 0.57 0.43 0.46 0.35 0.33
IL16 0.97 1.14 0.66 0.76 0.58 0.53 0.53 0.60 0.56
PNICO23 1.05 0.96 0.75 0.69 0.37 0.62 0.58 0.44 0.28
RG18 0.30 0.14 0.17 0.09 0.19 0.12 0.09 0.19 0.13
S22 0.57 0.40 0.57 0.44 0.46 0.66 0.59 0.66 0.26
S66 0.41 0.31 0.40 0.33 0.44 0.47 0.41 0.51 0.17
WATER27 9.52 8.13 7.26 6.12 8.06 5.95 5.10 6.70 2.27
ACONF 0.06 0.11 0.06 0.04 0.12 0.10 0.05 0.11 0.10
Amino20x4 0.33 0.33 0.28 0.27 0.22 0.33 0.32 0.26 0.33
BUT14DIOL 0.52 0.53 0.32 0.33 0.52 0.20 0.20 0.30 0.10
ICONF 0.34 0.31 0.30 0.28 0.32 0.45 0.44 0.52 0.37
IDISP 3.17 2.78 1.91 1.51 3.38 3.19 3.07 4.18 3.97
MCONF 0.47 0.43 0.25 0.24 0.19 0.15 0.22 0.13 0.41
PCONF21 1.40 1.05 0.97 0.72 0.50 0.67 0.52 0.30 0.47
SCONF 0.87 1.00 0.43 0.52 0.62 0.14 0.18 0.21 0.34
UPU23 0.55 0.47 0.56 0.54 0.52 0.65 0.65 0.72 0.83
WTMAD-1 5.70 5.36 3.95 3.68 3.76 3.93 3.77 3.51 3.51
WTMAD-2 10.78 10.00 6.96 6.43 6.88 6.44 6.20 6.09 5.51
WTMAD-3 5.73 5.25 3.83 3.49 3.66 3.60 3.41 3.26 3.25
WTMAD-1.5 10.96 10.06 7.34 6.69 7.13 7.08 6.71 6.51 6.43
WTMAD-4 9.10 8.52 6.12 5.73 6.44 6.95 6.74 7.16 5.92
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Table C.7: Mean absolute deviation (MAD) values (kcal/mol) for each bench-
mark in GMTKN55 for the XCDM(BJ) dispersion correction for selected
functionals. All results were calculated in FHI-aims [120] as described in the
computational methods in the Chapter 6, except LC-ωPBE (ω = 0.4 bohr−1)
which was calculated using Gaussian 16 [126], and postg release: XCDM(Z)
[124].

Subset PBE B86bPBE PBE0 B86bPBE0 B3LYP PBE50 B86bPBE50 BHLYP LC-ωPBE
AL2X6 1.79 2.24 1.05 0.79 3.26 1.71 1.32 1.70 0.85
ALK8 8.40 5.55 9.03 6.04 12.09 10.09 7.87 28.48 2.15
ALKBDE10 5.99 5.78 5.08 5.41 4.15 12.63 13.02 12.90 5.49
BH76RC 4.16 3.68 2.15 1.93 2.00 2.79 2.81 3.59 2.36
DC13 9.15 8.79 8.49 7.84 10.09 11.78 11.10 9.17 11.32
DIPCS10 4.47 4.00 3.23 3.30 4.81 4.68 4.85 7.24 3.16
FH51 3.11 3.13 2.63 2.36 2.54 4.23 3.98 1.83 3.49
G21EA 3.21 3.33 2.63 2.64 2.60 4.72 4.71 5.13 2.87
G21IP 3.79 3.92 3.64 3.77 3.92 4.35 4.41 4.43 4.59
G2RC 6.62 6.06 6.52 5.84 2.62 8.50 7.99 4.08 5.89
HEAVYSB11 3.46 3.10 1.46 1.95 3.17 3.00 3.45 6.06 4.82
NBPRC 2.30 2.17 2.70 2.14 2.32 3.90 3.49 2.67 3.10
PA26 1.91 2.47 2.27 2.91 2.07 3.46 3.81 2.79 2.92
RC21 6.53 5.83 5.25 4.64 2.33 5.45 5.01 2.26 4.68
SIE4x4 23.46 23.36 14.20 14.09 17.82 5.41 5.30 7.26 9.60
TAUT15 1.77 1.73 1.11 1.05 1.07 0.81 0.75 0.55 0.94
W4-11 15.39 12.93 3.46 3.98 3.20 14.73 16.21 20.02 4.26
YBDE18 5.19 5.23 1.29 1.91 5.10 3.81 4.01 6.40 2.48
BSR36 3.48 3.12 3.44 3.13 2.55 3.43 3.23 4.23 1.80
C60ISO 11.05 10.90 2.26 2.26 2.71 11.42 11.54 11.48 16.88
CDIE20 1.71 1.68 1.27 1.25 1.02 0.96 0.95 0.65 0.92
DARC 3.86 4.40 3.21 2.40 7.74 9.60 8.99 3.43 9.96
ISO34 1.59 1.55 1.46 1.32 1.69 1.99 1.87 1.28 1.92
ISOL24 4.66 4.68 2.17 1.95 5.02 4.00 3.79 3.31 5.97
MB16-43 24.25 22.13 15.04 13.76 24.97 18.82 18.47 29.01 23.51
PArel 1.81 1.74 1.18 1.07 1.11 1.46 1.37 1.25 1.00
RSE43 3.00 2.82 1.47 1.35 1.75 0.46 0.43 0.50 0.58
BH76 9.17 8.71 4.17 3.83 5.03 1.83 1.82 2.17 1.60
BHDIV10 8.57 8.06 4.59 4.20 3.13 1.71 1.60 2.99 1.55
BHPERI 5.75 5.57 2.63 2.39 1.11 1.81 1.78 5.02 2.66
BHROT27 0.44 0.41 0.56 0.52 0.37 0.75 0.72 0.55 0.58
INV24 2.45 2.38 1.07 1.03 0.93 2.36 2.39 2.40 2.24
PX13 11.64 10.72 6.19 5.45 4.03 1.54 1.22 2.67 4.82
WCPT18 8.95 8.19 4.11 3.50 2.09 2.23 2.12 3.79 2.45
ADIM6 0.16 0.26 0.28 0.36 0.10 0.44 0.49 0.09 0.39
AHB21 1.07 0.75 1.24 0.96 0.43 1.70 1.53 1.04 0.64
CARBHB12 1.66 1.49 1.25 1.12 0.69 1.04 0.94 0.47 0.50
CHB6 0.54 0.46 1.12 0.94 1.11 1.95 1.78 2.35 1.37
HAL59 1.10 0.92 0.58 0.50 0.52 0.36 0.35 0.24 0.69
HEAVY28 0.34 0.19 0.20 0.15 0.15 0.15 0.16 0.19 0.47
IL16 0.48 0.33 0.36 0.35 0.55 0.44 0.48 0.94 1.59
PNICO23 0.92 0.71 0.63 0.53 0.18 0.52 0.47 0.22 0.37
RG18 0.22 0.09 0.09 0.05 0.15 0.05 0.07 0.04 0.16
S22 0.48 0.33 0.46 0.34 0.24 0.56 0.47 0.42 0.33
S66 0.37 0.30 0.36 0.30 0.21 0.42 0.38 0.32 0.26
WATER27 7.22 5.80 4.89 3.67 3.85 3.59 2.64 2.84 1.20
ACONF 0.11 0.09 0.15 0.04 0.08 0.19 0.12 0.21 0.03
Amino20x4 0.32 0.32 0.26 0.25 0.20 0.32 0.30 0.30 0.28
BUT14DIOL 0.43 0.53 0.22 0.29 0.43 0.11 0.12 0.13 0.09
ICONF 0.37 0.34 0.30 0.28 0.30 0.41 0.41 0.46 0.34
IDISP 3.31 2.99 2.09 1.56 3.12 3.44 3.18 4.00 4.06
MCONF 0.47 0.40 0.25 0.22 0.24 0.12 0.19 0.16 0.37
PCONF21 1.39 0.90 1.00 0.67 0.45 0.72 0.51 0.43 0.42
SCONF 0.67 0.93 0.21 0.38 0.28 0.16 0.12 0.58 0.36
UPU23 0.50 0.40 0.51 0.46 0.49 0.60 0.58 0.71 0.66
WTMAD-1 5.55 5.12 3.80 3.42 3.52 3.86 3.62 3.76 3.51
WTMAD-2 10.06 9.10 6.23 5.59 5.95 5.86 5.60 5.60 5.67
WTMAD-3 5.40 4.81 3.50 3.07 3.24 3.34 3.13 3.12 3.30
WTMAD-1.5 10.41 9.30 6.81 5.97 6.39 6.71 6.29 6.40 6.55
WTMAD-4 8.71 7.97 5.79 5.23 5.82 6.74 6.48 7.08 6.20
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Table C.8: Mean absolute deviation (MAD) values (kcal/mol) for each bench-
mark in GMTKN55 for the XCDM(Z) dispersion correction for selected func-
tionals. All results were calculated in FHI-aims [120] as described in the
computational methods in the Chapter 6, except LC-ωPBE (ω = 0.4 bohr−1)
which was calculated using Gaussian 16 [126], and postg release: XCDM(Z)
[124].

Subset PBE B86bPBE PBE0 B86bPBE0 B3LYP PBE50 B86bPBE50 BHLYP LC-ωPBE
AL2X6 1.66 1.57 1.17 1.14 3.26 1.77 1.68 2.91 1.73
ALK8 3.03 2.69 3.15 2.80 2.32 3.79 3.56 3.93 2.49
ALKBDE10 6.04 5.85 5.08 5.38 4.20 12.62 12.97 13.06 5.50
BH76RC 4.20 3.75 2.19 1.96 1.92 2.82 2.84 3.60 2.38
DC13 8.57 8.38 8.57 7.83 9.63 12.06 11.47 9.98 11.83
DIPCS10 4.57 4.02 3.29 3.33 4.75 4.71 4.86 7.38 3.18
FH51 3.06 2.99 2.80 2.54 2.22 4.47 4.26 2.05 3.66
G21EA 3.20 3.36 2.64 2.64 2.54 4.74 4.71 5.39 2.86
G21IP 3.81 3.93 3.66 3.78 3.92 4.36 4.42 4.47 4.59
G2RC 6.63 6.02 6.58 5.95 2.54 8.61 8.23 4.40 6.03
HEAVYSB11 3.25 2.85 1.00 1.19 2.86 2.65 2.87 6.38 3.58
NBPRC 2.28 2.02 2.95 2.51 2.45 4.22 3.90 2.98 3.53
PA26 2.07 2.52 2.55 3.13 2.64 3.72 4.07 3.44 2.88
RC21 6.79 6.09 5.57 4.97 2.61 5.77 5.35 2.27 4.87
SIE4x4 23.55 23.40 14.29 14.15 17.97 5.50 5.39 7.42 9.59
TAUT15 1.80 1.77 1.12 1.09 1.17 0.77 0.71 0.55 0.97
W4-11 15.47 13.02 3.45 3.84 3.30 14.61 16.07 19.90 4.21
YBDE18 5.23 5.15 1.21 1.53 4.83 3.68 3.87 6.27 2.47
BSR36 3.23 2.44 3.20 2.62 2.61 3.21 2.85 4.46 0.89
C60ISO 10.82 10.85 2.31 2.30 2.45 11.67 11.69 12.24 16.61
CDIE20 1.66 1.58 1.22 1.16 0.91 0.92 0.88 0.62 0.89
DARC 3.35 3.62 3.86 3.21 6.70 10.24 9.74 2.63 10.77
ISO34 1.54 1.48 1.46 1.32 1.57 2.01 1.90 1.19 1.91
ISOL24 4.46 4.36 2.15 1.96 4.59 4.30 4.16 3.04 6.30
MB16-43 23.03 21.60 14.90 13.88 28.42 20.66 20.21 39.37 20.65
PArel 1.83 1.75 1.19 1.10 1.05 1.49 1.41 1.23 1.03
RSE43 2.87 2.64 1.35 1.20 1.49 0.41 0.39 0.45 0.58
BH76 9.30 8.94 4.30 4.01 5.28 1.83 1.79 2.13 1.61
BHDIV10 8.59 8.17 4.61 4.27 3.11 1.77 1.70 3.05 1.71
BHPERI 5.91 5.72 2.82 2.58 1.06 1.87 1.83 4.84 2.53
BHROT27 0.45 0.43 0.56 0.54 0.41 0.75 0.74 0.56 0.58
INV24 2.45 2.30 1.08 1.02 0.93 2.38 2.40 2.42 2.21
PX13 11.91 11.08 6.46 5.79 4.64 1.75 1.46 2.25 5.02
WCPT18 9.16 8.46 4.33 3.76 2.51 2.44 2.36 3.47 2.60
ADIM6 0.15 0.27 0.05 0.15 0.42 0.13 0.09 0.22 0.12
AHB21 1.22 1.07 1.40 1.24 0.73 1.84 1.72 1.16 0.68
CARBHB12 1.74 1.56 1.34 1.20 0.85 1.13 1.03 0.53 0.54
CHB6 0.64 0.51 1.37 1.27 1.49 2.18 2.10 2.43 1.73
HAL59 1.42 1.41 0.85 0.85 0.94 0.55 0.56 0.49 0.55
HEAVY28 0.69 0.73 0.53 0.56 0.54 0.40 0.43 0.32 0.31
IL16 0.90 0.99 0.59 0.62 0.41 0.49 0.47 0.70 0.64
PNICO23 1.02 0.90 0.71 0.64 0.29 0.60 0.55 0.43 0.27
RG18 0.29 0.13 0.17 0.09 0.17 0.12 0.09 0.18 0.14
S22 0.56 0.36 0.55 0.41 0.40 0.65 0.58 0.63 0.27
S66 0.40 0.29 0.39 0.31 0.40 0.46 0.40 0.49 0.17
WATER27 9.28 7.64 7.00 5.67 7.24 5.69 4.72 6.24 1.89
ACONF 0.07 0.09 0.09 0.02 0.07 0.13 0.08 0.15 0.05
Amino20x4 0.33 0.32 0.27 0.27 0.21 0.33 0.32 0.26 0.33
BUT14DIOL 0.50 0.51 0.30 0.30 0.49 0.18 0.17 0.27 0.08
ICONF 0.35 0.32 0.31 0.28 0.32 0.45 0.45 0.52 0.37
IDISP 3.22 2.86 2.00 1.67 3.63 3.34 3.25 4.34 4.15
MCONF 0.47 0.42 0.25 0.25 0.21 0.16 0.23 0.13 0.41
PCONF21 1.39 1.02 0.97 0.71 0.50 0.66 0.51 0.28 0.46
SCONF 0.84 0.94 0.39 0.46 0.53 0.12 0.14 0.26 0.28
UPU23 0.50 0.46 0.54 0.53 0.53 0.63 0.64 0.71 0.81
WTMAD-1 5.67 5.31 3.91 3.61 3.74 3.89 3.71 3.54 3.46
WTMAD-2 10.70 9.87 6.88 6.29 6.76 6.37 6.11 6.08 5.44
WTMAD-3 5.69 5.19 3.79 3.41 3.60 3.56 3.36 3.27 3.20
WTMAD-1.5 10.90 9.96 7.27 6.56 7.07 7.01 6.62 6.56 6.35
WTMAD-4 9.05 8.42 6.06 5.60 6.37 6.90 6.66 7.25 5.85
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Table C.9: Mean absolute deviation (MAD) values (kcal/mol) for each bench-
mark in GMTKN55 for D3(BJ)a,d, TS, MBD@rsSCSb, and MBD-NLc disper-
sion corrections paired with the PBE and PBE0 functionals. All results were
calculated in FHI-aims [120] as described in the computational methods in
the Chapter 6, except for D3(BJ), where data computed with ORCA was
obtained from Ref. [280].

D3(BJ)a,d TS MBD@rsSCSb MBD-NLc

Subset PBE PBE0 PBE PBE0 PBE PBE0 PBE PBE0
AL2X6 1.63 1.48 1.93 1.52 1.71 1.34 2.22 1.80
ALK8 4.14 4.61 11.56 10.01 15.15 13.75 6.64 6.36
ALKBDE10 6.30 5.66 5.95 5.18 6.07 5.06 6.07 5.05
BH76RC 4.18 2.46 4.11 2.12 4.13 2.16 3.80 2.04
DC13 8.63 8.01 9.04 8.42 8.57 8.88 8.62 9.19
DIPCS10 4.50 2.99 4.59 3.28 4.51 3.24 4.61 3.30
FH51 3.17 2.77 3.08 2.64 3.04 2.82 3.07 3.01
G21EA 3.43 2.62 3.20 2.64 3.22 2.63 3.19 2.63
G21IP 3.85 3.68 3.82 3.67 3.80 3.65 3.74 3.60
G2RC 6.92 6.75 6.39 6.32 6.74 6.63 6.85 6.73
HEAVYSB11 3.55 1.37 3.34 2.22 3.39 2.14 2.99 1.22
NBPRC 2.41 3.18 2.41 2.61 2.36 2.94 2.62 3.22
PA26 2.19 2.88 2.02 2.46 2.05 2.51 2.27 2.82
RC21 6.85 5.50 6.47 5.09 6.90 5.54 7.10 5.78
SIE4x4 23.72 14.39 23.50 14.23 23.53 14.25 23.57 14.28
TAUT15 1.84 1.13 1.71 1.05 1.81 1.12 1.85 1.14
W4-11 15.68 3.70 15.03 3.46 15.39 3.49 15.47 3.52
YBDE18 4.93 0.98 5.34 1.67 5.06 1.16 4.91 0.98
BSR36 3.17 3.25 4.00 4.25 2.56 2.95 2.52 2.83
C60ISO 10.72 2.35 10.73 2.44 10.65 2.40 10.44 2.47
CDIE20 1.65 1.24 1.81 1.38 1.64 1.21 1.63 1.20
DARC 3.31 3.76 3.92 2.57 2.92 4.11 2.51 4.99
ISO34 1.49 1.42 1.56 1.45 1.50 1.44 1.50 1.47
ISOL24 4.39 2.11 4.72 2.22 3.99 2.27 3.74 2.34
MB16-43 24.26 15.86 22.50 14.60 24.33 15.41 23.99 14.86
PArel 1.81 1.21 1.84 1.17 1.82 1.19 1.83 1.20
RSE43 2.94 1.45 2.93 1.44 2.89 1.39 2.71 1.23
BH76 9.62 5.00 9.09 4.07 9.25 4.22 8.57 3.66
BHDIV10 8.87 4.81 8.19 4.21 8.71 4.66 8.79 4.72
BHPERI 6.69 3.27 5.43 2.15 6.31 3.00 6.58 3.28
BHROT27 0.47 0.58 0.38 0.50 0.49 0.59 0.50 0.60
INV24 2.07 1.17 2.50 1.20 2.43 1.07 2.40 1.09
PX13 12.02 6.55 11.59 6.12 11.74 6.24 11.98 6.47
WCPT18 9.34 4.33 8.78 3.92 9.11 4.21 9.19 4.28
ADIM6 0.21 0.06 1.30 1.01 0.45 0.22 0.41 0.21
AHB21 1.15 1.24 0.93 1.03 1.10 1.21 0.91 1.07
CARBHB12 1.91 1.44 1.67 1.23 1.73 1.28 1.82 1.37
CHB6 0.93 1.37 1.60 2.18 1.92 2.54 1.59 2.30
HAL59 1.18 0.61 0.92 0.59 1.01 0.61 1.06 0.63
HEAVY28 0.42 0.31 0.24 0.21 0.21 0.20 0.25 0.18
IL16 0.59 0.34 0.34 0.43 0.69 0.35 0.92 0.67
PNICO23 1.32 0.94 0.87 0.54 0.93 0.61 1.03 0.68
RG18 0.26 0.11 0.23 0.11 0.19 0.12 0.20 0.12
S22 0.48 0.48 0.35 0.38 0.52 0.56 0.64 0.65
S66 0.40 0.36 0.52 0.46 0.41 0.40 0.46 0.45
WATER27 8.92 5.92 8.07 5.42 8.93 6.20 8.82 6.19
ACONF 0.07 0.06 0.14 0.08 0.09 0.03 0.11 0.03
Amino20x4 0.34 0.28 0.39 0.38 0.34 0.29 0.36 0.30
BUT14DIOL 0.46 0.22 0.49 0.24 0.43 0.21 0.46 0.23
ICONF 0.32 0.28 0.47 0.41 0.39 0.33 0.38 0.33
IDISP 2.76 1.54 3.55 2.56 2.57 1.74 2.45 1.53
MCONF 0.49 0.27 0.44 0.30 0.53 0.30 0.58 0.39
PCONF21 1.25 0.90 1.12 0.92 1.45 1.12 1.55 1.22
SCONF 0.80 0.27 0.62 0.32 0.83 0.32 0.95 0.42
UPU23 0.53 0.54 0.56 0.53 0.52 0.55 0.69 0.69
WTMAD-1 5.67 3.87 5.77 4.02 5.75 4.03 5.75 4.06
WTMAD-2 10.41d 6.60d 10.07 6.53 9.96 6.45 10.05 6.53
WTMAD-3 5.54 3.63 5.39 3.60 5.37 3.64 5.44 3.70
WTMAD-1.5 10.64 6.97 10.67 7.19 10.46 7.12 10.52 7.18
WTMAD-4 8.94 5.87 9.37 6.43 9.04 6.12 9.04 6.16

a D3(BJ) result obtained from Ref. [280], values recalculated using Tables S24 and S68 in their ESI.
b MBD@rsSCS crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted
using MBD-NL results: 1 na8 -> 4 na2 and 1 li5_ch -> 1 li4_c + 1 li_h.
c MBD-NL crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted using
MBD@rsSCS results: 1 f + 1 H2 -> 1 RKT10 and 1 hf + 1 h -> 1 RKT10.
d When recalculating D3(BJ)’s WTMAD-2 we noticed a discrepancy between our calculated values for
“Basic+Small” and “GMTKN55” categories compared to the values listed both in Ref. [280]’s ESI and the online
GMTKN55 database [279].



§C.5. TABULATED DATA 239

Table C.10: The GMTKN55 WTMAD-2 values (kcal/mol), broken down by
category, for each dispersion correction and functional tested in this study.
All results were calculated in FHI-aims [120] as described in the computa-
tional methods in the Chapter 6, except for D3(BJ), where data computed
with ORCA was obtained from Ref. [280].

Functional DC Basic + Small Iso + Large Barriers Intermol NCI Intramol NCI All NCI GMTKN55
PBE D3(BJ)a,d 6.78d 12.36 18.36 10.21 9.58 9.90 10.41d
PBE TS 6.68 13.13 17.08 8.61 9.87 9.23 10.07
PBE MBDrsSCSb 6.83 11.84 17.80 8.20 10.07 9.12 9.96
PBE MBD-NLc 6.71 11.45 17.14 8.79 10.88 9.81 10.05
PBE XDM(BJ) 6.80 12.85 17.54 9.94 9.91 9.92 10.40
PBE XDM(Z) 6.66 12.26 17.78 12.07 10.20 11.16 10.78
PBE XCDM(BJ) 6.71 12.84 17.41 8.77 9.63 9.19 10.06
PBE XCDM(Z) 6.65 12.36 17.69 11.84 10.04 10.96 10.70
B86bPBE XDM(BJ) 6.38 12.43 16.71 6.94 9.37 8.13 9.38
B86bPBE XDM(Z) 6.31 11.17 17.10 10.82 9.41 10.13 10.00
B86bPBE XCDM(BJ) 6.34 12.30 16.47 6.28 8.93 7.58 9.10
B86bPBE XCDM(Z) 6.29 11.41 16.90 10.40 9.16 9.79 9.87
PBE0 D3(BJ)a,d 4.42d 8.39 9.88 6.65 6.40 6.53 6.60d
PBE0 TS 4.32 8.91 8.12 6.14 7.49 6.80 6.53
PBE0 MBDrsSCSb 4.51 8.17 8.76 6.09 6.99 6.53 6.45
PBE0 MBD-NLc 4.47 8.00 8.26 6.30 7.75 7.01 6.53
PBE0 XDM(BJ) 4.43 8.43 8.66 6.77 6.79 6.78 6.55
PBE0 XDM(Z) 4.34 8.14 8.92 8.71 7.12 7.93 6.96
PBE0 XCDM(BJ) 4.32 8.48 8.52 5.61 6.59 6.09 6.23
PBE0 XCDM(Z) 4.32 8.21 8.81 8.42 7.02 7.74 6.88
B86bPBE0 XDM(BJ) 4.16 7.76 7.99 5.00 6.11 5.54 5.78
B86bPBE0 XDM(Z) 4.17 7.21 8.34 8.06 6.50 7.30 6.43
B86bPBE0 XCDM(BJ) 4.09 7.79 7.75 4.52 5.87 5.18 5.59
B86bPBE0 XCDM(Z) 4.13 7.32 8.15 7.66 6.29 6.99 6.29
B3LYP XDM(BJ) 4.30 9.78 8.38 4.94 6.55 5.73 6.27
B3LYP XDM(Z) 4.13 8.41 8.80 8.77 6.82 7.82 6.88
B3LYP XCDM(BJ) 4.33 9.59 8.08 4.20 5.96 5.06 5.95
B3LYP XCDM(Z) 4.17 8.89 8.54 8.09 6.61 7.37 6.76
PBE50 XDM(BJ) 5.59 8.65 4.95 5.44 6.03 5.73 6.06
PBE50 XDM(Z) 5.46 8.71 5.06 7.20 6.24 6.73 6.44
PBE50 XCDM(BJ) 5.46 8.76 4.94 4.72 5.91 5.30 5.86
PBE50 XCDM(Z) 5.44 8.76 5.02 6.94 6.18 6.57 6.37
B86bPBE50 XDM(BJ) 5.44 8.20 4.85 4.75 5.45 5.09 5.67
B86bPBE50 XDM(Z) 5.40 8.22 4.95 6.89 5.94 6.42 6.20
B86bPBE50 XCDM(BJ) 5.34 8.31 4.83 4.52 5.39 4.94 5.60
B86bPBE50 XCDM(Z) 5.37 8.27 4.90 6.56 5.85 6.21 6.11
BHLYP XDM(BJ) 5.25 7.54 6.57 4.28 5.91 5.08 5.72
BHLYP XDM(Z) 5.01 7.55 6.42 6.82 5.66 6.25 6.09
BHLYP XCDM(BJ) 5.24 7.71 6.72 3.49 5.86 4.65 5.60
BHLYP XCDM(Z) 5.03 7.78 6.54 6.48 5.63 6.07 6.08
LC-ωPBE XDM(BJ) 4.35 8.24 5.11 5.07 5.68 5.37 5.48
LC-ωPBE XDM(Z) 4.45 7.85 5.14 4.92 6.16 5.53 5.51
LC-ωPBE XCDM(BJ) 4.30 8.28 5.13 6.33 5.38 5.86 5.67
LC-ωPBE XCDM(Z) 4.40 7.90 5.14 4.78 5.96 5.36 5.44

a D3(BJ) result obtained from Ref. [280], values recalculated using Tables S24 and S68 in their ESI.
b MBD@rsSCS crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted
using MBD-NL results: 1 na8 -> 4 na2 and 1 li5_ch -> 1 li4_c + 1 li_h.
c MBD-NL crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted using
MBD@rsSCS results: 1 f + 1 H2 -> 1 RKT10 and 1 hf + 1 h -> 1 RKT10.
d When recalculating D3(BJ)’s WTMAD-2 we noticed a discrepancy between our calculated values for
“Basic+Small” and “GMTKN55” categories compared to the values listed both in Ref. [280]’s ESI and the online
GMTKN55 database [279].
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Table C.11: The GMTKN55 WTMAD-4 values (kcal/mol), broken down by
category, for each dispersion correction and functional tested in this study.
All results were calculated in FHI-aims [120] as described in the computa-
tional methods in the Chapter 6, except for D3(BJ), where data computed
with ORCA was obtained from Ref. [280].

Functional DC Basic + Small Iso + Large Barriers Intermol NCI Intramol NCI All NCI GMTKN55
PBE D3(BJ)a 7.63 10.43 11.55 8.61 8.49 8.56 8.94
PBE TS 7.90 10.86 10.71 9.75 9.26 9.54 9.37
PBE MBD@rsSCSb 8.11 10.06 11.34 8.35 9.00 8.63 9.04
PBE MBD-NLc 7.69 9.70 11.27 8.73 9.77 9.17 9.04
PBE XDM(BJ) 8.02 10.85 11.08 7.93 8.88 8.34 8.99
PBE XDM(Z) 7.44 10.31 11.25 9.49 9.00 9.28 9.10
PBE XCDM(BJ) 7.73 10.82 11.01 7.19 8.79 7.88 8.71
PBE XCDM(Z) 7.43 10.38 11.19 9.35 8.91 9.16 9.05
B86bPBE XDM(BJ) 7.41 10.44 10.54 5.62 8.73 6.95 8.13
B86bPBE XDM(Z) 7.06 9.54 10.77 8.59 8.60 8.60 8.52
B86bPBE XCDM(BJ) 7.34 10.38 10.38 5.46 8.26 6.66 7.97
B86bPBE XCDM(Z) 7.05 9.71 10.62 8.24 8.37 8.30 8.42
PBE0 D3(BJ)a 5.23 6.68 6.44 6.13 5.58 5.90 5.87
PBE0 TS 5.46 6.85 5.41 7.88 6.79 7.41 6.43
PBE0 MBD@rsSCSb 5.71 6.57 5.95 6.58 6.00 6.33 6.12
PBE0 MBD-NLc 5.34 6.46 5.93 6.92 6.65 6.81 6.16
PBE0 XDM(BJ) 5.55 6.68 5.83 6.44 6.09 6.29 6.06
PBE0 XDM(Z) 4.98 6.49 6.01 7.51 6.24 6.96 6.12
PBE0 XCDM(BJ) 5.20 6.68 5.74 5.75 6.17 5.93 5.79
PBE0 XCDM(Z) 4.95 6.52 5.93 7.26 6.32 6.85 6.06
B86bPBE0 XDM(BJ) 5.18 6.09 5.36 4.98 5.35 5.14 5.34
B86bPBE0 XDM(Z) 4.93 5.80 5.60 6.97 5.72 6.44 5.73
B86bPBE0 XCDM(BJ) 5.04 6.09 5.21 4.91 5.18 5.03 5.23
B86bPBE0 XCDM(Z) 4.89 5.84 5.46 6.62 5.50 6.14 5.60
B3LYP XDM(BJ) 6.01 8.65 4.58 4.77 6.82 5.64 6.12
B3LYP XDM(Z) 5.39 7.62 4.81 7.74 6.86 7.36 6.44
B3LYP XCDM(BJ) 6.11 8.57 4.38 4.07 5.94 4.87 5.82
B3LYP XCDM(Z) 5.56 8.08 4.65 7.15 6.61 6.92 6.37
PBE50 XDM(BJ) 8.33 7.71 4.02 6.49 6.11 6.33 6.92
PBE50 XDM(Z) 7.66 7.92 4.13 7.35 6.21 6.86 6.95
PBE50 XCDM(BJ) 7.90 7.77 3.99 6.14 6.32 6.22 6.74
PBE50 XCDM(Z) 7.63 7.93 4.10 7.07 6.34 6.76 6.90
B86bPBE50 XDM(BJ) 8.09 7.34 3.91 5.84 5.39 5.65 6.50
B86bPBE50 XDM(Z) 7.72 7.57 4.05 6.84 5.90 6.44 6.74
B86bPBE50 XCDM(BJ) 7.79 7.42 3.88 5.89 5.75 5.83 6.48
B86bPBE50 XCDM(Z) 7.66 7.56 3.99 6.50 6.02 6.29 6.66
BHLYP XDM(BJ) 9.24 6.82 5.42 5.14 6.79 5.85 7.06
BHLYP XDM(Z) 8.22 7.21 5.29 7.14 6.48 6.86 7.16
BHLYP XCDM(BJ) 9.21 7.05 5.56 4.79 7.09 5.77 7.08
BHLYP XCDM(Z) 8.30 7.43 5.41 7.02 6.72 6.89 7.25
LC-ωPBE XDM(BJ) 5.78 8.20 4.36 5.36 6.24 5.74 5.98
LC-ωPBE XDM(Z) 5.84 8.02 4.41 4.66 6.81 5.58 5.92
LC-ωPBE XCDM(BJ) 5.70 8.29 4.41 6.64 5.90 6.33 6.20
LC-ωPBE XCDM(Z) 5.78 8.04 4.43 4.65 6.50 5.44 5.85

a D3(BJ) result obtained from Ref. [280], values recalculated using Tables S24 and S68 in their ESI.
b MBD@rsSCS crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted
using MBD-NL results: 1 na8 -> 4 na2 and 1 li5_ch -> 1 li4_c + 1 li_h.
c MBD-NL crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted using
MBD@rsSCS results: 1 f + 1 H2 -> 1 RKT10 and 1 hf + 1 h -> 1 RKT10.
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Table C.12: WTMAD-1, 2, 3, 1.5, and 4 values (kcal/mol) for each functional
and DC combination for the full GMTKN55 benchmark. All results were
calculated in FHI-aims [120] as described in the computational methods in
the Chapter 6, except for D3(BJ), where data computed with ORCA was
obtained from Ref. [280].

PBE B86bPBE PBE0 B86bPBE0 B3LYP PBE50 B86bPBE50 BHLYP LC-ωPBE
D3(BJ)a,d

WTMAD-1 5.67 - 3.87 - - - - - -
WTMAD-2 10.41d - 6.60d - - - - - -
WTMAD-3 5.54 - 3.63 - - - - - -
WTMAD-1.5 10.64 - 6.97 - - - - - -
WTMAD-4 8.94 - 5.87 - - - - - -
TS

WTMAD-1 5.77 - 4.02 - - - - - -
WTMAD-2 10.07 - 6.53 - - - - - -
WTMAD-3 5.39 - 3.60 - - - - - -
WTMAD-1.5 10.67 - 7.19 - - - - - -
WTMAD-4 9.03 - 6.37 - - - - - -
MBDrsSCSb

WTMAD-1 5.75 - 4.03 - - - - - -
WTMAD-2 9.96 - 6.45 - - - - - -
WTMAD-3 5.37 - 3.64 - - - - - -
WTMAD-1.5 10.46 - 7.12 - - - - - -
WTMAD-4 8.68 - 6.05 - - - - - -
MBD-NLc

WTMAD-1 5.75 - 4.06 - - - - - -
WTMAD-2 10.05 - 6.53 - - - - - -
WTMAD-3 5.44 - 3.70 - - - - - -
WTMAD-1.5 10.52 - 7.18 - - - - - -
WTMAD-4 8.73 - 6.14 - - - - - -
XDM(BJ)

WTMAD-1 5.76 5.23 4.01 3.54 3.65 4.05 3.72 3.82 3.45
WTMAD-2 10.40 9.38 6.55 5.78 6.27 6.06 5.67 5.72 5.48
WTMAD-3 5.59 4.95 3.68 3.17 3.40 3.46 3.18 3.17 3.21
WTMAD-1.5 10.79 9.54 7.18 6.16 6.70 6.96 6.39 6.51 6.35
WTMAD-4 8.61 7.83 5.97 5.26 6.09 7.06 6.63 7.15 6.16
XDM(Z)

WTMAD-1 5.70 5.36 3.95 3.68 3.76 3.93 3.77 3.51 3.51
WTMAD-2 10.78 10.00 6.96 6.43 6.88 6.44 6.20 6.09 5.51
WTMAD-3 5.73 5.25 3.83 3.49 3.66 3.60 3.41 3.26 3.25
WTMAD-1.5 10.96 10.06 7.34 6.69 7.13 7.08 6.71 6.51 6.43
WTMAD-4 8.74 8.20 6.04 5.69 6.40 7.08 6.86 7.27 6.14
XCDM(BJ)

WTMAD-1 5.55 5.12 3.80 3.42 3.52 3.86 3.62 3.76 3.51
WTMAD-2 10.06 9.10 6.23 5.59 5.95 5.86 5.60 5.60 5.67
WTMAD-3 5.40 4.81 3.50 3.07 3.24 3.34 3.13 3.12 3.30
WTMAD-1.5 10.41 9.30 6.81 5.97 6.39 6.71 6.29 6.40 6.55
WTMAD-4 8.34 7.67 5.70 5.15 5.79 6.86 6.58 7.16 6.36
XCDM(Z)

WTMAD-1 5.67 5.31 3.91 3.61 3.74 3.89 3.71 3.54 3.46
WTMAD-2 10.70 9.87 6.88 6.29 6.76 6.37 6.11 6.08 5.44
WTMAD-3 5.69 5.19 3.79 3.41 3.60 3.56 3.36 3.27 3.20
WTMAD-1.5 10.90 9.96 7.27 6.56 7.07 7.01 6.62 6.56 6.35
WTMAD-4 8.70 8.10 5.98 5.55 6.34 7.02 6.77 7.36 6.06

a D3(BJ) result obtained from Ref. [280], values recalculated using Tables S24 and S68 in their ESI.
b MBD@rsSCS crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted
using MBD-NL results: 1 na8 -> 4 na2 and 1 li5_ch -> 1 li4_c + 1 li_h.
c MBD-NL crashed for some systems due to a polarization catastrophe [315], so two reactions were substituted using
MBD@rsSCS results: 1 f + 1 H2 -> 1 RKT10 and 1 hf + 1 h -> 1 RKT10.
d When recalculating D3(BJ)’s WTMAD-2 we noticed a discrepancy between our calculated values for
“Basic+Small” and “GMTKN55” categories compared to the values listed both in Ref. [280]’s ESI and the online
GMTKN55 database [279].
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Table C.13: Mean absolute errors (MAE) and mean errors (ME), in kcal/-
mol, for the X23 molecular crystal structure benchmark, calculated in FHI-
aims [120] using selected functionals and basis sets. Results are shown
for the XDM(BJ), XDM(Z), XCDM(BJ), and XCDM(Z) dispersion correc-
tions. Full geometry optimizations were carried out with the lightdenser
and tight basis sets. Single-point calculations were then performed at the
GGA/lightdenser geometries. These were used to compute a basis set
correction to approximate hybrid/tight results at the GGA/lightdenser
geometry. Binding energies are positive, such that a positive mean error
indicates overbinding.

XDM(BJ) XDM(Z)
Basis Functional MAE ME MAE ME

Full Optimization
lightdenser B86bPBE 0.849 -0.643 0.775 -0.025
lightdenser B86bPBE0 0.825 -0.792 0.615 -0.001
lightdenser B86bPBE50 0.938 -0.932 0.754 -0.039
lightdenser PBE 1.151 -0.961 0.992 -0.347
lightdenser PBE0 1.120 -1.090 0.780 -0.361
lightdenser PBE50 1.098 -1.085 0.856 -0.346
tight B86bPBE 0.695 -0.266 0.810 0.135
tight PBE 1.127 -0.918 0.917 -0.319
Single-Point Calc. at GGA/lightdenser Geometry

lightdenser B86bPBE0 0.668 -0.619 0.612 0.129
lightdenser B86bPBE50 0.610 -0.535 0.704 0.287
lightdenser PBE0 0.997 -0.977 0.744 -0.290
lightdenser PBE50 0.870 -0.863 0.810 -0.186
tight B86bPBE 0.702 -0.269 0.807 0.137
tight PBE 1.129 -0.911 0.915 -0.319

Basis-Set Corr. at GGA/lightdenser Geometry
BSC B86bPBE0 0.483 -0.245 0.607 0.290
BSC B86bPBE50 0.507 -0.161 0.731 0.448
BSC PBE0 0.999 -0.928 0.663 -0.261
BSC PBE50 0.869 -0.813 0.751 -0.158

XCDM(BJ) XCDM(Z)
Basis Functional MAE ME MAE ME

Full Optimization
lightdenser B86bPBE 0.538 0.148 0.966 0.848
lightdenser B86bPBE0 0.530 -0.071 0.860 0.765
lightdenser B86bPBE50 0.651 -0.288 0.760 0.608
lightdenser PBE 0.609 -0.111 0.916 0.397
lightdenser PBE0 0.503 -0.333 0.702 0.322
lightdenser PBE50 0.631 -0.451 0.756 0.250
tight B86bPBE 0.640 0.426 1.213 1.061
tight PBE 0.636 -0.056 0.984 0.477
Single-Point Calc. at GGA/lightdenser Geometry

lightdenser B86bPBE0 0.512 0.091 0.949 0.886
lightdenser B86bPBE50 0.623 0.088 0.983 0.921
lightdenser PBE0 0.445 -0.229 0.711 0.388
lightdenser PBE50 0.573 -0.239 0.718 0.403
tight B86bPBE 0.628 0.403 1.199 1.051
tight PBE 0.634 -0.061 0.981 0.471

Basis-Set Corr. at GGA/lightdenser Geometry
BSC B86bPBE0 0.650 0.346 1.188 1.088
BSC B86bPBE50 0.729 0.343 1.239 1.123
BSC PBE0 0.531 -0.178 0.743 0.462
BSC PBE50 0.595 -0.188 0.785 0.477
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Table C.14: Mean absolute errors (MAE) and mean errors (ME), in kcal/mol,
for the ICE13 ice polymorph benchmark, calculated in FHI-aims [120] using
selected functionals and basis sets. Results are shown for the XDM(BJ),
XDM(Z), XCDM(BJ), and XCDM(Z) dispersion corrections. Full geometry
optimizations were carried out with the lightdenser and tight basis sets.
Single-point calculations were then performed at the lightdenser/GGA ge-
ometries. These were used to compute a basis set correction to approximate
tight/hybrid results at the lightdenser/GGA geometry. Binding energies
are positive, such that a positive mean error indicates overbinding.

XDM(BJ) XDM(Z)
Basis Functional Abs Rel Abs Rel

MAE ME MAE ME MAE ME MAE ME
Full Optimization

lightdenser B86bPBE 2.389 2.389 0.779 0.643 2.995 2.995 0.568 0.432
lightdenser B86bPBE0 0.960 0.960 0.567 0.428 1.705 1.705 0.347 0.161
lightdenser B86bPBE50 0.447 0.411 0.445 0.286 1.220 1.220 0.210 -0.012
lightdenser PBE 2.560 2.560 1.024 0.891 3.274 3.274 0.781 0.648
lightdenser PBE0 1.164 1.164 0.716 0.578 1.911 1.911 0.466 0.314
lightdenser PBE50 0.681 0.681 0.477 0.327 1.367 1.367 0.281 0.079
tight B86bPBE 1.559 1.559 0.523 0.384 1.888 1.888 0.410 0.241
tight PBE 1.445 1.445 0.829 0.693 2.104 2.104 0.608 0.473

Single-Point Calculation at GGA/lightdenser Geometry
lightdenser B86bPBE0 0.757 0.734 0.524 0.384 1.472 1.472 0.316 0.121
lightdenser B86bPBE50 0.452 -0.418 0.341 0.151 0.379 0.379 0.171 -0.138
lightdenser PBE0 0.946 0.928 0.672 0.534 1.667 1.667 0.434 0.272
lightdenser PBE50 0.356 -0.182 0.371 0.191 0.491 0.491 0.187 -0.054
tight B86bPBE 1.560 1.560 0.517 0.376 1.883 1.883 0.406 0.236
tight PBE 1.440 1.440 0.824 0.689 2.097 2.097 0.605 0.469

Basis-Set Correction at GGA/lightdenser Geometry
BSC B86bPBE0 0.296 -0.095 0.312 0.116 0.360 0.360 0.171 -0.075
BSC B86bPBE50 1.247 -1.247 0.183 -0.117 0.733 -0.733 0.334 -0.334
BSC PBE0 0.427 -0.192 0.480 0.332 0.500 0.490 0.293 0.093
BSC PBE50 1.302 -1.302 0.213 -0.011 0.686 -0.686 0.240 -0.233

XCDM(BJ) XCDM(Z)
Basis Functional Abs Rel Abs Rel

MAE ME MAE ME MAE ME MAE ME
Full Optimization

lightdenser B86bPBE 2.187 2.187 0.840 0.706 2.999 2.999 0.558 0.425
lightdenser B86bPBE0 0.851 0.830 0.611 0.474 1.707 1.707 0.344 0.160
lightdenser B86bPBE50 0.405 0.361 0.456 0.302 1.236 1.236 0.206 -0.014
lightdenser PBE 2.549 2.549 1.027 0.895 3.314 3.314 0.768 0.638
lightdenser PBE0 1.146 1.146 0.721 0.585 1.940 1.940 0.459 0.307
lightdenser PBE50 0.658 0.657 0.479 0.330 1.399 1.399 0.274 0.072
tight B86bPBE 1.289 1.289 0.601 0.464 1.876 1.876 0.401 0.233
tight PBE 1.435 1.435 0.833 0.699 2.135 2.135 0.596 0.463

Single-Point Calculation at GGA/lightdenser Geometry
lightdenser B86bPBE0 0.659 0.606 0.568 0.431 1.475 1.475 0.312 0.120
lightdenser B86bPBE50 0.489 -0.466 0.354 0.171 0.397 0.397 0.169 -0.141
lightdenser PBE0 0.928 0.909 0.678 0.541 1.697 1.697 0.428 0.266
lightdenser PBE50 0.367 -0.208 0.374 0.197 0.523 0.523 0.184 -0.060
tight B86bPBE 1.286 1.286 0.596 0.460 1.870 1.870 0.398 0.229
tight PBE 1.430 1.430 0.829 0.696 2.128 2.128 0.593 0.459

Basis-Set Correction at GGA/lightdenser Geometry
BSC B86bPBE0 0.395 -0.295 0.363 0.184 0.347 0.347 0.166 -0.076
BSC B86bPBE50 1.367 -1.367 0.194 -0.075 0.732 -0.732 0.337 -0.337
BSC PBE0 0.434 -0.209 0.486 0.342 0.517 0.512 0.287 0.088
BSC PBE50 1.327 -1.327 0.219 -0.002 0.663 -0.663 0.245 -0.238
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Table C.15: Mean absolute errors (MAE) and mean errors (ME), in kcal/mol,
for the HalCrys4 halogen crystal benchmark, calculated in FHI-aims [120] us-
ing selected functionals and basis sets. Results are shown for the XDM(BJ),
XDM(Z), XCDM(BJ), and XCDM(Z) dispersion corrections. Full geometry
optimizations were carried out with the lightdenser and tight basis sets.
Single-point calculations were then performed at the lightdenser/GGA ge-
ometries. These were used to compute a basis set correction to approximate
tight/hybrid results at the lightdenser/GGA geometry. Binding energies
are positive, such that a positive mean error indicates overbinding.

XDM(BJ) XDM(Z)
Basis Functional MAE ME MAE ME

Full Optimization
lightdenser B86bPBE 6.189 6.189 5.721 5.721
lightdenser B86bPBE0 3.361 3.361 1.937 1.937
lightdenser B86bPBE50 2.349 2.349 0.721 -0.461
lightdenser PBE0 3.714 3.714 1.418 1.418
lightdenser PBE 6.928 6.928 5.060 5.060
lightdenser PBE50 1.707 1.707 0.917 -0.818
tight B86bPBE 4.601 4.601 4.922 4.922
tight PBE 5.383 5.383 4.112 4.112
Single-Point Calc. at GGA/lightdenser Geometry

lightdenser B86bPBE0 2.693 2.693 1.284 1.161
lightdenser B86bPBE50 1.449 0.382 2.673 -2.673
lightdenser PBE0 3.040 3.040 0.786 0.691
lightdenser PBE50 1.011 -0.341 2.908 -2.908
tight B86bPBE 4.704 4.704 5.031 5.031
tight PBE 5.494 5.494 4.185 4.185

Basis-Set Corr. at GGA/lightdenser Geometry
BSC B86bPBE0 1.208 1.208 0.860 0.471
BSC B86bPBE50 1.103 -1.103 3.363 -3.363
BSC PBE0 1.606 1.606 0.567 -0.183
BSC PBE50 1.775 -1.775 3.783 -3.783

XCDM(BJ) XCDM(Z)
Basis Functional MAE ME MAE ME

Full Optimization
lightdenser B86bPBE 7.217 7.217 6.325 6.325
lightdenser B86bPBE0 4.074 4.074 2.421 2.421
lightdenser B86bPBE50 2.884 2.884 0.518 -0.090
lightdenser PBE0 4.184 4.184 1.845 1.845
lightdenser PBE 7.494 7.494 5.566 5.566
lightdenser PBE50 2.320 2.320 0.727 -0.471
tight B86bPBE 5.580 5.580 5.774 5.774
tight PBE 5.891 5.891 4.670 4.670
Single-Point Calc. at GGA/lightdenser Geometry

lightdenser B86bPBE0 3.395 3.395 1.686 1.664
lightdenser B86bPBE50 1.663 0.899 2.253 -2.253
lightdenser PBE0 3.513 3.513 1.126 1.126
lightdenser PBE50 1.329 0.331 2.545 -2.545
tight B86bPBE 5.661 5.661 5.676 5.676
tight PBE 5.974 5.974 4.729 4.729

Basis-Set Corr. at GGA/lightdenser Geometry
BSC B86bPBE0 1.839 1.839 1.298 1.015
BSC B86bPBE50 0.873 -0.657 2.902 -2.902
BSC PBE0 1.992 1.992 0.587 0.289
BSC PBE50 1.190 -1.190 3.382 -3.382
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Table C.16: Mean absolute errors (MAE) and mean errors (ME), in meV/Å2,
for the LM26 layered materials benchmark and the LM11 subset, calculated
in FHI-aims [120] using selected functionals and basis sets. Results are shown
for the XDM(BJ), XDM(Z), XCDM(BJ), and XCDM(Z) dispersion correc-
tions. In this case, a negative ME indicates overbinding.

XDM(BJ)† XDM(Z)
LM26 LM11 LM26 LM11

Basis Functional MAE ME MAE ME MAE ME MAE ME
lightdenser B86bPBE 5.9 -5.9 4.5 -4.5 5.8 -5.5 4.2 -3.8
lightdenser PBE 5.6 -5.5 4.2 -3.9 4.1 -3.2 3.2 -1.8
tight B86bPBE 7.7 -7.7 6.0 -6.0 7.3 -7.1 5.3 -5.0
tight PBE 6.8 -6.7 5.2 -4.8 5.4 -4.8 4.0 -3.0

XCDM(BJ) XCDM(Z)
LM26 LM11 LM26 LM11

Basis Functional MAE ME MAE ME MAE ME MAE ME
lightdenser B86bPBE 16.1 -16.1 14.3 -14.3 13.0 -13.0 11.1 -11.1
lightdenser PBE 15.0 -15.0 13.0 -13.0 9.6 -9.4 8.4 -7.9
tight B86bPBE 16.9 -16.9 15.0 -15.0 15.5 -15.5 13.1 -13.1
tight PBE 15.8 -15.8 13.6 -13.6 11.8 -11.7 9.9 -9.7

† We note a slight discrepancy of ca. 0.3 meV/Å2 (≈ 0.1 kcal/mol/cell) between the LM11 and
LM26 MAEs reported here and those in Ref. [315]. These differences were examined, and the cause
was determined to be the change in XDM damping parameters between the two versions of the
code: 221103 and 250425. For more details regarding this change, see Appendix C.3.
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Table C.17: Mean absolute errors (MAE) and mean errors (ME), in kcal/-
mol/cell, for the LM26 layered materials benchmark and the LM11 subset,
calculated in FHI-aims [120] using selected functionals and basis sets. Results
are shown for the XDM(BJ), XDM(Z), XCDM(BJ), and XCDM(Z) disper-
sion corrections. In this case, a negative ME indicates overbinding.

XDM(BJ) XDM(Z)
LM26 LM11 LM26 LM11

Basis Functional MAE ME MAE ME MAE ME MAE ME
lightdenser B86bPBE 1.5 -1.5 1.1 -1.1 1.6 -1.5 1.1 -1.0
lightdenser PBE 1.5 -1.5 1.1 -1.0 1.1 -0.9 0.7 -0.6
tight B86bPBE 2.0 -2.0 1.5 -1.5 2.0 -1.9 1.4 -1.3
tight PBE 1.8 -1.8 1.3 -1.3 1.4 -1.3 1.0 -0.9

XCDM(BJ) XCDM(Z)
LM26 LM11 LM26 LM11

Basis Functional MAE ME MAE ME MAE ME MAE ME
lightdenser B86bPBE 4.0 -4.0 3.4 -3.4 3.4 -3.4 2.8 -2.8
lightdenser PBE 3.8 -3.8 3.2 -3.2 2.5 -2.5 2.1 -2.0
tight B86bPBE 4.2 -4.2 3.6 -3.6 4.0 -4.0 3.3 -3.3
tight PBE 4.0 -4.0 3.3 -3.3 3.1 -3.1 2.5 -2.5
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